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Abstract

As a core mathematical concept describing the interdependent relationship between variables, function mon-
otonicity is crucial for studying the changing trends of functions. Not only serving as the cornerstone of calculus,
it also acts as a key tool for solving complex problems in high school mathematics. This paper systematically sorts
out and explores the multi-dimensional applications of function monotonicity in solving high school mathematics
problems. Specific application areas include: determining the maximum and minimum values of functions using
monotonicity, judging the number of real roots of equations, solving complex problems involving parameter
ranges, proving inequalities, and its transformed application in sequence problems. Through the systematic anal-
ysis of various application examples, this study aims to reveal the value of function monotonicity in improving the
efficiency and accuracy of problem-solving, and it holds significant educational significance for cultivating stu-

dents' logical reasoning ability and abstract thinking.
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1 Introduction

As one of the fundamental concepts in mathemat-
ics, functions serve as a powerful tool for describing the
interdependent relationships between two variables in
the real world. In practical scenarios, understanding the
changing trends of quantities is essential—for instance,
the variation of speed with time in travel problems and
the fluctuation of profit with sales volume in business
problems. Within the development of mathematics it-
self, in-depth exploration of the changing patterns of
function values as the independent variable varies,
along with the intuitive manifestation of "rising" or
"falling" function graphs, has driven the emergence of
the concept of monotonicity. In scientific fields, con-
cepts such as motion velocity and energy change in
physics are closely related to function monotonicity.
From the perspective of mathematics education, func-
tion monotonicity not only lays the foundation for cal-
culus but also acts as a key tool for solving problems
involving equations, inequalities, and sequences.
Therefore, a thorough understanding of the judgment
methods and applications of function monotonicity is
of great significance for cultivating students' logical
reasoning abilities and abstract thinking.

In recent years, with the advancement of the re-
form in high school mathematics curriculum, the re-
quirements for students' core mathematical competen-
cies have been continuously elevated. The learning of
function monotonicity serves as a crucial carrier for
cultivating students' core competencies such as mathe-
matical abstraction, logical reasoning, and mathemati-
cal modeling. Particularly after the introduction of de-
rivatives as a powerful tool for determining function
monotonicity, the scope of applications of monotonic-
ity in solving complex problems has been greatly ex-
panded. However, in the practice of high school math-

ematics teaching, students often struggle to flexibly ap-
ply monotonicity, a theoretical tool, to various types of
problems.

Based on this, this paper focuses on exploring the
multi-dimensional applications of function monotonic-
ity in solving high school mathematics problems. Spe-
cifically, through typical examples, this paper will con-
duct a detailed analysis of the application strategies,
problem-solving steps, and thinking methods of func-
tion monotonicity in five aspects: solving maximum
and minimum value problems, determining the number
of real roots of equations, finding parameter ranges,
proving inequalities, and judging sequence properties.
Through such systematic summary and induction, this
study aims to provide clearer thinking guidance for
high school mathematics teaching, help students master
the mathematical transformation thinking of "convert-
ing abstraction into concreteness and complexity into
simplicity", and thereby significantly improve the effi-
ciency and accuracy of problem-solving.

2 Application of Function Monotonicity

In high school mathematics teaching, the learning
of function monotonicity holds multiple educational
values. Firstly, it helps students grasp the inherent laws
of mathematical changes and serves as a cornerstone
for understanding other function-related concepts.
Through the dual cognition of the analytical expres-
sions and graphs of the definition and concept of mon-
otonicity, abstract mathematical principles can be visu-
alized, thereby establishing intuitive mathematical
thinking. This cognitive approach not only deepens the
understanding of basic knowledge such as linear func-
tions and quadratic functions but also cultivates the
ability to solve comprehensive problems (e.g., maxi-
mum and minimum value problems, equation solving,
and parameter range analysis) using monotonicity.
Through systematic training on monotonicity-related
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problems, students can gradually master the mathemat-
ical transformation thinking of "converting abstraction
into concreteness and complexity into simplicity," and
such thinking training significantly improves the effi-
ciency and accuracy of problem-solving.

