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ARTS

THE STYLISTIC FEATURES OF ARAM KHACHATRYAN’S MUSICAL LANGUAGE

Papanyan N.

Vanadzor state university named after H. Tumanyan,
Faculty of Social Sciences,

Department of Art and Sports, Lecturer, Armenia

CTUJIMCTHYECKHUE OCOBEHHOCTU MY3bIKAJIBHOI'O SI3bIKA APAMA XAYATYPSIHA
IHanansan H.A.
Ilpenooasamens, gpakyrvmem obuecmseeHHbIX HAYK, Kagedpa uckyccmsa u cnopma Banadzopckuil 2ocy-

oapcmeennviil yHugepcumem umenu O. Tymauana, Apmenus
https://doi.org/10.5281/zenodo.18840562

Abstract

The article examines the stylistic features of A. Khachaturian’s music. It highlights the originality, richness,
and intricate contrast of his rhythmic texture, as well as the specific traits of his polyphony, manifested not only
in melodic writing but also in meter and rhythm, voice leading, and the interpretation of various genres. The study
presents the characteristics of dance rhythm both in ballet music and in concert and symphonic works. It also
explores the modal-intonational, metro-rhythmic, and timbral connections with Armenian folk-professional music,
and reveals creative links with Russian and Western music.

AHHOTAIHUSA

B craTse paccMaTpUBArOTCA CTHIMCTHYECKHAE OCOOCHHOCTH MY3BIKHA A.XaudaTypsiHa. OpUTHHAIHHOCTB, 00-
TaTCTBO U NPUXOTIMBAs KOHTPACTHOCTD pHTMH‘IeCKOﬁ Q)aKTypr, 0COOEHHOCTH HOJ'II/I(bOHI/II/I, MPOABJIAOMINCCA HE
TOJIBKO B MCJIOAUYCCKOM HM3JIOKCHUHU, HO U B METPOPUTME, T'OJIOCOBEACHUU, B TPAKTOBKE PA3JIMYHBIX KaHPOB.
HpeI[CTaBJ'IeHBI 0COOEHHOCTH TaHLIeBaJ'ILHOﬁ PUTMHUKHU KaK B GaneTHOI MY3BbIKC, TaK 1 B KOHICPTHBIX U CI/IM(l)OHI/I-
YCCKUX HPOU3BCIACHUAX. PaCCMOTpeHBI JJaAOMHTOHAMOHHBIC, MCTPOPUTMHUYICCKHUC, TCM6pOBLIe CBA3HU C apMSH-
CKOW HapOIHO-NPO(eCCHOHATILHOW MY3bIKOH. BBIsSBICHBI TBOPUECKHE CBS3H C PYCCKOM M 3apyOe:KHOM My3bIKOH.

Keywords: rhythm, meter, polyphony, dance character, orchestration.
KiroueBble cioBa: pUTM, METD, HOJII/I(I)OHI/IH, TaHICBAJIBbHOCTDH, OPKECTPOBKaA.

BBEJIEHUME. Kaxmas a1ioxa no-cBoeMy BOCIpH-
HUMAaeT FeHUaIbHBIX XyJI0KHUKOB. B Hame Bpems 6o-
rateiiniee TBOpUeckoe Hacienue Apama XauaTypsHa
MOKOPSIET JKU3HEHHON SHEprueil, CTPacTHBIM YTBEP-
JKJICHUEM CYUaCThs, JTIOOBH M IIpaBa JIMYHOCTH Ha CBO-
60y. C ero TBOpYECTBOM B MY3bIKY BOIIEN HOBBIH MHD
uuel u 00pasos.

C cambIX HEpBBIX IIAroB KOMIIO3UTOpPA €ro My-
3bIKa MpHBIIEKaa CIyIIaTelsl KPaCOYHOCTBIO, POCKO-
UIbI0 3BYYaHUH U TEMIIEPAMEHTOM, HEYKPOTUMOM NU-
HamuKoif putMa. He ciyuaitno Bopuc AcadreB HazBan
ero «PybeHcoM Hamiei My3bIKI», TOAYEPKUBas KHUBO-
MHCHOCTH M OOTaTCTBO €ro XyA0)KECTBEHHOTO MBIIIIIe-
HUSL.

