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Abstract

In this paper the mixed conditions problem is considered for the wave equation in two-dimensional case. A
theorem on uniqueness of the solution of the appropriate inverse problem is proved. In the optimal control problem
compared to the inverse problem, a theorem on the existence of an optimal control is proved, sufficient and nec-
essary condition of optimality is derived in the form of variational inequality.
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1. Introduction

As is known, the Dirichlet and Neumann problems for hyperbolic equations are ill-posed [1]. Such problems
arise in different applied problems (see [1], [2] and references therein). Therefore, study of Dirichlet and Neumann
problems for hyperbolic equations is of interest both from applied point of view and in connection with theoretical
issues. In the paper [2] the mixed conditions problem is studied for the wave equation in two-dimensional case.
The inverse problem is considered, ill-posedness of this problem is shown, it is reduced to the sequence of one
dimensional inverse problems and in the obtained problem, iterational solution methods are suggested. The inverse
problem is formulated and this problem is reduced to the sequence of one-dimensional inverse problems. The
uniqueness of the solution of one-dimensional inverse problems is proved. Then an optimal control problem asso-
ciated to the formulated inverse problem is studied, differentiability of the functional is shown, necessary and
sufficient condition of optimality is derived in the form of integral inequality.

2. Problem Statement
Let us consider for the wave equation boundary value ploblem:

o°u  d°u odu
- =—+—, (% y,t)eQ=0x(0,T),

ot®  ox* oy M
u‘t:O = fl(X’ Y)’U‘H = fz(x’ Y), (X’ y)EQ’ @
U‘X:O = U‘X:[ = 0’ (y’t)e (O’K)X(O’T)’ (3)
ou ou
—lvo=—1v, =0, (X,1)e(0,7)x(0,T),
ay‘yo ay‘y% ( )e( )X( ) @

where Q = (0, £)x(0, £) , £ >0, T > 0 are the given numbers, fl (x, y) , f2 (x, y) are the given functions,

1
moreover f1, 2 EWZ (Q) . We formulate problem (1)-(4) as an inverse problem to the following direct well-
posed problem

o’y ou o

a0 o o KSR o
0

u|t:0 = fl(X1 y)’_u|t:o = U(X’ Y), (X' y)e Q,

u‘x:o = u‘x:f =0, (y,t)e (O,K)X(O,T), (7

ou ‘ ou
|0 =—|,_, =0, (x,t)e(0,£)x(0,T)
y=0 ‘yfj ' ' ' )
oy oy ®)
1
In the direct problem (5)-(8) for the given functions v (X, y) € L, (Q) and f1 (x,y) € W, (Q) it is required
to determine the function u =u (x, y, t).
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Let the function v (X, y) be unknown and about the solution of direct problem (5)-(8) the following additional

information is known
u‘t:T = fz(X, Y)1 (X’ y)e Q. )

The inverse problem is in determining the pair of function u = u (x, y, t), v = v (X, y) from relations (5)-(9)
for the given functions f1 (X, y), f2 (X, y). Instead of this problem let us consider the following problem: to find

the function v (X, y) from the class
veV =p(xy)veL@)], ., <M/

such that together with the solution u (X, y, t; v) of problem (5)-(8) it affords minimum to the functional

v)= %J-[u(x y,T;0)— f,(x,y)] dxdy - min

(10)

(11)
where u = u (x, y, t; v) is the solution of problem (5)-(8) for v =v (X, y), M > 0 is a given number. We call
the function v (X, y) a control, while the set V a class of admissible controls. We call this problem (5)-(8), (10),
(11). Note that there is a close relation between inverse problem (5)-(9) and problem (5)-(8), (10), (11) .If in
\Y
problem (5)-(8), (10), (11) there exists a control v+ from , such that min J (v) = J (v*) = 0, then in problem (5)-
(9) the additional condition (9) is fulfilled.
Instead of the functional (11) so that the optimality condition to be obtained in the future is not broken, let's
look to the functional

2,(0)= Jlue y.Ti0) 0 y) axdys & (e yhinay a)

The problem consist of to find a control U €V such that, together with the solution of the problem (5)-(8),

!
gives a minimum to the functional (11 )
From the results of the papers [5,6] it follows that for each fixed control v (X, y), problem (5)-(8) has a unique

1
solution from W, (Q) and this solution has the properties

ou
uecoTiwe) S cloTlL @)
and furthermore, the following estimation is valid

S <ol o Ity 7t <7 @)
L(Q)

Here and in the sequel, different constants independent of the estimated quantities and admissible controls
will be denoted by c.

