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Abstract 

A mixed problem for the nonhomogeneous hyperbolic type of equation in wires is considered in the present 

paper. The boundary conditions of the problem contain differential expressions in time. The solution is constructed 

in the form of a complete integral residue. To find a solution to the problem, Rasulov’s residue method was applied. 
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As is known [1,p.34], the passage of electric current through a wire is characterized by current i  and voltage 

V . They are functions of the position of a point x  and time t . The presented paper considers a mixed problem 

for voltage equation [3, p.104] 
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and initial conditions 
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where R  and L  resistance and self-induction coefficient, correspondingly, but C  and G  capacitance and 

leakage coefficients, calculated per unit length. 

It is obvious that the boundary conditions do not allow separation of variables and the Fourier method of 

separation of variables is not applicable to this problem. But the boundary conditions contain a differential time 

expression included in the equation, which allows one to successfully apply Rasulov’s residue method [2, p.257] 

to this problem. Next, according to the general scheme of the residue method, we compare two problems with a 

complex parameter   to the mixed problem under consideration: 

А. The Cauchy problem of finding a solution to the equation 

),0(,0)()( 2 TtZGRZGLCRZCL tt      (4) 

under initial conditions 
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It is not difficult to verify that the solution to problem (4)-(5) is represented by the formula 

 

𝑧(𝑡, 𝜆, 𝑥) =
𝑘2𝛷0(𝑥) − 𝛷1(𝑥)

𝑘2 − 𝑘1

𝑒𝑘1𝑡 +
𝛷1(𝑥) − 𝑘1𝛷0(𝑥)

𝑘2 − 𝑘1

𝑒𝑘2𝑡  , 

where 

𝑘1 =
−(𝐶𝑅 + 𝐺𝐿) − √𝐷

2𝐶𝐿
=

−(𝐶𝑅 + 𝐺𝐿) − √(𝐶𝑅 + 𝐺𝐿)2 + 4𝐶𝐿(𝐺𝑅 − 𝜆2)

2𝐶𝐿
 

𝑘2 =
−(𝐶𝑅 + 𝐺𝐿) + √𝐷

2𝐶𝐿
=

−(𝐶𝑅 + 𝐺𝐿) + √(𝐶𝑅 + 𝐺𝐿)2 + 4𝐶𝐿(𝐺𝑅 − 𝜆2)

2𝐶𝐿
 

 

B. The spectral problem of finding a solution to the equation 
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under boundary conditions 
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where )(xh - arbitrary function with continuous derivative. 

By virtue of equation (6), the function )(xy  will satisfy the boundary conditions 
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he solution to problem (6)-(8) will be the sum of solutions to the following two spectral problems: 

1) ),(2 xhyy         (9) 
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The solution to problem (11)-(12) is denoted by  ,,, hxY   then the sum 
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is a solution to problem (6)-(8), where   ,,xG -Green’s function of the problem (6)-(8), for which the 

following formula takes place 
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here   ,,,)( x  and  hxY ,,  calculated according to known formulas [2]. 

Calculations show that 
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It is possible to check that problem (6)-(8) is regular in the sense of definition [2, p.236]. This means that for 

any continuously differentiable function )(xh  the decomposition formula is valid 

    )1,0(,)(,,
12

1



   xdxhxyxh

c


 



   (15) 

where с - simple closed contour surrounding only one pole   of the integrand and the sum over   is 

extended to all poles. For further calculations and proof of the existence of a solution, information about the as-

ymptotic representations of the zeros of the characteristic determinant    is needed. As can be seen from 

formula (14),    is an entire function of the complex parameter 
21  i , where 

1  and 
2  are real 

and imaginary parts of  . Let’s denote by )(1 p  the coefficient at 
е . It is easy to see, that the coefficient of 

е  is the function )(2 p , for which the equality )()( 12   pp  holds true. Separating the real and imagi-

nary parts (14), we obtain: 