HewnccsaxaeMbIM HCTOUHUKOM TBOPUYECKOTO BIOX-
HOBEHHMs1 XayaTypsiHa ObIJIO Oorareiiliee HapoJHOE HC-
KyCCTBO — TOPOJICKasi My3bIKaJbHas TPaJULMsl, alllyT-
CKO-TYCaHCKO€ MCKYCCTBO, a TaKyKe€ NPHUXOTIMBas U
KWUBasg PUTMHUKA TAHIEBAJBHBIX JKAaHPOB. OJTH 3JIe-
MEHTHI B €70 MPOM3BEACHUAX MOIYUIIN HOBOE XYJI0-
KECTBEHHOE OCMBICIICHHE 1 CTAJTH BYKHON YacCTBIO €T0
CaMOOBITHOTO KOMIIO3UTOPCKOTO SI3BIKA.

ApMeHusT — OAHA U3 JPEBHEMIIUX KYyJIBTYpPHBIX
CTpaH MHpa — UCTOPUIECKH HaXOsICh Ha rpaHune Bo-
CTOKa M 3amaja, BOCHPHUHSNA KYJIbTYPbl Pa3IUYHBIX
MUPOB U, B CBOIO OU€Pe/Ib, OKa3ajia BIMSIHUE HA UX pa3-
Butue. [Ipobnemy «Bocrok—3anan» XauarypsH mon-
HSUI Ha HOBBIW, MPUHIUMNNAIBHO HHOH YPOBEHB, CO3/1aB
OpPUTHHAJIbHYIO MOJIEINb XYJI0’KECTBEHHOTO CHHTE3a, B

KOTOPOIT OPraHMYHO COYETAIOTCS HAIMOHAIBHOE MBIIII-
JIeHue U 00IIedeI0OBeYeCKHE IIEHHOCTH.

HecmoTpss Ha MHOTOYHCIIEHHBIE KHUTH, CTaThU U
HCCIIeIOBaHMs, MOCBIMEHHbIE Apamy XadaTypsHy,
PO 3CTETUYECKHUX M TEOPETHYECKUX BOIPOCOB, CBS-
3aHHBIX C €r0 TBOPYECTBOM, 0 CHX IOP HE MOIY4HI
BCECTOPOHHEr0 Hay4dHOro ocsemieHus. Hacrosmas
CTaThsl MpPEACTaBIsieT cOOON MOMBITKY OXapaKTEePH30-
BaTh OJIHY M3 Ba)XKHEHIINX CTOPOH €ro TBOPUYECTBA —
CTWJINCTUKY PUTMa U PUTMHYECKOH ApaMaTypruu, pac-
KpBIBas €€ CTPYKTYPHYIO U UACHHYIO POJIb.

MATEPHUAJIBI 1 METO/IBI. B MupoBoii my-
3pIke XX Beka 4YETKO 0003HAYMINCh KA9YeCTBEHHO HO-
BbI€ MOJAXOB!I K apCEHaly BBIPA3UTENIBHBIX CPEACTB.
CaMOCTOSITeNIbHYIO M TIEPBOCTENEHHYIO POJIb MPHOO-
penu TeMOp, PUTM, TapMOHHMSI, KOTOPbIE HEPEAKO pa3-
BHBAJIMCH HE3aBUCHMO OT MEJIOANH U (PaKTypBhI.

B Myspike XauaTypsiHa, HacCBIIEHHON CTpEMH-
TEIHLHOM, HAIIEBHOU M INIACTUYHOM MEJIOJUKON, CBOE-
00pa3HBIM KJIFOYOM K e€ MOHUMaHMIO cTal puTtM. Of-
HAKO OPUTHHAIBHOCTb, OOTaTCTBO M MPUXOTINBAS KOH-
TPAaCTHOCTh PUTMHUYECKON (DaKTypHI 1T KOMIO3UTOPA
He OBUIH CaMOIIETbI0 — OHHM ITyOOKO YKOPEHEHHI B MC-
TOKaX apMSHCKOTO HAPOJHOTO MCKYCCTBA.

