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Abstract 

The functions introduced by Gabriel Lamé in connection with the distribution of heat in a homogeneous 

ellipsoid [1-2], which have since been given Lamé's name, have become the subject of a large number of studies. 

The works of Liouville and Heine [3-4], independent but simultaneous, are the first in history and among the most 

important. Then come the excellent studies of Charles Hermite, continued by various authors on the integration of 

the differential equation satisfied by these functions. Closer to them are two separate groups of significant works: 

F. Klein [5-6] and his students generalize the Lamé functions and consider them in a completely new way. 
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1. History of the issue 

The functions introduced by Gabriel Lamé in con-

nection with the distribution of heat in a homogeneous 

ellipsoid [1-2], which have since been named after 

Lamé, have become the subject of a large number of 

studies. The works of Liouville and Heine [4, 3], inde-

pendent but simultaneous, are the first in history and 

among the most important. Then come the excellent 

studies of Charles Hermite, continued by various au-

thors on the integration of the differential equation sat-

isfied by these functions. Closer to them are two sepa-

rate groups of significant works: F. Klein [5-6] and his 

students generalize Lamé's functions and examine them 

in a completely new way. 

Following the remarkable introduction of a short 

treatise by Carl Neumann, a follower of Heine in po-

tential theory, "On the Expansion of a Function with 

Imaginary Argument" (1862) [7], German mathemati-

cians in the late 19th century developed an interest in 

Lamé functions for solving conformal problems. In his 

work "Development of Functions of a Complex Varia-

ble from Lamé Functions for Given Spherical Func-

tions" (1882) [8], F. Lindemann laid the foundations for 

a simple solution of "conformal" problems by means of 

a transition from Lamé functions to spherical functions, 

without resorting to complex theoretical calculations. 

His student O.T. Volk (1925) proved the validity of us-

ing the Lame function (21) for an imaginary quantity 

for a conformal mapping [9,10] (in the formula of Lin-

demann and Volk, 𝒄 was replaced by 𝒂; since at that 

time due attention was not paid to the precise interpre-

tation of quantities and their belonging to the generally 

accepted quantities in the calculus of an ellipse) and the 

research was continued by Volk’s student O.E. Stanai-

tis (1937, 1939), who studied the integral properties of 

the Lame functions [11]. 

Based on the above, we can study in detail the 

mechanism of circulating vortex flows on layered (on 

different layers) surfaces of an ellipsoidal vortex using 

Lame ellipsoidal coordinates. 

Therefore, there is very little information left in 

modern mathematics about such special Lamé func-

tions; we can further very briefly dwell on some proofs 

of well-known Lamé functions, which can be found in 

this article. 

2. Spherical Laplace function (3R). 

We have a differential equation: 
1

𝑆𝑖𝑛 𝜃

𝑑2𝑓

𝑑𝜑2
+

1

𝑆𝑖𝑛𝜃

𝑑

𝑑𝜃
(𝑆𝑖𝑛𝜃

𝑑𝑓

𝑑𝜃
) + 𝑛(𝑛 + 1)𝑓 = 0, 

(1) 

where 𝑛 is a positive integer. Solutions regular on 

the surface of a sphere are called spherical Laplace 

functions [8]. For each value of 𝑛, as is known, there 

exist 2𝑛 + 1 functions 𝑓𝑚𝑛(𝑚 = 1, 2, 3, … , 2𝑛 + 1), 
which are expressed as follows: 

𝑃𝑛𝑚(𝐶𝑜𝑠𝜃) 𝐶𝑜𝑠 𝑚𝜑,  𝑃𝑛𝑚(𝐶𝑜𝑠𝜃) 𝑆𝑖𝑛 𝑚𝜑 , (2) 

where 𝑚 = 0, 1, 2, … , 𝑛, and 𝑃𝑛𝑚(𝐶𝑜𝑠𝜃) are Le-

gendre functions of the 𝑛-th order. Next, we assume 

that in the region −𝜋 ≤ 𝜑 ≤ 𝜋, 0 ≤ 𝜃 ≤ 𝜋 these func-

tions are orthogonal and generally unrelated. 