Δ(𝜆) = 𝑒−𝜆1(𝑅𝑒 𝑝1(𝜆) + 𝑖 𝐼𝑚 𝑝1(𝜆))(𝑐𝑜𝑠 𝜆2 − 𝑖𝑠𝑖𝑛 𝜆2) − 𝑒𝜆1(𝑅𝑒 𝑝2(𝜆) + 𝑖 𝐼𝑚 𝑝2(𝜆))(𝑐𝑜𝑠 𝜆2 + 𝑖𝑠𝑖𝑛 𝜆2)

=  𝑒−𝜆1[𝑅𝑒 𝑝1(𝜆)𝑐𝑜𝑠 𝜆2 − 𝑖 𝑅𝑒 𝑝1(𝜆) 𝑠𝑖𝑛 𝜆2 + 𝑖 𝐼𝑚 𝑝1(𝜆) 𝑐𝑜𝑠 𝜆2 + 𝐼𝑚 𝑝1(𝜆) 𝑠𝑖𝑛 𝜆2] − 𝑒𝜆1

× [𝑅𝑒 𝑝2(𝜆) 𝑐𝑜𝑠 𝜆2 + 𝑖 𝑅𝑒 𝑝2(𝜆) 𝑠𝑖𝑛 𝜆2 + 𝑖 𝐼𝑚 𝑝2(𝜆) 𝑐𝑜𝑠 𝜆2 − 𝐼𝑚 𝑝2(𝜆) 𝑠𝑖𝑛 𝜆2]

= [𝑒−𝜆1  𝑅𝑒 𝑝1(𝜆) 𝑐𝑜𝑠 𝜆2 + 𝑒−𝜆1  𝐼𝑚 𝑝1(𝜆) 𝑐𝑜𝑠 𝜆2 − 𝑒𝜆1 𝑅𝑒 𝑝2(𝜆) 𝑐𝑜𝑠 𝜆2 + 𝐼𝑚 𝑝2(𝜆) 𝑠𝑖𝑛 𝜆2]

+ 𝑖[−𝑒−𝜆1 𝑅𝑒 𝑝1(𝜆) 𝑠𝑖𝑛 𝜆2 + 𝑒−𝜆1 𝐼𝑚 𝑝1(𝜆) 𝑐𝑜𝑠 𝜆2 − 𝑒𝜆1 𝑅𝑒 𝑝2(𝜆) 𝑠𝑖𝑛 𝜆2

− 𝑒𝜆1 𝐼𝑚 𝑝2(𝜆) 𝑐𝑜𝑠 𝜆2] 

Equating Δ(𝜆) to zero, we obtain that 

(𝑒−𝜆1  𝑅𝑒 𝑝1(𝜆) − 𝑒𝜆1 𝑅𝑒 𝑝2(𝜆))𝑐𝑜𝑠 𝜆2 = −(𝑒𝜆1 𝐼𝑚 𝑝1(𝜆) + 𝑒𝜆1𝐼𝑚 𝑝2(𝜆))𝑠𝑖𝑛 𝜆2    (16) 

(𝑒−𝜆1  𝐼𝑚 𝑝1(𝜆) − 𝑒𝜆1𝐼𝑚 𝑝2(𝜆)) 𝑐𝑜𝑠 𝜆2 = (𝑒−𝜆1 𝑅𝑒 𝑝1(𝜆) + 𝑒𝜆1 𝑅𝑒 𝑝2(𝜆)) 𝑠𝑖𝑛 𝜆2   (17) 

It's easy to see, that 

𝑝1(𝜆) = (𝜆2 + 𝛼𝜆 + 𝐺𝑅)(𝜆2 − 𝛽𝜆 + 𝐺𝑅) = 𝜆4 − (𝛽 − 𝛼)𝜆3 +  (2𝐺𝑅 − 𝛼𝛽)𝜆2 + 𝐺𝑅(𝛼 − 𝛽)𝜆 + 𝐺2𝑅2 ; 

𝑝2(𝜆) = 𝑝1(−𝜆) = 𝜆4 + (𝛽 − 𝛼)𝜆3 + (2𝐺𝑅 − 𝛼𝛽)𝜆2 − 𝐺𝑅(𝛼 − 𝛽)𝜆 + 𝐺2𝑅2 . 
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If we take the real part 
1  equal to zero in the last expressions, we get that 

