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Abstract 

The solution of problems of filtration from channels and stream beds is considered. Depending on the geo-

logical structure of the soils in which filtration occurs, and other natural conditions (precipitation, evaporation, 

etc.), the problems of filtration without backwater (in homogeneous and inhomogeneous soil) from non-colmated 

channels and stream beds of arbitrary cross section are considered. It is assumed that the fluid is incompressible, 

its motion in the ground is steady and obeys Darcy's law (linear filtration). Capillary uplift and inertial forces are 

not taken into account. It is also assumed that infiltration and evaporation are absent (evaporation can be considered 

as negative infiltration). 
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Introduction 
At present, the problem of efficient use of natural 

resources and nature protection is of particular im-

portance. One of the issues of this problem is the ra-

tional use of water resources, the protection of water 

basins from pollution, as well as land from salinization 

and oxidation during irrigation. In this regard, the im-

portance of solving problems of filtration from chan-

nels and stream beds has increased. 

Problem Statement 

The problem of filtering from a channel or a 

stream bed of an arbitrary cross section, using the 

method of successive conformal mappings (proposed 

by M.A.Lavrentiev and developed in detail by 

P.F.Filchakov), can be reduced to the corresponding 

problem of filtering from a rectangular channel [1-7]. 

The filtration flow from this channel is approximately 

equal to the filtration flow from a rectangular channel. 

The problems of filtration without backwater from 

channels and stream beds of arbitrary cross section in 

homogeneous and inhomogeneous soil, with or without 

a drainage layer of soil, are solved similarly by the 

method of successive conformal mappings. 

A half-plane with a cut hole (representing the 

cross section of a channel or stream bed; fig. 1, a), con-

taining the filtration area D, is mapped using the 

method of successive conformal mappings onto a half-

plane 𝜔 with a cut out rectangle (fig. 1, c). 

This mapping is done in two steps. First, the half-

plane z with a cut hole representing the cross section of 

a channel or stream bed is mapped onto the auxiliary 

half-plane ζ (fig. 1b), and then ζ is mapped onto the 

half-plane w with a cut-out rectangle. 

 
Fig. 1. Cross section of a channel or stream bed 

The first mapping is performed by the method of successive conformal mappings using the function (for 𝜉 → 𝜁) 
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𝜁𝑛+1 =
𝑎𝑛𝑧𝑛−𝑏𝑛√𝑧𝑛

2+𝑏𝑛
2−𝑎𝑛

2

𝑎𝑛−𝑏𝑛
   (1) 

and the second one using the function 

𝑤 = 𝜉0[𝐸(𝜑, 𝑘) − 𝑘 ,2𝐹(𝜑, 𝑘)] + 𝑖𝐻  (2) 

For each of these mappings, the expansion coeffi-

cient at infinity is assumed to be equal to unity, i.e., the 

mapping functions are normalized by the conditions 

𝑑𝜁

𝑑𝑧
|

𝑧 → ∞

 = 1;  
𝑑𝑤

𝑑𝑗
5 |

𝜁 → ∞

= 1 

It is easy to verify that functions (1) and (2) satisfy 

these conditions. 

The parameter k of the elliptic integrals 𝐸(𝜑, 𝑘) 

and 𝐹(𝜑, 𝑘) in (2) is determined from the equation 

𝐸` − 𝑘2𝐾 ` −
𝐻

𝜉0
= 0   (3) 

where 𝐸` and 𝐾 ` are complete elliptic integrals 

modulo 

k'= √1 − 𝑘 ,2. 
Equation (3) in its final form with respect to the 

unknown parameter k is not solved. Therefore, approx-

imate methods are used to determine k. 

The first approximation can be determined by one 

of the formulas 

𝑘1
2 = 1 −

4𝐻

𝜋𝜉0
 for 

𝐻

𝜉0
≤ 0,55; 

𝑘1
2 = +√𝑙𝑛24 + 2 (1 −

𝐻

𝜉0
) – 𝑙𝑛4 for 

𝐻

𝜉0
> 0,55 

The following approximations can be found by the 

formula 

𝑘𝑛+1
2 = 𝑘𝑛

2 −
𝑓(𝑘𝑛)

𝑓 `(𝑘𝑛)
 

where 

𝑓(𝑘𝑛) = 𝐸`(𝑘𝑛
` ) − 𝑘𝑛

2𝐾 `(𝑘𝑛
` ) −

𝐻

𝜉0
. 

