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Abstract
Let us consider the following integro-differential equation

Ly =-y"00+ Py () + [K(es )y (Ms- 200, e

where R :(—oo,oo), A=p? IJmp>0.

Let p(X) be a complex valued summable function in the interval Rf = (— 00, oo) and the kernel of the
integro-differential equation (3.1) have the form:

( ) e p(s)k’(x,8,p) for s<x,

o p)= e "2 p(s)k(x,5,p) for s>x, oo
where @, @, are various roots of second degree from -1, while k*(X,S,p) is a complex valued

continous bounded function in totality of variables (X,S,p), —0 < X,S <o, ‘Jmp‘ < &,/2 and

analytic with respect to 0 in the domain ‘Jmp‘ < 80/2 for each fixed (X, S), —0< X, S<00,
Furthermore, let the following condition be fulfilled:

‘p(XX|:1+ +ﬂk"‘(s, X, deS} < ce 2l (33)
where &, > 0 and
T ezmx‘p(x][u T ks, x,pjds}dx <B, < (34)

where Bl is independent of O.

We choose the contour CR s onthe O plane of the following form: CR s consists of the straightline
1

1
P, =0>0 from p, = —(R2 —52)5 to P, = (R2 ~o° )2 and the arch of the circle p = Re"™”
from @ = arcsin% to Q= n—arcsin%

Choose O such small and Ro such large that ~/ A lies interior to the contour CR5 for R > Ro and so

thatall v/ 4 where A isan eigen value and JM+/ A > O lie interior to CRE'
Then we consider the contour integral

I(R,5)= § %pdp for R>R,.

The point +/ A lies interior to the contour Cy, 5. Now apply to J (R,§) the residue theorme

Cr,s
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e p)=My(or.p)+ [ 222 .7 o)t
% D(p)
where
o _:I_)n
D(xt, )= Ny(x.t, p)+ 2> D, (x.t, p).
T(X,Z',p) is the ratio of two functions each of which is analytic for Jmp > 0. Therefore,
,02 = A, A,,... located interior to CR,6 will be poles.
Then we can write the expansion T(X 7, ,0) in the vicinity of the point ﬂ,i :
m, T(')
T(x,7,p)= > L= (x.r) +F(x,7,p)
Ho -y

It is proved that if (3.3) is fulfilled, D(p) does not vanish at the points of the real axis 0, and the zeros
D(p) are simple and T(X, 7, P, Z) is a Green function of the integro-differential operator L, then for any
point A not belonging to the spectrum of the integro-differential operator L

LS AY (% s (7 1)
Yi(x)m 1 7 P P d,01

e )= ) 20 o

where the integral from the right converges absolutely and uniformly with respect to X, 7, in the interval

—00< X, T <00

Keywords: integro-differential, expansion, Green function, eigen function, values, equation, variable,
integral teorem, kernel, whole axis complex-valued, let converge, spectrum, point, contour.

I. Introduction. Let us consider the integro-differential equation

Ly =—y"(x)+ p(x)y'(x)+ Jk( P)y'(s)ds — Ay(x),
and choose the contour CR,5 onthe O plane of the following form:
1 1
Cp s consists of the straightline 0, =0 >0 from p, = —(R2 —0° )E to o, = (R2 ~6° )5 and
: Wi .0 ;
the arch of the circle p = Re™” from @ =arcsin E to @ = 7r —arcsin E

Choose O such small and Ro such large that ~/ A lies interior to the contour CR5 for R > Ro and so

that ~/ A lies interior to the contour Cy, 5 for R > R and so thatall ~/ 4 where A is an eigen-value of the

integro-differential operator L and IMVJA > S lieinterior to Crs-
P2

p.=—®-8")" p=@-5)" &

Fig.
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Let us consider the contour integral

IR,8)= T();’—i’f)pdp for R>R,

Cr,s

the point ~/ A lies interior to the contour CR s - The singularity of the integrand function will be at the point

P = \/Z and at the points 1/24( (k = 1, n), where lk are singuliarities of the functions

T(0r.0)=My(x 7,0)+ T30t p)us(t 7, )it =My (x,7,) +

°°D(X,t,p)

+ | ———mt,7,p dt,
L D(p) t.e.p)
where

D(x.t, p)=N (ti)+i(_) D,(x.t, p),

Nl
D”(X’t’p) (Zpa)l)n +1{o LNlp('z(,’ttll,’tzz,’.‘.'..,’ttnnJf:llp(tk )dt
N;p(x,t) Npp(xty), - Nip(xt,)
Nlp(x’tlltzv---’tnj: () Nop(tt), -+ Nip(tt,)
tt, by, t
Nl(tn’t) Nop(ty,t) - Nip(tat,)

Repeating the proof of theorem 2.1 we can easily prove that D(X,t, p) allows analytic continuation

through the positive semi-axis in the domain E .
Obviously, T(X, T, p) is the ratio of two functions one of shich is analytic for Jmp >0.