Introducing elliptic coordinates [11]: 

{
 
 

 
 

𝑥 =  𝐶𝑜𝑠𝜃 =
𝜇𝜈

𝑏𝑐
 

𝑦 = 𝑆𝑖𝑛𝜃 𝐶𝑜𝑠𝜑 =  
√𝜇2−𝑏2√𝑏2−𝜈2

𝑏√𝑐2−𝑏2

𝑧 = 𝑆𝑖𝑛 𝜃𝑆𝑖𝑛𝜑 =  
√𝑐2−𝜇2√𝑐2−𝜈2

𝑐√𝑐2−𝑏2

  (3) 

Then equation (1) changes to another form: 
𝑑2𝑓

𝑑𝑢2
+
𝑑2𝑓

𝑑𝜐2
+ 𝑛(𝑛 + 1)(𝜇2 − 𝜈2)𝑓 = 0, (4) 

Where the values of 𝑢 and 𝜐 denote: 

𝑢 =  ∫
𝑑𝜇

√𝜇2−𝑏2√𝑐2−𝜇2

𝜇

𝑏
 , 𝜐 =  ∫

𝑑𝜈

√𝑏2−𝜈2√𝑐2−𝜈2

𝜇

𝑏
 (5) 

Here 𝜇 and 𝜈 vary within the interval: 

𝑏 ≤  𝜇 ≤  𝑐 , −𝑏 ≤  𝜈 ≤ 𝑏, 0 < 𝑏 <  𝑐 
3. The "lemniscatic kernel" of the Lamé func-

tion of the first kind and its harmonic analysis 

When searching for solutions to the differential 

equation (1), we will use a special Lamé formula that 

connects two Lame functions 𝐸1(𝜇) and 𝐸2(𝜈) of two 

arguments 𝜇 and 𝜈 : 

𝑓 = 𝐸1(𝜇)𝐸2(𝜈)   (6) 

And we find the Lamé functions 

𝐸1(𝜇) and 𝐸2(𝜈) of the quantities 

𝑧, √𝑧2 − 𝑏2, √𝑧2 − 𝑐2 satisfy the same differential 

equation 𝐸𝑛𝑠(𝑧) – Lamé functions of the first kind of 

degree 𝑛 𝑎𝑡 𝑧 = 𝜇 = 𝜈 
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(𝑧2 − 𝑏2)(𝑧2 − 𝑐2)
𝑑2𝐸𝑛𝑚

𝑑𝑧2
+ 𝑧(2𝑧2 − 𝑏2 − 𝑐2)

𝑑𝐸𝑛𝑚

𝑑𝑧
+

 +((𝑏2 + 𝑐2) 𝜐𝑠
𝑛 −  𝑛(𝑛 + 1)𝑧2)𝐸𝑛𝑚 = 0 , (7) 

where 𝜐𝑠
𝑛 is the root of some algebraic equation: 

𝜐𝑠
𝑛~𝛼1𝑛

2 + 𝛽1𝑛 + 𝛾1 = 𝛼1(𝑛 +  0.5)
2 + 

+(𝛽1 − 𝛼1) + 𝛾 − 0.25 𝛼1, (8) 

where 0 ≤ 𝛼1 ≤  1, 𝑏, 𝑐 are real numbers. From 

here we have that for odd 𝑛 ⟹  𝑛 → 𝜎 = 𝑛/2, for 

even 𝑛 ⟹  𝑛 → 𝜎 = (𝑛 − 1)/2. 

Thus, the function (7) has 𝑠 = 𝜎 + 1 functions, 

𝐾𝑛𝑠(𝑧) = 𝑎0𝑧
𝑛 + 𝑎1𝑧

𝑛−2 +⋯ (9) 

As a solution, where the coefficients 𝑎1, 𝑎2, … are 

determined by integration using the infinite series 

method. To determine the coefficients of the class 

𝐾𝑛𝑠(𝑧) of functions 𝐸𝑛𝑠, we first find them from the 

system: 

{
 
 
 

 
 
 

 

2(2𝑛 − 1)𝑎1 = 𝑝(𝐾 − 𝑛
2)𝑎0,

 ……………………………………………………………… . .