In practice, in most cases, it is enough to find the 

second approximation for 𝑘′′ (the error in this case does 

not exceed 0.6%). The depth of a rectangular channel 

in the half-plane 𝑤 is taken equal to Н (i.e., the depth 

of his channel in the half-plane 𝑧). The width В1 of the 

channel in half-plane 𝑤 is calculated by the formula 

𝐵1 = 2 𝜉0(𝐸 − 𝑘`2 𝐾), 

where К and Е are complete elliptic integrals of 

the first and second kind modulo k. 

Then the problem of filtering from a rectangular 

channel in the half-plane 𝑤 is solved. 

The theory of filtration from channels of rectangu-

lar cross section is described in [6]. We present here 

only the final results. 

a) Case T < +∞ 

The characteristic function of the flow has the 

form 

𝑧 = −
𝑖𝜆𝑄𝑠

4𝜋𝐾
∫

Φ𝑑𝜁

𝜁(1 − 𝜆2𝜁)(1 − 𝑘2𝜆2𝜁)

𝜁

0

+
𝐵

2
 

where z = x + iy is the complex coordinate of a 

point in the flow area; 𝑤 = 𝜑 + 𝑖𝜓 is a complex poten-

tial; 𝜓 is the filtration coefficient of the soil in which 

filtration occurs; Q is filtration flow per unit length of 

the channel; 𝑄𝑠 =
𝑄

𝜓
 is reduced consumption; В is the 

channel width; К is a complete elliptic integral of the 

1st kind modulo k; 

К= ∫
𝑑𝜁

√𝜁(1−𝜁)
= 2𝐴𝑟𝑐ℎ

1

√𝜁

1

0
; 

𝜁 is auxiliary variable associated with the variable 

𝜔 by the dependence 

𝜁 =
1

𝜆2
sh2 

2𝑖𝐾𝑤

𝑄
 

𝑘 = sin 𝜃 , 𝜆 = sin 𝜗 are constant parameters that 

are determined from the system of equations 

{
𝜆′(𝐾𝑔1 − 𝑔2) = 𝛽𝑓

2𝑇𝑓 = 𝜋𝐻𝐾′   (4) 

𝐻 is water depth in the channel; 𝑇 is the depth of 

the drainage layer of soil; 𝐾′ is a complete elliptic inte-

gral of the 1st kind modulo 𝑘′ = +√1 − 𝑘2 

𝛽 =
𝐵

2𝐻
;   𝜆′ = +√1 − 𝜆2;   𝑔1 =

𝜋 − 2ϑ

2𝜆′
; 

𝜗 = arcsin 𝜆 ;  𝑔2 = ∫
𝐹(𝜎, 𝑘)

√1 − 𝜆′2𝜉2
𝑑𝜉

1

0

 

𝜎 = arcsin
𝜆

√1 − 𝜆′2𝜉2
; 

𝑓 =
𝜋

2
∫  

1

0

 
𝐹 [arcsin (𝜆sin 

𝜋
2

𝜉) , 𝑘]

sin 
𝜋
2

𝜉
𝑑𝜉. 

The depression curve equation is written as 

𝜋 (𝑥 −
𝐵

2
) = 2𝑦Arsh (𝜆𝑐𝑠′𝜂)

+
𝑄𝑠

2𝐾
∫  

1
𝜆2𝑠𝑐′𝜂

0

𝐹(𝜏, 𝑘′)

𝑡√1 + 𝑡
𝑑𝑡, 

where 𝐹(𝜏, 𝑘′) is an incomplete elliptic integral of 

the first kind modulo 𝑘′ = ±√1 − 𝑘2;  𝜏 =

arctg 𝜆√𝑡 ;  𝑐𝑠′𝜂 =
𝑐𝑛′𝜂

𝑠𝑛′𝜂
,  𝑠𝑐′𝜂 =

𝑠𝑛′𝜂

𝑐𝑛′𝜂
 are Jacobi elliptic 

functions; 𝜂 =
2𝐾𝑦

𝑄𝑠
. 