Therefore, ,02 = A, A,,... located interior to Cy, 5 will be poles.

Then we can write the expansion | (X, T, p) in the vicinity of the point ﬂ“i :

Tuj¢a:%é§¥%%+pump)

p=1

where F(X, Z',p) is a regular function in the vicinity of the point © = il , while M, is an order of
_ _ . 2 1
poles and the residual of the function T(X, 7, ,0) with respectto O~ = ﬂ,I equals ET(X’ 7, /1)

1m TO(x, r).

_Ep:]_(i—ﬂ,i)p
The residual with respect to Mi will be %T(X, T, ﬂ,).
Therefore
m, T (x,7)
J(R, raT(X,7,1)— 7 i e
(R.p)=7ayT( wl_lp_l(/l 7

where n(§) denotes the number of eigen-values lying interior to CR 5
Hence
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M Tp(l)(X T) N 1

T(or,)=33:

J(R,0). (3.5)
i2a(l-4) 7oy (R.9)

We now calculate J (R, 5)

;r—arcsin% T (X, ) Re"? )wlRZeZquﬁ
‘](R’é): J R2e2%e _ )

.0
arcsin—
R

do+

1
szzﬁ T(x7,p, + @5)p, + @) q
: (o + 0)15)2 -4
fech
Prove that

nfarcsin% T (X, T, Rewl,gg )a)lRZeZV\/lgo

1 (3.6)

Lm arcsin% R2€2wlgp — ﬂ, d§0 N 0
We know that
(i) (i) ()
T(XrReW”’) Iz(x 7) + T, (%) 5t Tn (%,7) -. (37
R%™’ % (R%2 — 4] (R2e2 — 2, "
Therefore based on (3.7) at all the points of the semi-cirle € we have:
‘T X z‘)( 1 ‘Tz(i)(x,z'x ‘T (') X r)(
‘T (X, 7, Rewllwl T + ? T + - T (3.8)

The expression in the paranthesis of (3.8) can be made arbitrarily small, for example less than a unit, for fixed
X, T beginning from a rather large R .
Consequently, from the inequality (3.8) we obtain:

TO(x 7)+1

2

0

‘T (x, T, Re“’l“’} < (3.9)

everywhere on the semi-circle I , beginning with a rather large R .
Using the inequality (3.9) we obtain:

;rfarcsin% T (X, ) Re™? )a)lRZeZWW dol < ‘Tl(i) (X, Z'j +1
ind; R%™ — 4 TR
arcsin9f,

i.e. for fixed X, T we have:

”‘arcfi"%T(x T Rewl'w)a)leeZWl‘/’
lim -
R— ¥ 2n2wmg —

arcsm% R e ﬂ’

We can also easily prove that

(pl+a)15)T(X,Z',p1+a)l | c

(pl + 0)15)2 -1 ‘ 12

for a rather large R.
The obtained estimates imply that

. K (pl + wlé)-r (X’ nL,ot wla)
limJ(R,5)= | ;

o (pl +wd ) -4

exists and the integral from the right converges absolutely and uniformly with respect to X, 7 for

Jmp>6,>6>0.

T,

de =0.

dp,

R—x
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So, having noted it, from formula (3.5) we pass to the limit as R — 00 and obtain:
Theorem 3.1. For 0 > O for the Green function T(X T, ﬂ) we have the expansion

T(x, T, ﬂ,) = nf)% Tp(i)(x’ T) _o I (pl + wlé)-r( 72 Pt a)15)
Ep=1 (p,+@6) — A
In what follows, we will assume that:
1) The condition (3.3) is fulfilled.

2) The function D(p) does not vanish at the points of the real axis 0

do, (3.10)

3) The zeros of D(p) are simple.

If (3.3) is fulfilled, then by virtue of theorem 2.1, D(p) is analytic in the domain E .

Furthermore, by virtue of theorem 2.1 D(p) for rather large ,© does not vanish in the domain E , therefore
the number of zeros of D(p) may only be finite.