C npeBHEHIIHX BpeMEH B apMSHCKOH HapOJHON
My3bIKE CYIIECTBOBAIM TpPU MPHUHIUNA Pa3BUTUSL
pHUTMAa: TaHIEBAJIFHBIN, IIECEHHBIN U PEUYNTATHBHO-MM-
MIPOBU3AIIMOHHBIN. TBOPUECKU YCBOUB CTUXHIO PUTMA
HAIMOHAJILHOTO MBINUIEHHS, XadaTypsiH pacKpbIBAaeT
MIPOLIECC YEIOBEUECKOrO MBILIUICHHS Yepe3 3MOLMU U
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gyBcTBa.[5] JIJIT HETO TaHEI[ CTAHOBUTCS «IMOIHMEH
MBICJIH M MBICIIBIO UyBCTBa». B ero My3bike orpoMHOI
SMOIMOHANBHON CHIIBI HET «IIOMYMBICICH» U «IIOITy-
YyBCTB», YTO BO MHOTOM 0OYCIJIOBJICHO YETKO OpraHu-
30BaHHON pUTMHYECKOW cTuxuei. OOpamasce K Xa-
paKTEepHBIM HAPOAHBIM PUTMHUYECKUM OOpa3aM, Xaya-
TypssH  HachllaéT  UX  HECBOMCTBEHHOHM UM
SMOLIMOHANBHOCTBIO M JUHAMUKOM. 371eCh SIPKO MPOsIB-
JISIETCS €T0 MCKIIFOUHTENbHAs CIIOCOOHOCTH K IIpeolpa-
30BaHMIO HApPOJHOTO MaTepHana, CIOCOOCTBYIOIIAs
BBIPKCHUIO UEU TUHAMHYECKOTO PA3BUTHSI.

HcToku GoraTrcTBa pUTMHYECKON CTHXHH €TO MY-
3BIKH KOPEHSTCS] HE TOJIKO B BOCTOYHBIX (HAPOJHBIX),
HO U B €BPOIECHCKUX Tpaanuuax. OH TBOPUECKH Iepe-
HsUT Tpanuuuy u npuHoune! JI.berxoBena, 3amnaaHoes-
PONENCKUX KOMIIO3UTOPOB-POMaHTHKOB, II. Yaiikos-
ckoro, C. Paxmanunosa, C. [IpokodbseBa u apyrux.[5]

OpHOW W3 XapaKTEepPHBIX OCOOCHHOCTEH MYy3bI-
KaJIbHOT'O MBIINUICHUS KOMIIO3UTOpA ABIACTCA IOJIU-
putmus. B nenoM nmonmdpoHuYecKue U MOIMMETpHIe-
CKHE IPHUEMBI CTAJT CBOCOOPA3HBIM MTOUYEPKOM MHOTHX
kommo3uTopoB XX Beka — C. Ilpokodresa, [I. Ilo-
crakoBuya, b. baproka, K. Opda u apyrux. ¥ Xauary-
PsIHA XK€ TIOJIUPUTMHUS CTalla PE3yIbTaTOM 00OTaleHUS
PATMHUYECKUX CTPYKTYP U IPOSIBICHUEM IPENETHLHOIO
HaINpsOKEHUs] PUTMHYECKOTO YyBCTBa. brmaromapst mo-
JIMPUTMHUU J1aK€ BCIOMOI'aTCJIbHBIC I'0JIOCA, JIMIIEHHBIS
SAPKOH MEJOANYECKOH BBIPa3UTENFHOCTH, HPHOOpe-
TAIOT CaMOCTOSTEIbHOE 3HaUCHUE.

He orpannumnBasch HECKOJIBKIMH PUTMAYECKH Ca-
MOCTOSITEIbHBIMHU CJIOSIMH, A. XadaTypsiH, IpU Hallu-
YMK OOIIEro MeTpa JUIl BCEX TOJIOCOB, IMOCPEACTBOM
CMEIIEHHS aKIIEHTOB M HACJIOCHMs aKKOpAOB Ha clia-
ObIX HOJIX co37aéT BIEYaTIICHWEe HonmMmerpuu. Mc-
TOKH TOAOOHON METPOPUTMHUKH yXOIAT B HCIIOTHH-
TENILCKUE TPaJuIUN HApOJHBIX HHCTPYMEHTAJIbHBIX
aHcambneit — cazanaapoB. MMmpoBu3amus yJapHOTO
MHCTpyMEHTa aada BO BpeMs HCIIOJIHEHHUS TPEICTaB-
Js1eT co00if enb OECKOHEYHBIX PUTMUYECKHX COYeTa-
HUH, 00pa3yoNMx ¢ OCHOBHOM Meoguel pazHoobpas-
HbIE IIOJTMPUTMUYECKHE U TIOJIMMETPUIECKIe KOMOHHa-
IIUH.