If the reduced flow rate through the slopes is de-

noted by 𝑄𝑠
′  (𝑄𝑠

′ =
𝑄′

𝑥
), and the distance between the 

points of intersection of the depression curve with the 

dividing line of soils (which we consider horizontal) is 

2𝑎, then the quantities 𝑄𝑠 ,  𝑄𝑠
′  and 𝑎 are determined by 

the formulas 

𝑄𝑠 = 2𝑇
𝐾

𝐾′ = 𝜋𝐻
𝑔2+

𝛽

𝜆′𝑓

𝑔1𝑓
;   (5) 

𝑄𝑠
′ = 𝑄𝑠

𝐹(𝜗)

𝐾
= 2𝑇

𝐹(𝜗)

𝐾′
; 

𝑎 =
𝑄𝑠

2
(1 −

2𝑘𝜆

𝜋𝐾
𝑔𝑠)   (6) 

where 

𝑔s = ∫  
1

0

𝐾 − 𝐹(arcsin 𝜉, 𝑘)

√1 − 𝑘2𝜆2𝜉2
𝑑𝜉 

 

b) Case 𝑇 → +∞. 

If 𝑇 → +∞, then 𝑘 = 0, 𝐾 =
𝜋

2
 and 𝐹(𝜗) = 𝜗. 

In this case, the characteristic function of the flow 

𝑧 = −
𝑖𝜆𝑄𝑠

2𝜋2
∫  

𝜁

0

Φ𝑑𝜁

√𝜁(1 − 𝜆2𝜁)
+

𝐵

2
 

depression curve equation 

𝜋 (𝑥 −
𝐵

2
) = 2𝑦Arsh 

𝜆

sh 
𝜋𝑦
𝑄𝑠

+ ∫  

1
𝜆2sh2 

𝜋𝑦
𝑄𝑠

0

Arsh 𝜆√𝑡

𝑡√1 + 𝑡
𝑑𝑡; 
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reduced flow 

𝑄𝑠 =
𝜋𝐻

𝒥
    (7) 

or 

𝑄𝑠 =
𝜋2𝐵

2𝐽
 

where 

𝒥 = ∫  
1

0

arcsin 𝜆√𝑡

𝑡√1 − 𝑡
𝑑𝑡,  𝐽 = ∫  

1
𝜆2

1

arccos 𝜆√𝑡

𝑡√𝑡 − 1
𝑑𝑡 

slope flow 

𝑄𝑠
′ = 𝑄𝑠

2ϑ

𝜋
 

𝑎 =
𝑄𝑠

2
. 

The parameter 𝜆 is determined from the equation 

𝐽 − 𝛽𝒥 = 0. 

In the case of 𝑇 → +∞, nomograms [6] were con-

structed to determine the values of λ and 
𝑄𝑠

𝐻
 (fig. 2). 

 
Fig. 2. Design scheme of the channel cross section 

Analytical solutions and computational algorithms 

built on their basis for determining exact or approxi-

mate values of the main filtration characteristics during 

filtration from channels and stream beds in the case of 

a finite depth of the drainage layer of soil (𝑇 ≪ +∞) 

are much more complicated (require much more com-

putational work) than in case of infinite depth of the 

drainage layer (𝑇 → +∞). 

Therefore, when solving problems of filtration 

without backwater from channels and stream beds, in 

the case of a sufficiently large depth T, the occurrence 

of the drainage layer of soil is taken approximately 𝑇 →
+∞, given that the errors in determining the main fil-

tration characteristics from such a replacement are in-

significant, and the solution of the problem is greatly 

simplified. 

Quite naturally, the question arises, what should 

be the depth 𝑇 of the drainage layer of soil, so that when 

solving the problems of filtration from a channel or 

stream bed, one could take T→+∞ and, at the same 

time, the errors in determining the main filtration char-

acteristics do not exceed the allowable. 

In the general formulation, this problem regarding 

the flow rate for filtration can be formulated as follows. 

For a channel or stream bed of arbitrary cross sec-

tion, the cross-sectional shape of the channel is known, 

i.e., the equation 𝑦 = 𝑓(𝑥) is given for the line repre-

senting the perimeter of the cross-section of the channel 

or stream bed, and the dividing line of the filtration area 

(the soil in which filtration occurs) and the drainage soil 

layer (having a much larger coefficient filtration than 

the filtration coefficient of the soil in which filtration 

occurs), i.e., given the equation 𝑦 = 𝑔(𝑥) of this line. 

