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Abstract 

Let us consider the following integro-differential equation 
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where  ,,

R  ,2   0Jm . 

Let  x  be a complex valued summable function in the interval  

 ,R  and the kernel of the 

integro-differential equation (3.1) have the form: 
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where 21,  are various roots of second degree from -1, while  ,,* sxk  is a complex valued 

continous bounded function in totality of variables  ,,, sx  2,, 0  Jmsx  and 

analytic with respect to   in the domain 20 Jm  for each fixed    sxsx ,,, . 

Furthermore, let the following condition be fulfilled: 
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where 1B  is independent of  . 

 

We choose the contour ,RC  on the   plane of the following form: ,RC consists of the straightline 

02    from  2
1

22

2   R  to  2
1

22

1   R  and the arch of the circle 
 1Re

w
  

from 
R

 arcsin  to 
R


 arcsin . 

Choose   such small and 0R  such large that   lies interior to the contour ,RC  for 0RR   and so 

that all   where   is an eigen value and  Jm  lie interior to ,RC . 

Then we consider the contour integral 
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The point   lies interior to the contour ,RC . Now apply to  ,RJ  the residue theorme 

https://doi.org/10.5281/zenodo.10723893


30 Norwegian Journal of development of the International Science No 127/2024 

   
 
 

 




 ,,,
,,

,,,, 11 dttM
D

xD
xMxT 




  

where 

   
 

 







1
1 .,,

!

1
,,,,

n
n

n

txD
n

txNtxD   

  ,,xT  is the ratio of two functions each of which is analytic for 0Jm . Therefore, 

,, 21

2    located interior to 
,RC  will be poles. 

Then we can write the expansion   ,,xT  in the vicinity of the point i : 
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It is proved that if (3.3) is fulfilled,  D  does not vanish at the points of the real axis 1  and the zeros 

 D  are simple and   ,,,xT  is a Green function of the integro-differential operator L , then for any 

point  , not belonging to the spectrum of the integro-differential operator L  
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where the integral from the right converges absolutely and uniformly with respect to ,x , in the interval 

 ,x  
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I. Introduction. Let us consider the integro-differential equation 
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 xydssysxkxyxpxyLy   

and choose the contour ,RC  on the   plane of the following form: 

,RC  consists of the straightline 02    from  2
1
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R
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 arcsin . 

Choose   such small and 0R  such large that   lies interior to the contour 
,RC  for 0RR   and so 

that   lies interior to the contour 
,RC  for 0RR   and so that all   where   is an eigen-value of the 

integro-differential operator L  and  Jm  lie interior to ,RC . 

 
Fig. 
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Let us consider the contour integral 
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the point   lies interior to the contour 
,RC . The singularity of the integrand function will be at the point 

   and at the points  nkk ,1 , where k  are singuliarities of the functions 
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Repeating the proof of theorem 2.1 we can easily prove that  ,, txD  allows analytic continuation 

through the positive semi-axis in the domain E . 

Obviously,   ,,xT  is the ratio of two functions one of shich is analytic for 0Jm . 

Therefore, ,, 21

2    located interior to ,RC  will be poles. 

Then we can write the expansion   ,,xT  in the vicinity of the point i : 
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where   ,,xF  is a regular function in the vicinity of the point i  , while im  is an order of 

poles and the residual of the function   ,,xT  with respect to i 2
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The residual with respect to iM  will be   ,,
2

1
xT . 
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where  n  denotes the number of eigen-values lying interior to ,RC . 

Hence 
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We now calculate  ,RJ  
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Prove that 
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We know that 
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Therefore based on (3.7) at all the points of the semi-cirle e  we have: 
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The expression in the paranthesis of (3.8) can be made arbitrarily small, for example less than a unit, for fixed 

,x  beginning from a rather large R . 

Consequently, from the inequality (3.8) we obtain: 
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everywhere on the semi-circle l , beginning with a rather large R . 

Using the inequality (3.9) we obtain: 
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i.e. for fixed ,x  we have: 
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We can also easily prove that 
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for a rather large R . 
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exists and the integral from the right converges absolutely and uniformly with respect to ,x  for 

01  Jm . 
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So, having noted it, from formula (3.5) we pass to the limit as R  and obtain: 

Theorem 3.1. For 0  for the Green function   ,,xT  we have the expansion 
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In what follows, we will assume that: 

1) The condition (3.3) is fulfilled. 

2) The function  D  does not vanish at the points of the real axis 1  

3) The zeros of  D  are simple. 

If (3.3) is fulfilled, then by virtue of theorem 2.1,  D  is analytic in the domain E . 

Furthermore, by virtue of theorem 2.1  D  for rather large   does not vanish in the domain E , therefore 

the number of zeros of  D  may only be finite. 
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We now prove the following theorem. 
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At first we consider the case x . 

Obviously, 
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In this way, to the same expression (3.14) we arrive for x  as well. 

Substituting expression    11 ,,,,   xTxT  in (3.11), we obtain: 
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So, we proved 

Theorem 3.3. If conditions 1) 2) 3) are fulfilled, and   ,,xT  is a Green function of the integro-

differential operator L , then for any point   not belonging to the spectrum of the integro-differential operator 
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where the integral from the right converges absolutely and uniformly with respect to ,x  in the interval 

 ,x . 

This formula looks simplest if the function    ii yxy ,  is normalized so that   1, ii yy . 
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We now find the expansion of the given function  xf  in eigen functions of the integro-differential operator L  
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By D  we denote the totality of all functions  xf  satisfying the following conditions. 

1)  xf  is summable in the interval 


R  

2)  xf   exists and absolutely continuous in each finite interval   ,, 

 R  where ,   

3)    .2 

 RLfL  

Let   Dxf  . Then 
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where 
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