2𝑚(2𝑛 + 1 − 2𝑚)𝑎𝑚 = 𝑝 [𝐾 − ((𝑛 + 2 − 2𝑚))
2
] 𝑎𝑚−1 +

 + 𝑞(𝑛 + 4 − 2𝑚)(𝑛 + 3 − 2𝑚)𝑎𝑚−2,
…………………………………………………… 

𝑎𝜎+1 = 0 =  [𝐾 − ((𝑛 − 2𝜎))
2
] 𝑎0 + 

 𝑞(𝑛 + 4 − 2𝜎)(𝑛 + 1 − 2𝜎)𝑎𝜎−1 , (10)

 

Where the notations 𝑝, 𝑞, 𝐾 mean: 

 𝑝 = 𝑏2 + 𝑐2, 𝑞 = 𝑏2𝑐2,  𝐾 = 𝜐𝑠
𝑛 (11) 

Eliminating the coefficients 𝑎1, 𝑎2, … , 𝑎𝜎  from the 

system of equations (10), we obtain an algebraic equa-

tion of degree 𝜎 + 1, which defines 𝐾. It has been 

proven that this algebraic equation has 𝑠 + 1 distinct 

real roots. From this and therefore follows that there ex-

ist 𝜎 + 1 functions 𝐾(𝑧), that are not linearly related. 

Therefore, each individual case will always have its 

own formula, which may not be applicable to another 

case. Lamé functions possess this unique property, so 

they cannot be precisely defined for use as a general 

formula for other cases. 

Then, upon substitution, we have 

𝑡 = ∫
√(𝑏2+𝑐2)𝛼1−𝑧

2

(𝑧2−𝑏2)(𝑧2−𝑐2)
𝑑𝑧 , 𝑦 =

𝑢

√(𝑏2+𝑐2)𝛼1−𝑧
24

𝑧

𝑐
 (12) 

then equation (7), which will have the form 
𝑑2𝑢

𝑑𝑡2
+ [(𝑛 +

1

2
)
2

+
𝑧2+4𝐵(𝛽1+𝛾1)

4𝐴
+
𝑧4−𝑏2𝑐2

2𝐴2
−

 − 
5𝑧2(𝑧2−𝑏2)(𝑧2−𝑐2)

4𝐴3
] 𝑢 = 0, (13) 

where 𝐵 = 𝑏2 + 𝑐2 , 𝐴 = ((𝑏2 + 𝑐2)𝛼1 − 𝑧
2). 

So we have a final solution 

𝑒𝑖𝑡 = 𝜁 𝑒𝑝𝑠 (∫
𝑧−√𝑧2−𝛼1𝐵

√(𝑧2−𝑏2)(𝑧2−𝑐2)

𝑧

𝑐
𝑑𝑧) = 𝜁 𝑒𝑝𝑠 𝔖 (14) 

from here we obtain the “lemniscatic kernel” func-

tion for the Lamé integral: 

𝜁 =
√𝑧2−𝑏2−√𝑧2−𝑐2

√𝑐2−𝑏2
= 𝑒𝑝𝑠 (−∫  

𝑧𝑑𝑧

(𝑧2−𝑏2)(𝑧2−𝑐2)
) (15) 

In the conformal mapping, function (15) for |𝜁| =
𝜌 (0 ≤ 𝜌 ≤ 1 or 1 ≤ 𝜌 ≤  ∞ ) yields a system of 

curves that are very similar in system to the sofocal 

curves of the lemniscate and the sofocal curves of the 

Cassini ovals [8-10, 18]. Formula (15) gives a system 

of annular rings connected through the center, as shown 

in Fig.1.1 and 1.2. 

From Fig.1.1a, it is clear that at the conformal 

mapping of function (15) there are two cuts here, and 

the semi-hyperbolas pass from one quadrant through 

the cuts to the other quadrant strictly according to the 

inversion law. Here we see a focal point 𝐶1, which is 

connected through the cuts to another focal point 𝐶2. 
We can denote this visual imaginary connection 

by a special function that will connect both the confor-

mal relation and the spherical one through the center of 

coordinates. 

 
a 

 
b 

Fig.1.1 а) Conformal mapping of a function (26) [1,18]; b) The 𝔖 function is surrounded by a blue circle in the 

center. This function is described in more detail in the paper [18]. 