B mpousBeseHHMAX KOMITO3MTOpA MOJIMMETpUYE-
CKHE€ COOTHOLICHHSA BO3HUKAKOT MEKIY TEMOHW U KOH-
TPAIyHKTOM, ABYMs PAa3IMYHBIMU T€MaMH, MEJIOuei
U e€ aKKOPAOBBIM COMNPOBOXKICHHEM. Purmmueckas
CTHXHS B €r0 My3BIKE Pa3BHBACTCS B JABYX HalpaBile-
HUAX — TAHICBAJIbHO-XaHPOBOM W NECCHHO-UMIIPO-
BU3AIIMOHHOM. TeM caMbIM KOMIIO3UTOP OCTagTcs Be-
pEH NPHUHIUIIAM PUTMHUYECKOIO Pa3BUTHS, XapaKTep-
HBIM  JUIi  MY3BIKUIBHOH  TpagMLUH  HAapOaOB
3akaBKa3bsi, OCOOEHHO AapMSHCKOH aIIyrcKO-TyCaH-
CKOM KyJIBTYpBI.

B TanneBanbsHO-)xaHPOBOH chepe OTIETIMBO MPO-
THUBOIIOCTABJIEHBI J[Ba I0JIFOCA 00pPa3HO-3MOLMOHAIb-
HOTO COJAEP)KaHUS: CTPAaCTHO-MY’>KECTBEHHBIH, JHEp-
TUYHBIN U JKMBOM, a TaK e - U3SLIHbIA U KalpU3HO-
TPAIMO3HBIA. OTH cepsl CBSI3aHBI ¢ YKOPEHEHHOW B
HAllMOHAJbHOW TPaJuUUU PUTMHUYECKOH CTHXUEH
MYKCKHX M )KCHCKHX TAHIICB.

Put™m TecHo nepemeraercsi ¢ 0cOOCHHOCTSIMHU Op-
KECTPOBKH, OCKOJIBKY TeMOPOBBIE (haKTOPBI H3JI0Ke-
HHUS CYIIECTBEHHO pa3iMYalOTCsl B TaHIEBAJIbHBIX,
SIMUKO-APAaMaTUYCCKUX U HeﬁBa)KHO-KpaCO‘-IHBIX OIIN-
3o1ax. OcoOEHHO NpUMeyaTeIbHa PoJlb yJapHbIX HH-
CTPYMEHTOB (KaK IIYMOBBIX, TaK M C ONpeAeIEHHON

BBICOTOH 3By4aHus). B maptutypax 6aaeToB u cumdo-
HUYECKUX MPOU3BEICHUN HapsAy ¢ KOJIOKOJIaMH, KCH-
710(OHOM, TPEYTOTBHUKOM KOMIIO3UTOP HUCIIONIB3YET U
penKo mpuMeHseMble HHCTpyMeHThl — (uiekcatoH (11
gacte PopTrenmanHoro koHnepTa), Tyoadon («Taner
eTUNeTCKUX aeBymek», «Tamen ¢ei» u3 Oanera
«Cmaptak»), nepeBsiHHbIe KyOmku («TaHem pmMcKoit
KypTH3aHKW», «TaHel 10HbIX (pakuillieB ¢ MeYaMm»),
a Taxke KaBKa3CKHE HApOJHBIE MHCTPYMEHTH — aad
(«Tamer crapukoBy, «Tanen Myxaun» B O6anere «Ia-
sHO») U axon (moon) («Tamen xnomka», «Tanen cra-
pHUKa ¥ KOBpoBIIUI B Oamere «['asHr»). MHOTHE U3
STHX UHCTPYMEHTOB BBINOJIHSIOT HE TOJIBKO PUTMHKO-
JUHAMHYECKYIO U KOJOPUCTUYECKYIO, HO M METIOANYe-
CKYI0, JaXke TeMaTuueckyo ¢pyHkimo. Tak, Bo Bropoit
CcHM(pOHUH KOJOKOJAaM IOpy4eHa pOib JICHTTEMBI —
«TemMa TpeBOTH, TeMa Habata». B 3Toil mowmcTuHe
«HApOJIHOI» CHM(pOHUH KOMIIO3UTOP NPOTHBOIIOCTAB-
JsIeT JBOMHbIE 00pa3Hble cepbl — HadAT U CKOPOHBII
IUIa4 BO BCTYIUICHWH, SHEPTUYHBIA TaHEI] U MPOTECT-
wiay /1-s yacTh NOOOYHAS AP THsl/, TpaypHOE IIECTBUE
U MaTepHHCKas CKOpOb /3- 4acTh, TeMa HapOIHON
necuu «Bopckan Axmepy» («OXOTHHK-Opat») U cpea-
HeBeKkoBas cexBeHIMs Dies irae/. OcTpoTa 3THX KOH-
TPAacTOB TOAYEPKHUBACTCS M300PETaTEIbHOCTHIO MET-
pOpHUTMa: pa3MEpeHHOE LIECTBHE W MMIPOBU3AIMOH-
HOe u3jokeHue. B 3ToM oTHomeHun A. XadaTypsH
MIPOJIOJDKAET OTEPHBIE W CUM(DOHWYECKHE TpaguLuu
pycckux knaccukoB M. I'munkwm, I1. HaiixoBckoro, C.
PaxmannHOBa, C. [IpokodneBa.