If the soil in which filtration occurs (area 𝐷1) and 

the drainage layer (area 𝐷2) are heterogeneous, and 

their filtration coefficients are respectively equal to 

ℵ1(𝑥, 𝑦) and ℵ2(𝑥, 𝑦), then the following condition is 

assumed to be fulfilled: 

max
(𝑥,𝑦)∈𝐷1

 ℵ1(𝑥, 𝑦) ≪ min
(𝑥,𝑦)∈𝐷1

ℵ2  (𝑥, 𝑦) 

The smallest distance from the line of the water 

mirror in the channel or stream bed to the drainage layer 

of soil will be denoted by T (fig. 2). 

The task is: 

1) To find the error that is obtained when deter-

mining the flow rate for filtration 𝑄 from a channel or 

stream bed, if we assume that the depth of the drainage 

layer is equal to infinity (𝑇 = +∞) instead of the finite 

depth of its occurrence; 

2) To determine at what minimum value of 𝑇 the 

deviation of the filtration flow 𝑄𝑇 at 𝑇 < +∞ from the 

filtration flow 𝑄∞ at 𝑇 = +∞ will not exceed the spec-

ified number 𝜀(%). 

In practice, the problem can be formulated as fol-

lows: at what depth 𝑇 of the drainage layer of the soil, 

the flow rate for filtration does not depend on 𝑇 and the 

problem of calculating the filtration can be solved by 

considering 𝑇 = +∞. In such a general formulation, it 

is currently not possible to obtain an analytical solution 

of the problem in a closed finite form. However, having 

solved the problem in a particular case, the results can 

be used in other cases. 

Let us find a solution to the problem for the case 

of filtration from a channel of rectangular cross section, 

since for such a channel there are analytical solutions 

to the filtration problem, and these solutions are simpler 

than the solutions of the corresponding problems for 

other channels. 

Let us consider this problem under the conditions 

indicated above, i.e., we assume that the liquid is in-

compressible, its motion in the soil is stationary and 

obeys the Darcy law. The forces of inertia and the phe-

nomenon of capillary rise of water (liquid) in the soil 

are not taken into account. It is also assumed that evap-

oration and infiltration are absent. 

To solve the problem, we use the values of the re-

duced filtration flow from channels of rectangular cross 

section at 𝑇 < +∞ and 𝑇 = +∞, as well as, the de-

pendence of 
𝐵

𝐻
 (upper numbers) and 

𝑇

𝐻
 (lower numbers) 

on the auxiliary parameters 𝑘 and 𝜆. Also shows the 

values of 
𝑎

𝐻
 (lower numbers) so that you can see how 

different the values of 
𝑎

𝐻
 are from 

𝑄𝑠

2𝐻
 at 𝑇 < +∞. 

On the basis of the above formulas 
𝐵

𝐻
=

4 arccos 𝜆

𝜋𝑓1
(𝐾 − 𝑔);  (8) 

𝑇

𝐻
=

𝐾′

𝑓1
,    (9) 

where 𝑓1 =
2

𝜋
𝑓;  𝑔 = ∫  

1

0
 𝐹(𝜎, 𝑘)𝑑𝜉; 

 

𝜎 = arcsin 
𝜆

sin (arcsin 𝜆 + 𝜉arccos 𝜆)
. 

Using the formula 
𝑄𝑠

𝐻
=

2𝐾

𝑓1
    (10) 

we get 
𝑄

𝐻
=

𝑄𝑠

𝐻
(0,5 −

𝑘𝜆

𝜋𝐾
𝑔3)  (11) 

Formulas (8)-(11) are obtained by elementary 
transformations from formulas (9)-(6). 
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In this case, to calculate the values of 
𝑄𝑠

𝐻
, the for-

mula (obtained from (7)) [6] was used 
𝑄𝑠

𝐻
=

𝜋

𝛾̃1
 ,    (12) 

where 𝛾̃1 = ∫  
1

0

arcsin (𝜆sin 
𝜋

2
𝜉)

sin 
𝜋

2
𝜉

𝑑𝜉. 