2.1 Application in Solving Maximum and Min-
imum Value Problems

Typically, the maximum (minimum) value of a
function can be determined once its monotonicity is
known. The introduction of the concepts of maxi-
mum/minimum values and extreme values in textbooks
not only improves the knowledge system but also em-
phasizes key points. Firstly, the geometric intuition of
a function’s maximum (minimum) value is reflected by
the ordinate of the highest (lowest) point on its graph.
Secondly, the "point" in the terms "maximum point"
and "minimum point" (as defined) does not refer to a
point represented by a two-dimensional ordered pair,
but rather the value of the independent variable corre-
sponding to the function’s maximum or minimum
value, which can be understood as a point on a one-di-
mensional number line. Additionally, it is important to
note that a function may have multiple maximum or
minimum points.

Example 1: Find the maximum and minimum

values of function f (X) =x*—3x on inter-
val [—2,2].

Solution: Differentiating func-
tion f (X) gives f '(X):3X2 -3.
Let f'(X)=O, ie,3x*=3=0, and solve

for x=41. WhenXe (—2,—1), f (X) >0, and
the function f (X) is monotonically increasing at this
time. When X e(—l,l), f '(X) <0, and the func-
tion f (X) is monotonically decreasing at this time.

When Xe(1,2),f'(x)>0, and the func-

tion f (X) is monotonically increasing at this time.

Calculate the endpoint values and extreme values, we
have:

f(-2)=-2,f(-1)=2,f(1)=-2,
f(2)=2.

Therefore, the maximum value of func-

tion f(X):X?’—BX on interval [—2,2] is 2, and

the minimum value is -2.
When solving the maximum and minimum val-
ues of a function using its monotonicity, the steps are

as follows: first, differentiate function f (X) to ob-

tain f'(X); then, set f'(X):O to find critical

points or points where the derivative does not exist; di-
vide the domain using these critical points and points
of non-existent derivative; next, determine the mono-
tonicity of the function; Then calculate the function val-

ues at the interval endpoints, points where the deriva-
tive does not exist, and critical points respectively; fi-
nally, obtain the maximum and minimum values
through comparison. This method organically com-
bines the monotonic characteristics of the function with
extreme value determination, which not only reflects
the rigor of mathematics but also provides a practical
problem-solving approach.

2.2 Application in Determining the Number of
Real Roots of an Equation

By analyzing the monotonicity of a function, the
number of its real roots can be determined.

Example 2: Determine the number of real roots

of Equation x> —3X+1=0 on interval (—2, 2) .
Solution: Let f (X) = x> —3x+1, differentiat-
ing function f (X) gives f '(X) =3x*-3. Set
f (X) =0, i.e.,3x*—3=0,and solve for the varia-

ble to  obtain X =241.When X € (—2, —1)

, f '(X)>0, and function f (X) is monotonically

increasing at  this time. When Xe(—l,l)

: f'(X)<O, and the function f(X) is monoton-
ically decreasing at this time. When Xe(l,Z),
f '(X) >0, and the function f (X) is monotonically
increasing at this time. Therefore, on interval (—2, 2)

, f (—1) is the maximum value and f (1) is the min-

imum value. Calculate the function values at the end-
points and critical points,

f(-2)=—-1 f(-1)=3,f (1) =L f (2)=3.

Since f (—2)<O, f (—1) >0, there is one
zero point in (—2,—1); furthermore, f(1)<0,
f (—1) > 0, so there is one zero point in (—1,1) ;and
as f (1)<O, f(2) >0 there is one zero point
in (1,2).

In summary, Equation X’ —3X+1=0 has
three real roots in interval (—2, 2) :

When applying the monotonicity of a function to
determine the number of real roots of an equation, the
steps are as follows: first, differentiate func-

tion f(X) toobtain f'(X);then,set f'(x)=0 to
find the critical points; divide the domain into mono-
tonic intervals using these critical points and determine
the monotonicity of function f (X); finally, the num-

ber of real roots of the equation can be derived based
on the number of zeros of the function.

2.3 Application in Determining the Range of
Parameters
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The monotonicity of a function plays an im-
portant role in solving problems related to determining
the range of parameters, and the method of separating
parameters needs to be flexibly applied. If func-

tion f (X) is interval (a,b),

then f '(X) >0 holds constantly on interval (a,b).

increasing  on

If function f (X) is decreasing on interval (a,b),

then f '(X) <0 holds constantly on interval (a, b).
Example 3: Given function

1 3
_ X<=
o=y ¥4 % o
Ioga(4x)—1,x>z

is monotonic on R, find the range of the real
number a.
Solution: According to the problem statement,