 

𝑓(𝑥, 𝑦, 𝑧) = 𝐸(𝜇2)𝐸(𝜈2),   (16) 

where 

Δ2𝐹 = 0 (17) 

And since function (15) has two discontinuities, 

we will assume that in the Riemann variation we are 

dealing with a two-sheeted Riemann surface, and this 
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surface is doubly connected, as shown in Fig. 1.2 from 

the work [18]. 

From this it is clear that the curves |𝑒𝑖𝜁| = 𝜌 can-

not intersect with the curves |𝜁| = 𝜌, since the function 

𝔖 has a non-zero real part (Fig. 1.2) and it affects other 

isogonal lines that fall within the region of the kernel of 

the function 𝔖. 

 
Fig.1.2 Doubly connected Riemann surface of function (15) according to Lindemann [18]. 

 

4. Lamé functions of the second kind. 
We obtain, as usual, by Euler's method, the second 

solution of the Lamé equation: this function, known as 

the Lamé function of the second kind and important in 

potential theory, is defined by the expression 

𝑬𝒏(𝝆)
= (𝟐𝒏

+ 𝟏)𝑹𝒏(𝝆)∫
𝝆𝒅𝝆

[𝑹𝒏(𝝆)]𝟐√(𝝆𝟐 − 𝒂𝟐)(𝝆𝟐 − 𝒃𝟐)(𝝆𝟐 − 𝒄𝟐)

𝝆

−∞

 

(18) 

or with a variable u 

 𝑬𝒏(𝒛) = (𝟐𝒏 + 𝟏)𝑹𝒏(𝒛) ∫
𝒅𝒖

[𝑹𝒏(𝒛)]𝟐

𝒖

𝟎
  (19) 

When z → 𝟎 or 𝝆 → ∞, principal value 𝑬𝒏 =
𝝆−𝒏−𝟏, and the value 𝑹𝒏 = 𝝆𝒏. 

The introduction and study of this second solution 

are due to Liouville and Heine [3-4]. Various authors 

have also dealt with it; F. Lindemann [8] developed the 

quantity (𝒛𝟏 − 𝒛)
−𝟏, where 𝒛 and 𝒛𝟏 are any two real 

quantities successively occurring in products of the 

type 𝑹𝒏(𝒛)𝑬𝒏(𝒛𝟏); he also studies other expansions of 

the same kind in series of Lamé functions of the first or 

second kind: the regions of convergence of these vari-

ous series are, in general, bounded by curves of the 

fourth order. 

The fundamental role played in the problem of 

equilibrium of a rotating fluid by equations involving 

the product 𝑹𝒏𝑬𝒏 has prompted authors studying the 

problem to seek a form for the function 𝑬 that is char-

acteristic of a numerical solution. Lyapunov [12-14] 

presents expressions involving symmetric functions of 

the roots of the functions 𝑹, or more precisely, the pol-

ynomial 𝒇(𝝆𝟐) adjacent to these functions: these for-

mulas are still quite complex. 

But if we take into account the principle of orthog-

onality and the principle of chirality, then the formula 

of orthogonal identity (formula (20) from work [18]) is 

solved using the law of mapping of an ellipsoidal vor-

tex (see Chapter 6 from work [18]) or using the law of 

symmetry of the lemniscatic strip. 
𝑿+𝒊𝒀

𝒓−𝒁
=

𝒓+𝒁

𝑿−𝒊𝒀
= ℤ = 𝑪𝒐𝒏𝒔𝒕 (20) 

Thanks to this law of symmetry and the mapping 

of the lemniscatic strip, the problem is solved more eas-

ily 

 
Fig. 1.3 Mirror and inversion symmetry with respect to the OX and OY axes of the simply connected Riemann 

model (helical spiral) 

 

Riemann's two-sheet geometry (see Fig. 2.3 from 

work [18] and Fig.1.3). With such an inversion map-

ping, the flow direction along the lemniscatic strip is 

preserved; this is even more clearly seen in conformal 

geometry. 

This phenomenon must often be taken into ac-

count when describing the distribution of "discharged" 

matter in the interior of an ellipsoidal closed vortex. 