Formula (12) is also obtained from formula (10) 

for 𝑘 = 0 and 𝐾 =
𝜋

2
. Let us introduce the notation: 

(
𝑄𝑆

𝐻
)

𝑇
 is the value of 

𝑄𝑠

𝐻
 provided that T<+∞; 

(
𝑄𝑠

𝐻
)

∞
 is the value of 

𝑄𝑠

𝐻
 provided that 𝑇 = +∞ (for 

the same channel); 

𝛿 =
(

𝑄𝑠

𝐻
)

𝑇
− (

𝑄𝑠

𝐻
)

∞

(
𝑄𝑠

𝐻
)

𝑇

100%. 

Based on the given values of 
𝐵

𝐻
 and 

𝑇

𝐻
, it is possible 

to approximately, with sufficient accuracy for practice, 
determine the error that is obtained when calculating 
the reduced filtration flow from a rectangular channel 

in the case of replacing 
𝑇

𝐻
< +∞ with 

𝑇

𝐻
= +∞. 

Since the obtained results do not depend on the fil-
tration coefficient ℵ, they remain valid for the case of 
filtration in soils with arbitrary (variable) filtration co-
efficients, in particular, in multilayer soils. 

The results obtained can also be used in the calcu-
lation of filtration from channels and stream beds of ar-
bitrary cross section. To do this, it suffices to describe 
a rectangle around the cross section of the channel or 
stream bed and find the value 𝛿 for a rectangular chan-
nel with such a cross section. 

In this case, the problem was considered under the 
condition that the dividing line of soils - the areas of 
filtration and the drainage layer is a straight horizontal 
line. 

If the soil dividing line is arbitrary, then this line 
can be taken as a horizontal straight line passing 
through the upper point of the true soil dividing line and 
the considered method can be used to estimate the error. 
Thus, the result obtained can, generally speaking, be 
used in solving the problem in the general case. 

If the resulting error δ in determining the filtration 
flow in the case of replacing 𝑇 < +∞ with 𝑇 = +∞ 
exceeds the practically specified one, then to determine 
it, you can use the formula 

𝑄𝑇 =
100

100−𝛿
𝑄∞   (13) 

where 𝑄𝑇  is the seepage flow at 𝑇 < +∞; 𝑄∞ is 
seepage flow at 𝑇 = +∞ (for the same channel); 𝛿 is 
error in % of 𝑄𝑇 , which is obtained by replacing 𝑇 <
+∞ with 𝑇 = = +∞; it is easy to find it from the nom-
ogram given here (if it does not exceed 30%). 

Tables or nomograms can be compiled to deter-
mine seepage flow from some channels and stream 
beds at 𝑇 = +∞. To determine the seepage flow from 
a channel of rectangular cross section, formula (13) is 
proposed; it is easy to determine the seepage flow from 
channels and stream beds at any depth of the drainage 
soil layer. 

The choice of the cross-sectional shape of the 
channel in the design of its construction plays an im-
portant role. One of the main operational indicators of 

channels is the filtration flow, which depends on the 
shape of the channel's cross section for a given area. For 
most channels, an increase in filtration flow is a nega-
tive phenomenon. Therefore, it is desirable that it (un-
der certain given conditions) be minimal. 

In the general formulation, the problem can be for-
mulated as follows. Given a channel of arbitrary cross 
section. Filtration without backwater from the channel 
takes place, provided that 𝑇 ⩽ +∞ (𝑇 is the depth of 
the drainage soil layer). 

Let 𝑦 = 𝑔(𝑥) be the equation of the dividing line 
of soils, and 𝑔(𝑥) be a known given function; 𝑦 = 𝑓(𝑥) 
be the equation of the bottom of the channel cross sec-
tion, and 𝑓(𝑥) be an unknown function; 𝑆 be the cross-
sectional area of the channel (constant given value). 

It is required to find such a function 𝑓(𝑥) that sat-

isfies the condition ∫
𝑥1

𝑥2
 𝑓(𝑥)𝑑𝑥 = 𝑆, so that the seep-

age flow rate 𝑄 = 𝑄[𝑓(𝑥)] is minimal. 
In such a general setting, it is currently impossible 

to obtain an analytical solution to this problem, since 
the functional 𝑄 [f (𝑥)] is unknown. There are solutions 
to this problem in several special cases. 

 

Conclusion 
The filtration flow from a channel with a given 

cross-sectional area at an infinite depth of the drainage 
layer will be the smallest if the channel cross-section 
has the shape of a semicircle. 
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