3.0n Uniqueness of the Solution of Inverse Problem

Let for simplicity ¢ = . In problem (5)-(8) we continue evenly all the functions with respect to variable y to
the interval (—=, 0). Expand the function u (x, y, t) and all other functions in Fourier series in the system of functions

{coskxli,

HUHW;(Q) +

u(x,y,t)= iuk (x,t)cosky,v(x, y) =" "o, (x)cosky,
=1

. M

k
y)=>" £%(x)cosky, f,(x,y)= Zf x)cosky.
k=1

Substituting these expressions in condltlons (5) (9), we get a sequence of one-dimensional inverse problems
o’u, o
—2,"= 2k —kzuk,xe(O,ﬂ),te(O,T),
ot OX (13)

0,(x0)= 100 0 -y, (. x < (0.7)

(14)
Uy ico = Ul =0t (0,T), (15)
and

u (x,T)=f9(x)k=12,.. 16)
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(k) (k)
Now we odd continue the functions Uk (X’t)’ fy (X)’ f, (X)’ o (X) with respect to x to the interval (-,

0) and expand them in Fourier series in the system of functions {COSkX}k:l :

u, (x,t)= iuk'n(t)sin nx,v, ()= il)k,n sinnx,
n=1

n=1
£(x) = i <7 sinnx, 1,9(x) = i £ 47 i
n=1 n=1

As a result, we get a sequence of inverse problems

d’u, , + (k2 +n?),, =0 17)
dt? kn =
du, (O
0 0 80 o
uk,n(T): fz(k'n)- (19)

It is clear that the solution of direct problem (17), (18) is obtained in the form

U, .
“0sin p, ot

kn (20)

u,, = f“cosp, ,t+

P, =Vvk*+n?
where '

From (20) we take the derivative with respect to t and instead of t substitute T and provided (19). If
7m
T=

,me”Z
Picn then we get
L _ pk,n(fz(kyn) - fl(k'n) CosS pk,nT)
k,n — - .
sinp, T 21)
Thus, we can formulate the following theorem.
Theorem 1. Suppose that for all k, n € N and m € Z the parameter T satisfies the condition
T = 7m
Pn 1 for any keN the inverse problem (13)-(16) has the solution vk (x) in L2[O’ 7[]’ then this

solution is unique and its Fourier coefficients are given by formula (21).
!
4. On Solvability of Problem (5)-(8), (10), (11)
!
Theorem 2. If the conditions posed in formulation of problem (5)- (8), (10), (11 )are fulfilled, then the set of

optimal controls of problem (5)-(8), (10), (11')
V,=p, eV, )=, = inf 3, ()

is not empty, is weakly compact in L, (Q) and any minimizing sequence {vm (x)} weakly in L, (Q)con-
verges to the set V.

Proof. If is easy to see that the set VV determined by relation (10) is weakly compact in L, (Q) Show that

functional (11) weakly in I‘Q(Q)is continuous on the set V . Let v be some element and {vm} < V be arbitrary
sequence such that

vm — v weakly in LZ (Q) as M — . (22)
In virtue of unique solvability of boundary value problem (5)-(8) to each control vm € V there corresponds a

||um||W21(Q) <C

unique solution um = u (x, y, t; vm) of problem (5)-(8) and the estimation vm=1, 2, ..., isvalid,

1
i.e. the sequence {um} is uniformly bounded in the norm of the space W, (Q) .Then from imbedding theorem [7]
it follows that

Un U strongly in L,(Q), (23)
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6um_)6_u 6um_)8u ou, _)au
ot o ox Xy oy weekly in s (Q) (24)

and in particular,

u,,(x,y,0) > u(x, y,0)u, (x, y;T) > u(x, y;T) L, (),

strongly in (25)