Here, in this case, we can easily transition from spheri-

cal (elliptical) trigonometry to hyperbolic geometry by 

equating the spherical radius to the imaginary unit [15-

16, 18]. 

Each function 𝑬(𝒛) can also be used as an entire 

function 𝑬(𝜻), where from the system of equations (22-

28) we can find the function for the “lemniscatic core” 

for ellipsoidal vortex: 

𝜻 =
√𝒛𝟐−𝒃𝟐−√𝒛𝟐−𝒄𝟐

√𝒄𝟐−𝒃𝟐
   (21) 

5. The relationship of Lamé homofocal surfaces 

with elliptical coordinates of field potentials in the 

3R system and their characteristics. 

Heine himself noted that it was very difficult to 

solve spatial physical problems of heat and potential in 

three dimensions without a suitable coordinate system. 

It was only after Lamé introduced special constructions 

that simplified the approach to studying three known 

geometric figures simultaneously: the ellipsoid, the hy-

perboloid of one sheet, and the hyperboloid of two 

sheets. Before Lamé, scientists used polar coordinates 

on a spherical (ellipsoidal) surface, which at the time 
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was computationally cumbersome. 

Let us rewrite the system of these figures “accord-

ing to Lame” in the words of Heine [3]: 

Let there be a system of surfaces subject to the 

conditions 

𝒎𝒙𝟐 + 𝒏𝒚𝟐 + 𝒍𝒛𝟐 = 1 , (22) 

where 𝒎 =
𝟏

𝝀𝟐
 , 𝒏 =

𝟏

𝝀𝟐−𝒃𝟐
 , 𝒍 =

𝟏

𝝀𝟐−𝒄𝟐
 

and 𝝀 > 𝒄 , 𝒄 >  𝝀 > 𝒃, 𝒃 >  𝝀 > 𝟎 

than 
𝒙𝟐

𝝆𝟐
+

𝒚𝟐

𝝆𝟐−𝒃𝟐
+

𝒛𝟐

𝝆𝟐−𝒄𝟐
= 𝟏 Ellipsoid 

𝒙𝟐

𝝁𝟐
+

𝒚𝟐

𝝁𝟐−𝒃𝟐
−

𝒛𝟐

𝒄𝟐−𝝁𝟐
= 𝟏 One-sheet (23) 

hyperboloid 
𝒙𝟐

𝝂𝟐
−

𝒚𝟐

𝝆𝟐−𝝂𝟐
−

𝒛𝟐

𝒄𝟐−𝝂𝟐
= 𝟏 Two-sheeted 

hyperboloid 

Such surfaces are usually called confocal in Ger-

man works, and Lame called them homofocal (Lame, 

p. 156) [2]. 

From system (23) we find the values for x, y, z for 

elliptical coordinates: 

𝒙 =
𝝆𝝁𝝂

𝒃𝒄
 

𝒚 =
√𝝆𝟐−𝒃𝟐√𝝁𝟐−𝒃𝟐√𝒃𝟐−𝝂𝟐

𝒃√𝒄𝟐−𝒃𝟐
 (24) 

𝒛 =
√𝝆𝟐 − 𝒄𝟐√𝒄𝟐 − 𝝁𝟐√𝒄𝟐 − 𝝂𝟐

𝒄√𝒄𝟐 − 𝒃𝟐
 

From here we find expressions for the quantities: 

𝝃 = 𝒙 − √𝒙𝟐 − 𝟏 (25) 

𝜼 =
√𝝁𝟐−𝒃𝟐−𝒊√𝒄𝟐−𝝁𝟐

√𝒄𝟐−𝒃𝟐
 (26) 

And additional formulas for finding the relation-

ship between two independent coordinate systems: 

{
𝟐√𝝁𝟐 − 𝒃𝟐 = √𝒄𝟐 − 𝒃𝟐 (𝜼−𝟏 + 𝜼)

𝟐√𝝁𝟐 − 𝒄𝟐 = √𝒄𝟐 − 𝒃𝟐 (𝜼−𝟏 − 𝜼)
  (27) 