Jpyrum nposiBieHneM KoHIepTHOCTH A. Xagaty-
PpsIHA SABISTFOTCSI €T0 KOHIIEPT-PAIICOIUH, HAaIICAHHBIC B
1960-e roapl, B KOTOPBIX MOIYYAIOT NalbHEIIee pas-
BUTHE HOBATOPCKHE MPHUHIIMITBI KBOCTOYHOT0» CUM(O-
HHU3Ma. 31eCh 0COOEHHO SPKO MPOSBISIOTCS KOHTPACTHI
TIOJISIPHBIX PUTMOOOpA30BaHMi, Onectsinee Mactep-
CTBO BapHALIMOHHOTO Pa3BHUTHUS U TATOTEHUE K IUKO-
HapOJHBIM XaHPOBBIM NPUEMaM. DTOT TPUITHX Parco-
I cTal CBOe0Opa3Hoil SHIMKIIONIEINEH TEXHUUECKUX
TPYAHOCTEH COBPEMEHHOTO HMHCTPYMEHTAJIBHOTO HC-
KyCCTBa, TJie KOMIIO3UTOP € 0co00i M300peTaTenbHo-
CTBIO BBICTYNAeT B CO3JIaHHH JIOMAHBIX PUTMUYECKHUX
aKIICHTOB.[5]