𝑝1(𝑖𝜆2) = 𝜆2
4 + 𝑖(𝛽 − 𝛼)𝜆2

3 − (2𝐺𝑅 − 𝛼𝛽)𝜆2
2 + 𝑖𝐺𝑅(𝛼 − 𝛽)𝜆2 + 𝐺2𝑅2 

𝑝2(𝑖𝜆2) = 𝜆2
4 − 𝑖(𝛽 − 𝛼)𝜆2

3 − (2𝐺𝑅 − 𝛼𝛽)𝜆2
2 − 𝑖𝐺𝑅(𝛼 − 𝛽)𝜆2 + 𝐺2𝑅2 

From these formulas it is clear that 

𝑅𝑒 𝑝1(𝑖𝜆2) = 𝜆2
4 − (2𝐺𝑅 − 𝛼𝛽)𝜆2

2 + 𝐺2𝑅2 

𝐼𝑚𝑝1(𝑖𝜆2) = (𝛽 − 𝛼)𝜆2
3 + 𝐺𝑅(𝛼 − 𝛽)𝜆2 

𝑅𝑒 𝑝2(𝑖𝜆2) = 𝑅𝑒 𝑝1(𝑖𝜆2) 

𝐼𝑚 𝑝2(𝑖𝜆2) = −𝐼𝑚 𝑝1(𝜆2) 

From these equalities it follows that equality (16) is identically satisfied, and equality (17) takes the form 

𝑡𝑔𝜆2 =
𝐼𝑚 𝑝1(𝑖𝜆2) − 𝐼𝑚 𝑝2(𝑖𝜆2)

𝑅𝑒 𝑝1(𝑖𝜆2) + 𝑅𝑒 𝑝2(𝑖𝜆2)
=

2𝐼𝑚 𝑝1(𝑖𝜆2)

2𝑅𝑒 𝑝2(𝑖𝜆2)
=

𝐼𝑚 𝑝1(𝑖𝜆2)

𝑅𝑒 𝑝1(𝑖𝜆2)
=

(𝛽 − 𝛼)𝜆2
3 + 𝐺𝑅(𝛼 − 𝛽)𝜆2

𝜆2
4 − (2𝐺𝑅 − 𝛼𝛽)𝜆2

2 + 𝐺2𝑅2
 

The roots of the last equation are the abscissas of the points of intersection of the graphs of functions on the 

right and left sides. It is obvious that these roots approach the zeros of the function 𝑡𝑔𝜆2, that is to numbers 

Zk   ,2 . Multiplying these zeros by на 𝑖, we obtain approximate purely imaginary zeros of the char-

acteristic determinant. 

Investigating the zeros of the )( , we can prove that the zeros of the characteristic determinant )(  

are simple, that is they do not coincide with zeros )( . 

Let us prove that for 0  and 0 the equation   0   has no complex roots of the form 

21  i , for which 01  . Let's assume the opposite, i.e. let the root of the equation 𝜆0 = 𝜆01 +

𝑖𝜆02 exist and 𝜆01 ≠ 0. Without loss of generality, suppose that 𝜆01 < 0. Substituting 𝜆 = 𝜆0 into the equality (14), 

we obtain 

𝑒2(𝜆01+𝑖𝜆02) =
(𝜆01 + 𝑖𝜆02)2 + 𝛼(𝜆01 + 𝑖𝜆02) + 𝐺𝑅

(𝜆01 + 𝑖𝜆02)2 − 𝛼(𝜆01 + 𝑖𝜆02) + 𝐺𝑅
×

(𝜆01 + 𝑖𝜆02)2 − 𝛽(𝜆01 + 𝑖𝜆02) + 𝐺𝑅

(𝜆01 + 𝑖𝜆02)2 + 𝛽(𝜆01 + 𝑖𝜆02) + 𝐺𝑅
 ⟹ 

𝑒2(𝜆01+𝑖𝜆02) =
𝜆01

2 − 𝜆02
2 + 𝛼𝜆01 + 𝐺𝑅 + 𝑖(2𝜆01𝜆02 + 𝛼𝜆02)

𝜆01
2 − 𝜆02

2 − 𝛼𝜆01 + 𝐺𝑅 + 𝑖(2𝜆01𝜆02 − 𝛼𝜆02)
×

𝜆01
2 − 𝜆02

2 − 𝛽𝜆01 + 𝐺𝑅 + 𝑖(2𝜆01𝜆02 − 𝛽𝜆02)

𝜆01
2 − 𝜆02

2 + 𝛽𝜆01 + 𝐺𝑅 + 𝑖(2𝜆01𝜆02 + 𝛽𝜆02)
. 