Let }il, 2,2 ooy ﬂn be all eigen-values, while Y; (X), Y, (X), A (X) be appropriate eigen-values of

the integro-differnetial operator L.
since A =0 (theorem 2.2) is not an eigen-value and D(p) does not vanish at the points of the real axis

P, then the integral (3.10) converges for 0 — 0 aswell.
If the zeros of D(p) are simple, then

Tp(i) (x, T) _T “)(x, T) __ Y (X)m

(Vi ¥i)

where

(o v))= | v (0 (ke

Then by virtio of finiteness of the number of eigen values and the condition 2) the equality (3.10) as for
O — 0 takes the form:

we)=d WO e gaT(r)y,

Tl )= lz(/’l ANy Ex! pi =2 i
:Zn: yi(x)yi(r) _ﬂj‘pl (X’T’pl)_plT(X’T’_pl)
T(A-ANYY) 7o pL =2

We now prove the following theorem.
Theorem 3.2. We have

T(x7,0)-T(x7,-p)=-

where

do, (3.11)

2

2 AY; (X’ pl)' Yai (T, /01)

2p,0, i1

i Dt (-1* )

% by p) yi(t, o, )dt.

Ay; (X’ 101) =Y (X’ ,01) +
Proof. From

T(x,7,p)=M,(x,7,p)+ T MMl(t,r,p)dt

= D(p)

it is clear that
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B yl(X’pl)yZ(T’pl)_ yZ(T’pl) Of D(X1t’p1)

y,(t, p, )t for 7 < x,

T(x, 7, p,) = 20,00, 2p@, = D(p,) (3.12)
1y M) — © )
_ yZ(X’pl)yr(T’pl) _ yl(T’pl) J‘ D(X,t,pl) yz(t,pl)dt for 7> X,
20,0, 200 D(pl)
Y1(X1_P1)y2(7’_,01)+ yz(T’_Pl)T D(X’t’_pl)yl(t,—pl)dt for 7 <X,
T(xz—py)= 2p,0 2pe, -, D(-py) (3.13)
149 1) 0
Y1(T’_101)Y2(X1_P1)+ y,(z.—p1) J‘ D(X’t’_pl)yz(t,—pl)dt for r> x,
20 2po; -, D(-p)
At first we consider the case 7 < X.
Obviously,
Yi (X’_Pl): Yai (X’pl) and Y; (T’_pl) Ya |( ) i=12.
Therefore

yl(x’ pl)yZ (Tv ,01) Y, (X’ pl)y(z-’ ,01) _
2p,o;

T(X7,0)-T(X,7,—p, )=~

_ yZ(T’pl) i D(X’t7p1) yl(z- pl) (X t, 101)
20,0, —'[0 D(pl) Y1(t1p1)dt 2p, —J;o D(_ 101) Z(t’pl)dt
i Yi (X’ pl)ysfi (T' /01) i Yai (T’ 101) o 3-i
__ i = D(X’t’(_i? pl)yl (t,pl)dt _
20,0, 2p0, % D ((— 1) o) )
= 5 22: Ay, (X’ pl)y3fi (T' :01)' (3.14)
P =

In this way, to the same expression (3.14) we arrive for 7 > X as well.
Substituting expression T (X, T, ,01) -T (X, Z',—,Ol) in (3.11), we obtain:

n y( )ﬂ;) 1 ooéAYi(X’pl)ys—i(T’pl)
A=%a- 2f)(y.,y.)jLﬂg pi -2 G ©m

T(xr

So, we proved
Theorem 3.3. If conditions 1) 2) 3) are fulfilled, and T(X, Z',ﬂ,) is a Green function of the integro-

differential operator L, then for any point A not belonging to the spectrum of the integro-differential operator

L

JRLREY) (X)ﬂz_') 1 ooéAyi (X’pl)yS—i(T’pl)
T(X’T’l)_é(ﬂu—&)(yi,yi) 2 pl =2 e

where the integral from the right converges absolutely and uniformly with respect to X, 7 in the interval
—0<X, 7T <00.

This formula looks simplest if the function Y; (X), Y, ( 7 ) is normalized so that (yi v Yi ) =
Then

0y, (X)yI T wéAyi (X1 pl)y3—i (T’pl)
T 2)=2 2077 ) 27r£ )

We now find the expansion of the given function f (X in eigen functions of the integro-differential operator L

do, (3.16)
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By D we denote the totality of all functions f (X) satisfying the following conditions.

1) f (X) is summable in the interval R

( ) exists and absolutely continuous in each finite interval [a ﬂ] < R", where ax < 3,
f

3) L( )e 2(R)

Let f (X) € D. Then

0= 3,007 (F,y s[5 Ay, (6 s (e, i,

TToi=l

—00

vi(p)= ¥l p)T (e
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