Oco6oro BHMMaHUS 3aCiIy’KHBaeT TaHIIEBaJbHAs
putmuka A. XadarypsiHa, Hanbosee sIpKO pacKpbITas
Kak B 0ajierax, Tak U B OPKECTPOBBIX U (POPTEIHAHHBIX
npousBeneHusX. OJTHUM U3 CaMbIX BBIJAIOMINXCs Oase-
TOB HaIllero BpeMeHH siBisiercs «[ asgH»» — Onaromgaps
CKBO3HOMY Pa3BHUTHIO IIEHTPAIHLHOTO JINPUYECKOTO 00-
pasza, METOJIaM €T0 XapaKTePUCTUKH U TPAKTOBKE TaH-
LieBaJIbHOCTH. baner mienpo HacelmeH pasHooOpas-
HBIMH (pOpMaMHU apMSIHCKOM HapOIHON TaHIEBAILHON
MY3bIKH, OOTaTBIMH ¥ IPUXOTIIMBBIMA PUTMaMH, MOJIH-
MeTpuel. BMecrte ¢ TeM OHM OpraHUYHO COYETAIOTCA U
NEPEIUIETAI0TCS ¢ MENOANYECKOHN IECEHHOCThI0, Iepe-
pactasi B CBO€0Opa3sHyl0 PUTMOMHTOHAIIMOHHYIO KaH-
TUIEHY. MX HpeanochlIKd KOPEHWINCh B XyAOXKe-
CTBEHHO OTTOYECHHBIX JBIDKEHUSIX HAPOJHBIX TAHIIEB, B
M3SIIHBIX IEBUYBHX IUIICKAX C KIOIOMINMI JIBUKEHH-
AMH PYK WM IUITAaBHOW THOKOCTBIO >KEHCKOTO KOpITyca.
Tanmp! O6anera 4€TKO 1MOPA3AEISIFOTCS HA JIBE >KaHPO-
BbIe ceprl. K cTpacTHO-MyKeCTBEHHBIM, SHEPTHIHBIM
TaHIIaM OTHOCATCSI BCEMUPHO M3BeCTHBIH «TaHen c
cabnsaMm» (CBOETO pojia «BU3UTHASI KAPTOUKa» KOMIIO-
3utopa), «Taner ropuesy, « TaHen MOIOABIX KypAOB»,
«Jle3ruHKay, B KOTOPBIX IMyHKTUPHAsI pUTMHKA CTAHO-
BUTCSI HUCXOAHOM OCHOBOM MENOAUKM U TapMOHHU,
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HACBIIICHHOH CEKyHIIOBBIMH «TPO3IbIMU». B mupuko-
IpalMO3HBIX TAHIAX, 00PaIAsCh K NOJTMHHBIM HAPOA-
HBIM HameBaM — «IlmaTer map» («epeBo mopa») (B
«Tanne cOopiun xionkay»), «Kamocel npken» («Ta-
HeIl KOBPOBIIHID), — A. XadaTypsH CMEI0 PacKpbI-
BaeT U 110-CBOEMY OOHOBIISIET X PUTMOMHTOHAIMOH-
HBIC ¥ CTHJIMCTHYECKHE NMpHUEMBI. MHTEpecHO Tarke
oOpaireHre KOMII03UTOpa K CBOeo0pa3HON MeJoANKe U
PUTMHKE TaHIEB APYTMX HApoAOB, Hampumep «Jles-
THHKa», YKpanHCKHH «['omak», IiaBHas rpanuo3Has
«Y3yHpapa» u ap. JKusHepagocTHas M >KUBONHUCHAS
TaHLIEBAJILHOCTH SIPKO BBIPAKCHA HE TOJBKO B Oayer-
HBIX HOoMepax («Bapuammu HyHa», «Taner po3oBbIx
neBymek», « Taner Aiime» u 1p.), HO U B cUM(pOHNYE-
CKHUX MpOM3BeAeHMsIX (raBHas naptus ¢punana Cxpu-
MIYHOTO KOHIIepTa, mobounsie TeMmsl [ u 11 gacteii Bro-
poit cumdonuu u ap.). B 6anere «Cnaprak» purmude-
CKasi CTHXHA IpruoOperaeT 0coOyI0 IpaMaTHUECKYIO
HaNpsKEHHOCTh. 3€Ch POXKIAIOTCS HOBBIE AT Kiac-
CHYECKOro 0anera BO3MOXKHOCTH ABHXEHHUS — JWHA-
MUYHBIE, TOJUEPKHYTO-MYKECTBEHHBIE, BBIPAXKAIOIIHE
MPOTECT U THEB. PUTM CTAaHOBHUTCSI OCHOBOH Pa3BHUTHS
JIEUTMOTHBOB U TEMAaTHYECKHUX TpaHchopMaruii.[2]

CBoll TBOpYECKHI MyTh KOMIIO3UTOP HAYMHAI C
dboprenuanHbix npousBencHuii — «Tanery, «Banbc-
Kanpucy», «Ilosma», Tokkara», Tae COYETArOTCS M301I-
peHHas MeJOAMKA M HMIIyJbCHUBHAs TaHIEBalbHAs
PUTMHKA. YK€ 3/1€Ch IIPOSBUINCH XapaKTEPHBIE YEPTHI
€ro CTWJIA — OCTpasi pUTMHUYECKas MyJbCcalus, TIoT-
Has akkopnxoBas (akTypa c¢ peskumu martellato u me-
CEHHO-MMIIPOBU3AIIMOHHOE MHOTOrosocue. Ha ocHoBe
HapOJHBIX TAaHIIEBAJIBHBIX PUTMOB OH CO3/1aET CMETIbIe
MOJMPUTMUYECKHUE COYECTAHHS.