1
whereu=u(x,y,t) € W2 (Q)is some element.
Show that u (x, y, t) = u (X, Y, t; v), i.e. the function u (X, y, t) is the solution of problem (5)-(8) corresponding
to the control v € V . It is clear that the following relations are valid:

U, 99, Uy 9, 8(0]
dxdydt— v, (x, y)p(x, y,0)dxdy=0
[y o

u, (X, y,0) == f,(x, y),
Vo eW,(Q),0(x,y;T)=0,0(0,y,t)=0,¢(r,y,t)=0

From the second of the relations (25) and from (22), we get that the functional ‘J“ (U) is weakly semicontin-

limJ,(v,)>J,()
uous from below in the set V ,l.e. M= " “
Then by Theorem 2 from [8 p.49] we get that all statements of Theorem 2 are valid.
Thus Theorem 2 is proved.

5. Differentialbility of Functional (11) and Optimality Condition
Now let us study Frechet differentiability of functional (11 ) and get optimality condition in problem (5)-(8),
’ 1
(10), (11 ).Let v =v (X, Y, t; v) be the generalized solution from W, (Q) of the adjoint problem
0° 0° 0?
= (xyt)eQ

o o oy’ 26)
5
lir =075 s =ulx y.T)= (0, )
(27)
l//‘ x=0 — l//‘ X=1 :0’ (y’t)E (0’ ﬂ)X(O’T)’ (28)
oy _ov xt)e(0,7)x(0,T)
ay ‘V ‘ 29)

Under the generalized solution of boundary value problem (26)-(29) for the given v € V we will understand
1
the function y = vy (X, y, t; v) fromW2 (Q) which equals to ‘/’(X’ y,T) =Ofor t = T and satisfies the integral
identity

J‘{a"” %—W%—W%}dxdydt—fu[(x, y;T) = £,(x, y)lr(x, y; T xdy=0
Q o (30)
fora||77:77(xiy ) ( ) (X yO)

As [u(x,y,T) 2( )] ( )from the results of the work [9] it follows that for each given U eV
1
problem (26)-(29) has a unique generalized solution from W2 (Q) and this solution has the properties

vecloTiwi(@) ¥ ec(oTiL @)
moreover, the following estimation is vaild:

o
Wy [ ] <G y.T)= Fal6 V), Ve [0T]

L (®)

Considering here the estimation (12) and boundendness of the imbeddeing W (Q)_) L (Q)

[6], we get vte [O’T]:
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0
Y <duleyT)= 0y, <Ll 1]+ J¥teloT]
() (31)

Theorem 3. Let the conditions in the statement of problem (5)-(8), (10), (11) be fulfilled. Then the func-

‘MM@+

’
tional (11) is continuously Frechet differentiable on \ and its differential at the point ¥ eV at the increment

dveL,(Q)v+dveV

is determined by the expression

(3,(v).60) = [[-w(x,y.0)+ av(x, y)u(x, y)dxdy

(32)
Proof. Let us consider the increment of functional (11,)
AJ,( I[u x,y,T)= f,(x, y)bu(x, y, T )dxdy+
1 2
+J'au(x, y)ou(x, y)dxdy+§.|.(ci1(x, y,T)) dxdy
Q Q
+ % [ (3ol y) dxay
20 (39
where dve LZ(Q) is the increment of the control on the element U eV such that Yt sveV, and by
&J(X’ y’t) we denote the difference U(X’ yto+ 50)_ U(X’ y,t;u).
It is clear that function o = éU(X’ Y t) is the solution from Wl(Q) of the boundary value problem
a0 g
oy (34)
ool
&J|t:0 =0, 8_|th = ov, (X, y)e Q
t (35)
|, =, =0, (y,t)e(0,7)x(0.T) (36)
ool o
— oo =— |y, =0, (X,t)e(0,7)x(0,T).
ay\yo oy " (x,t)(0,7)x(0,T) -
Then integral identity
o 6,u o a,u O Ou
ﬂ ~ ot o’ N ay}dxdydt J&ux y )u(x, y,0)dxdy +
+ HM#(X y;T )dxdy=0
a O (39)

hold for alt 4= 4% y,t) €W, (Q).