Let’s find the modules of both sides of the last equality and square them: 

𝑒4𝜆01 =
(𝜆01

2 − 𝜆02
2 + 𝛼𝜆01 + 𝐺𝑅)2 + (2𝜆01𝜆02 + 𝛼𝜆02)2

(𝜆01
2 − 𝜆02

2 − 𝛼𝜆01 + 𝐺𝑅)2 + (2𝜆01𝜆02 − 𝛼𝜆02)2
×

(𝜆01
2 − 𝜆02

2 − 𝛽𝜆01 + 𝐺𝑅)2 + (2𝜆01𝜆02 − 𝛽𝜆02)2

(𝜆01
2 − 𝜆02

2 + 𝛽𝜆01 + 𝐺𝑅)2 + (2𝜆01𝜆02 + 𝛽𝜆02)2
 . 

Denoting the numerators on the right side by 𝐴1, , 𝐴2, and the denominators by 𝐵1, 𝐵2,, we write the last 

equality in the form 

𝑒4𝜆01 =
𝐴1

𝐵1
×

𝐴2

𝐵2
 .      (18) 

It's obvious that 

𝐴1 − 𝐵1 = (𝜆01
2 − 𝜆02

2 )2 + 𝛼2𝜆01
2 + 𝐺2𝑅2 + 2𝛼𝜆01(𝜆01

2 − 𝜆02
2 ) + 2𝐺𝑅(𝜆01

2 − 𝜆02
2 ) + 2𝛼𝐺𝑅𝜆01 +

4𝜆01
2 𝜆02

2 + 4𝛼𝜆01𝜆02
2 + 𝛼2𝜆02

2 − (𝜆01
2 − 𝜆02

2 )2 − 𝛼2𝜆01
2  − 𝐺2𝑅2 + 2𝛼𝜆01(𝜆01

2 − 𝜆02
2 ) − 2𝐺𝑅(𝜆01

2 − 𝜆02
2 ) +

2𝛼𝐺𝑅𝜆01 − 4𝜆01
2 𝜆02

2 + 4𝛼𝜆01𝜆02
2 − 𝛼2𝜆02

2 = 4𝛼𝜆01(𝜆01
2 + 𝜆02

2 ) + 4𝛼𝐺𝑅𝜆01 = 4𝛼𝜆01[(𝜆01
2 + 𝜆02

2 ) + 𝐺𝑅] . (19) 

By the same way 

𝐴2 − 𝐵2 = −4𝛽𝜆01[(𝜆01
2 + 𝜆02

2 ) + 𝐺𝑅] .    (20) 

 

From (18)-(20) we obtain that 
𝐴1

𝐵1

> 1 ,
𝐴2

𝐵2

> 1. 

The last inequalities contradicts equality (18), since the left side of the equality is less than one. So, under the 

conditions 𝛼 < 0, 𝛽 ≥ 0, the equation   0   has only purely imaginary roots, with an asymptotic estimate 














1
Oi  

Based on this fact, we prove the boundedness of the solution to the Cauchy problem (4)-(5) on the spectrum 

of the spectral problem and the existence of a solution to problem (1)-(3), which is constructed from solutions to 

problems A) and B) and is represented in the form of a complete integral residue 

     ,,,,,
12

1
,  







 

dxtzxytxV
c

    (21) 

where the sum over   extends to all poles   of the integrand, has the same meaning as above, с  has the 

same meaning as above. The function  zxy ,,  is defined by formula (13) and the function  ,, xtZ  is a 

solution to the Cauchy problem (4)-(5). 
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Taking into account the fact that all the poles of the integrand on the right side are simple, under the following 

conditions imposed on the initial functions )(),( 10 xx  : 

1) Φ0(𝑥) is continuously differentiable up to the 4th order and satisfies to conditions 