3 1 . -
when X< —, f (X) = Differentiating
4 4x -4
_ 4
(4x—4)°

function f (X) is monotonically increasing on inter-

function f(x) gives f'(x)= >0, and

3 . . . .
val (—oo, Z} at this time. Since function (*) is mono-

tonic on R, func-

tion f (x)=log, (4x

. . 3 . -
increasing on Z,+oo. Differentiating  func-

3
when X > —,
4

)—l must be monotonically

4
ion f f . f func-
tion f(x) gives f'(x)= na I unc
tion f( )ls monotonically increasing,

then f (X)>O holds

{3
val | —, 400
4

ously, function (*) is monotonically increasing on in-

constantly  on inter-

j;therefore, Ina>0,ie, a>1.Obvi-

terval (—oo,+oo); there-
fore, |Oga(4x§j—lz—+, and solving
4 4XZ—4

for the variable gives 1< a < \/§ .

Here, a piecewise function is taken as an exam-
ple. When applying the monotonicity of a function to
find the range of parameters, first analyze the mono-
tonicity of each segment of the piecewise function sep-
arately; then, the overall monotonicity of the function

can be derived based on the monotonicity of each seg-
ment; finally, solve for the parameter range by compar-
ing the values of each segment of the function.

2.4 Application in Inequalities

Let function f (X) be continuous on its domain

interval | and differentiable within | .
If f '(X)>0 holds  within I,  then  func-
tion f(X) is  monotonically increasing on | .
If f '(X)<O holds ~ within I, then  func-
tion f (X) is monotonically decreasing on | .
Example 4: Prove that when X>0

1
In(x+1)> x—zxz.
Proof: Let

f(x):In(x+1)—(x—%x2J:In(1+x)—x+%x2
The domain of function f (X) is (—1, +oo). Dif-

XZ

X+1

When Xe(—1,+oo), f'(x)>0; therefore, func-

ferentiating function f (X) gives f (X) =

tion f (X) is monotonically increasing on (—1, +oo)

Therefore, when x>0, f (X) > f (0) =0; that is,

when x>0, In(x+1)>x—%x2.

When solving inequality problems using the
monotonicity of a function, first construct a new func-
tion. After determining the domain of the new function,
differentiate it to obtain the monotonicity and sign of
the new function, thereby judging whether the inequal-
ity holds.

2.5 Application in Sequences

A function is a fundamental concept in mathe-
matics that describes the relationship between varia-
bles. A sequence can be regarded as a discrete function
defined on the set of positive integers (or a finite subset
of the positive integers). The regularity of a sequence
precisely reflects the corresponding relationship be-
tween the independent variable nand the function

value & of the underlying function. Approaching se-

quence teaching from a functional perspective helps
students quickly establish connections between
knowledge related to sequences. Therefore, the relevant
theories and methods of function monotonicity can be
ingeniously applied to solving sequence problems.

Example 5: Given that sequence {an} satis-
1

_t

—— neN",
n+l n+2 3n+1

if &, > 2b—5 holds constantly, find the maximum

fies a, =

value of b (where b is a natural number).
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Solution: Since

1 1 1
=t — _—

n+2 n+3

an +1

thus

a,—a,

(3n+2)(3n+3)(3n+4)

FromneN", we obtaina,,—a,>0,

ie, a,,>a,; therefore, {an} is an increasing se-

quence, with the first term &, being the minimum

1
value and & zg. To ensure &, > 2b—5 holds

constantly, it is necessary that & > 2b—5; solving

- 73 _ :
this gives b < ﬂ so the maximum value of b is 3.

When solving sequence problems using the mon-
otonicity of a function, we can first analyze the mono-
tonicity of the sequence through the difference method:

regard a,,, —a, as a function. If the sequence corre-

sponding to this function is monotonically increasing,
the minimum value of the sequence occurs at the first
term; if the sequence is monotonically decreasing, the
maximum value of the sequence occurs at the first term.

3 Conclusion

The research on function monotonicity not only
possesses profound theoretical value but also plays an
irreplaceable and important role in solving practical
problems and cultivating students' logical thinking and
application abilities. This paper systematically sorts out
the application examples of function monotonicity in
core high school mathematics fields such as maximum
and minimum value problems, real roots of equations,
solving parameter ranges, inequality proofs, and se-
quence properties, comprehensively revealing its multi-
dimensional and practical application value. By provid-
ing clear problem-solving steps and thinking guidance
for various types of problems, these methods can effec-
tively help students quickly select and implement rea-
sonable problem-solving strategies according to the

characteristics of specific questions, thereby signifi-
cantly improving the speed and accuracy of problem-
solving.
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