{
𝟐√𝝁𝟐 − 𝒃𝟐 = √𝒄𝟐 − 𝒃𝟐 𝑪𝒐𝒔 𝝋

𝟐√𝒄𝟐 − 𝝁𝟐 = √𝒄𝟐 − 𝒃𝟐 𝑺𝒊𝒏 𝝋
 

from the system of equations (27) we find 

(𝟐𝟕)  ⟹  𝜼 = 𝑪𝒐𝒔 𝝋 − 𝒊 𝑺𝒊𝒏 𝝋 (28) 

The most striking thing is that Lamé anticipated 

the ease of calculating such complex three-dimensional 

structures. At the time Lamé published his work on 

isogonal lines and surfaces, few scientists paid attention 

to the importance of Lamé's work, but I note that Kelvin 

took these works with him to England in order to un-

derstand the mathematical formulas that he later ap-

plied in developing the stability of the rotation of the 

ellipsoid and in order to be able to apply these conical 

coordinates. His two-volume treatise on philosophy (on 

physics) [17], jointly with Tait, had a great influence on 

the direction of theoretical physics at that time in Eu-

rope and in Russia as a whole. Chebyshev himself re-

peatedly spoke about the problem of the stability of the 

ellipsoid (a problem raised by Kelvin) [12]. In my case, 

the ellipsoidal vortex, due to its unique core structure 

(Fig. 5.2 from [18]), allows its emerging internal vortex 

domains (flows) to rotate according to the geropoloid 

(herpoloid) law. These vortex flows in the closed sys-

tem of the ellipsoidal vortex are characterized by a very 

high level of self-organization and a clear hierarchy in 

motion. Here, the vortex motion (not to be confused 

with the rotational type of solenoidal motion) has many 

analogs in nature of manifestations with semi-lemnis-

cate motions, which are clearly observed in some cases 

when equations (29) and (30) are satisfied. 

𝝃 =
√𝒙𝟐−𝒃𝟐

√𝒂𝟐−𝒃𝟐
 , 𝜼 =

√𝒂𝟐−𝒃𝟐

√𝒂𝟐−𝒃𝟐
 (29) 

𝝎 = 𝒖 + 𝒊𝝊 =
√𝒙𝟐−𝒃𝟐−√𝒙𝟐−𝒄𝟐

√𝒄𝟐−𝒃𝟐
  (30) 

For 𝒃 =  𝟐 and 𝒄 =  𝟏, clear signs of a doubly 

connected three-field (six-field) lemniscate are ob-

served [18] 

6. Conclusions 

Based on the above, we can conclude that the the-

ory of Lamé functions forms a comprehensive mathe-

matical foundation for studying problems of potential, 

heat conduction, and spatial conformal transformations 

in ellipsoidal coordinates. Historical development, be-

ginning with the work of Gabriel Lamé and continued 

by Joseph Liouville and Eduard Heine, then Neumann, 

Lindemann, and his successor, Otto Volk, has shown 

that these functions possess unique analytical proper-

ties and require an individual approach in each specific 

case. 

The relationship between the spherical Laplace 

functions and Lamé's ellipsoidal coordinates allows us 

to move from the standard spherical description to a 

system of second-order homofocal surfaces - the ellip-

soid and hyperboloids. This representation significantly 

simplifies the solution of spatial problems and reveals 

the internal structure of solutions through the separa-

tion of variables and the construction of functions - in-

tegrals of the first and second kind. The introduction of 

a "lemniscatic kernel" and analysis of the correspond-

ing conformal mappings demonstrate that solutions to 

the Lamé equation are naturally interpreted in the ge-

ometry of lemniscatic strips [18], significantly simpli-

fying the study of the mathematical model of a two-

sheeted Riemann surface. This emphasizes the im-

portance of the principles of orthogonality, symmetry, 

and analytic continuation in the study of these func-

tions. 

Geometric interpretation through homofocal sur-

faces and ellipsoidal coordinates makes it possible to 

apply the obtained results to the modeling of complex 

domain-like closed vortex structures, where ordered 

and hierarchical dynamics of internal flows are ob-

served. 

Thus, Lamé functions act as a link between ana-

lytical methods, geometric constructions, and physical 

vortex models, providing a universal framework for de-

scribing complex spatial closed vortex processes. 
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