Φ0
(𝑘)(0) = Φ0

(𝑘)(1) = 0, 𝑘 = 0,3̅̅ ̅̅  

2) Φ1(𝑥) is continuously differentiable up to the 3rd order and satisfies to conditions 

Φ1
(𝑘)(0) = Φ1

(𝑘)(1) = 0, 𝑘 = 0,2̅̅ ̅̅  

by calculating residues from (21) a classical solution to problem (1)-(3) is represented in form of functional 

series: 

𝑢(𝑥, 𝑡) = −2 ∑ 1/{𝑐𝑜𝑠𝜇𝜈 × [−2𝜇𝜈
4 + 2((2𝐺𝑅 − 𝛼𝛽) + 3(𝛽 − 𝛼))𝜇𝜈

2 − 2𝐺2𝑅2 +

∞

𝜈=1

 

+2𝐺𝑅(𝛼 − 𝛽)] − 𝑠𝑖𝑛𝜇𝜈 × [(2(𝛽 − 𝛼) + 8)𝜇𝜈
3 + (2𝐺𝑅(𝛼 − 𝛽) − 4(2𝐺𝑟 − 𝛼𝛽))𝜇𝜈 ]} × 

× {[((𝜇𝜈
2 − 𝐺𝑅)𝑠𝑖𝑛𝜇𝜈(𝑥 − 1) + 𝛽𝜇𝜈𝑐𝑜𝑠𝜇𝜈(𝑥 − 1)] × 

× [∫ 𝑒−𝐴3𝑡 [(𝜇𝜈
2 − 𝐺𝑅)𝑠𝑖𝑛𝜇𝜈𝜉 + 𝛼𝜇𝜈𝑐𝑜𝑠𝜇𝜈𝜉] × [ Φ0(𝜉) cos(𝐷𝜈𝜇𝜈𝑡) +

1

𝐷𝜈𝜇𝜈

sin(𝐷𝜈𝜇𝜈𝑡) ×

1

0

 

× (Φ1(𝜉) + 𝐴3Φ0(𝜉))]𝑑𝜉 − 2𝜇𝜈𝑒−𝐴3𝑡 × 

× [Φ0(0) cos(𝐷𝜈𝜇𝜈𝑡) +
1

𝐷𝜈𝜇𝜈

sin(𝐷𝜈𝜇𝜈𝑡) × (Φ1(0) + 𝐴3Φ0(0))] − 

−[(𝜇𝜈
2 − 𝐺𝑅)𝑠𝑖𝑛𝜇𝜈𝑥 + 𝛼𝜇𝜈𝑐𝑜𝑠𝜇𝜈𝑥] × 

× [∫ 𝑒−𝐴3𝑡[(𝜇𝜈
2 − 𝐺𝑅)𝑠𝑖𝑛𝜇𝜈(1 − 𝜉) − 𝛽𝜇𝜈𝑐𝑜𝑠𝜇𝜈(1 − 𝜉)] × 

1

0

 

× [Φ0(𝜉) cos(𝐷𝜈𝜇𝜈𝑡) +
1

𝐷𝜈𝜇𝜈

sin(𝐷𝜈𝜇𝜈𝑡) × (Φ1(𝜉) + 𝐴3Φ0(𝜉))] 𝑑𝜉 − 

−2𝜇𝜈𝑒−𝐴3𝑡 [Φ0(0) cos(𝐷𝜈𝜇𝜈𝑡) +
1

𝐷𝜈𝜇𝜈

sin(𝐷𝜈𝜇𝜈𝑡) × (Φ1(1) + 𝐴3Φ0(1))]  } , 

where 

𝐴 = (𝐶𝑅 + 𝐺𝐿)2 + 4𝐶𝐿𝐺𝑅, 𝐵 = 4𝐶𝐿, 𝐴3 =
𝐶𝑅 + 𝐺𝐿

2𝐶𝐿
 , 

𝜇𝜈 = 𝜋𝜈 + 𝑂 (
1

𝜈
) , 𝐷𝜈 =

1

2𝐶𝐿
√−

𝐴

𝜇𝜈
2

+ 𝐵, 𝜈 = 1,2, … 
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