If (30) we put n= &J(X’ y’t)’ in (38) H= l//(X, Y.t U) and put together the obtained relations, we have
— [ u(x, y.T)= 00 y)Bulx, y, T)dxdy— [y (x, y.0)0u(x, y)ixdy =0
Q Q

from (39) and (33) we get

(39)

I (%, y,0)+ao(x, y)lso(x, y )dxdy+ R,
o (40)
= I x Y, T dxdy+ I 50 dxdy
where

The first addend in the right hand side of (40), i.e. expression (32) for the given U eV determines linear

bounded functional of ov on L2 (Q)_ linearity of functional (32) with respect to ov is obvious. Furthermore,
using the Cuchy-Bunyakowskiy inequality, we get
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I(—W(X' y.0;0)+av(x, y)su(x, y)dxdy{ < (Jw(x,y.0; U]|L2(Q) +alo(x, y)||L2(Q))||5U||L2(Q)

Taking into account estimation (31) and definition of class of admissible controls, we get boundedness of

functional (32) with respect to ov on LZ(Q)
1 2 a 2
R :EI(&J(X, y,T)) dxdy+EJ'(5u) dxdy

Now let us estimate the residual term Q Q contained in (40).
Under the above suppositions, for solution of problem (34)-(37) the following estimation is valid [5,6]

ddu
| —  =déd_ g te [0,T]
L(Q) (41)

From (41) it follows that
R= EI(é‘u(x y,T)) dxdy+ = j (Svf dxdy < c|su|

Q

L, (Q)"

Then from (40) it follows that functional (11) is Frechet differentiable on \% and formula (32) is valid and

gradient of functional Ja(v) will be in the form:
3, 0)=-y(x y.00)+ av(xy) 4

At last we show that the mapping v—>J (U) determined by equality (32) continuously acts from V to

the space LZ(Q)
Let Sy(x, y,t) =y (x y,tv+50)—y(x y.t;v) From (26)-(29) it follows that Sy(x, ) ; is the gen-

1
eralized solution from w (Q) of the boundary value problem

8251// 0? 51,// o %

at? x> 8y (X Y, t)EQ

ooy
Syl =0,—= | =du(x,y,T)(xy)eQ,
oyl =0,0],., =0, (y t)e(0,7)x(0,T),
2V, =22, <0< 0.m)x(0T)

It is clear that the following estimation is valid for the solution this problem

00
| ooy ( )gc”&(x, y;T]|L2(Q),Vt e[o,T]
L(Q
Hence and from estimation (41) it follows that

Sy, y’0)||Lz @0 | ||5“||L2 @0

w; (€2)

(43)
(32) yields that

3w+ 60)- I'W)|_ o < cllsw(%,v.0) +50(x V)|, o))

||5U||L2(Q) —0

By (43) the right hand side of this inequality tends to zero as "Hence it follows that

v = 3'(1) is continuous mapping from V. in L, ()
Theorem 3 is proved.
Theorem 4. Let the conditions of the theorem 3 be fulfilled. Then for the optimality of control

L. =0, (X’ y) eV in problem (5)-(8), (10), (1) it necessary and sufficient the inequality

[y (%, y.0)+av.(x y)lo(x, y)—v.(x, y))dxdy= 0
° (44)

be fulfilled for any L= U(X' y) ev, where ¥+ (X’ y,t) - W(X’ y.to. )_ is the solution of problem (19)-
(22) for ¥ = Vs
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Proof. The set V determined by relation (10) is convex in

L (Q)

Furthermore, according to theorem 3, the

functional (1 1) is continuously Fr’echet differentiable on V and its differential at the point U €V s determined

by equality (32).

Then by Theorem 5 from [8, p.28] on the elemen

!

t O €Ve the inequality<J“(U*)’U_U*> =0 should be

!

fulfilled for all ¥ eVv. Take into account expression of gradient of functional Ja (U) from (42) we get that

inequality (44) holds.
Theorem 4 is proved.
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