ITpumepom orroueHHOCTH cTis ctan Poprenna-
HHBIH KOHIIEPT, B KOTOPOM COYETAIOTCSI BO3BBIIIEHHO-
MaTeTHIEeCKOE M JIMPUKO-TIECCHHOE Hadana. 3Jiech 3a-
poXIaercs TOKKaTHOCTh — OJHA W3 M3IIO0JIEHHBIX
(hopM ero My3bIKaJBHOTO H3IOXKEHHUS. SIpKUM MposB-
JICHHEM JIByX acleKTOB OJYXOTBOPEHHOW 00pa3sHOCTH
— allyTCKOU MMIIPOBU3ALIMOHHOCTU U UMITYJIbCUBHOM
PUTMUYECKOH TaHIIEBANbHOCTH — cTanu CKpUIMTHYHBINA
KOHIIEPT, HEKOTOPBIE MbECHI U IECHH.

WHoit chepoii TBOpUECTBa KOMITO3UTOPA SBISIETCSI
MapIeBocTh. A. XadaTypsH ObUT OJJHAM U3 IIEPBBIX CO-
BETCKHX KOMIIO3UTOPOB, CHCTEMAaTHYECKH CO3/1aBaB-
MIMX MapIy Juist {yxoBoro opkectpa. Ero «Iloxoxnsie
MapIin» OTIMYaloTCa OoraTtoil MeIoIauKoi U cBOe0O-
pa3HOU PUTMUKOW. «3aHre3ypcKkuil Mapun» (U3 KHHO-
¢uneMa «3aHTre3yp») MOHCYTH HpEACTaBiIIeT coOOoit
CBOEOOPa3HyIO MECHIO-IIECTBUE C ITUPOKOH Mesoquei
W OPUTMHAIBHBIM PUTMHYECKUM pHCyHKOM. Ecnm sty
TE€MY MBICIEHHO NIPONETh B MEUIEHHOM TEMIIE, TO OHa
NpeACTaHeT KaK  MeuTaTeldbHOEe  TaHIIEBaJIbHOE
afaxuo.[5]

OpnHol M3 XapaKTEepHBIX O0COOCHHOCTEN MY3BbIKH
A. XauarypsiHa siBisiercst nonugonust. M3 nommdonu-
4ecKuX (OpM OH MPEANIOYUTAET T€, KOTOPhIe HE CKO-
BBIBAIOT €r0 cBOOOHOE MbInuIeHHE. [lepBbIM TBOpUe-
CKMM OmBITOM cTanu ero «Cemb (Gyr», B KOTOPHIX Ha
OCHOBE apMSHCKOI'O MY3bIKaJIbHOIO MaTepuaja opra-
HUYHO COYETAIOTCS BOCTOUHBIN (DOJBKIIOP U JOCTIKE-
HUS 3alaJHOEBPOINEHCKON M PYCCKOM KIacCH4ecKoil

MY3BIKH. B TO e BpeMs OH BBICTYIAeT Kak HOBAaTop,
Hapyuraromui tpaguuud. O0 3TOM CBUIETENBCTBYIOT
CJIOBA CAMOTO KOMIIO3UTOPA: «JlIs1 MEHS 3TOT BEYHBII
KOH(JIMKT OCJIOXKHSUICSA TaKXe CTPEMJICHUEM COCIH-
HUTHh “TPOKPYCTOBO JIOXKE” KITACCHIECKOW (POPMEI C
TpeOOBaHUSIMUA CBOCOOPA3HOTO MY3BIKAIBHOTO SI3BIKA
Bocroxka». He ciny4aiiHo BOcae1CTBUN BMECTO TPaat-
LMOHHBIX TIPEJIIOINH, TOKKAThl ¥ (paHTa3uu B «MHKPO-
LUKJIBD OH BBOAWT peuntaTwB. OmnbIT, MpHOOpETEH-
HBIA B 00J1aCTH MOMH(POHIMYECKOTO CTHIISA, CTaJl IIO0-
TBOPHOW OCHOBOH IS JalIbHEHIEero (pOpMUPOBAHUS U
pa3BUTHS HONMM(GOHUYECKOTO MBIIIICHUS KOMIIO3H-
Topa. [Tonmdonus kak cpencTBO MPOTUBOIIOCTABICHUS
U pa3BUTHA 00pa30B BXOIUT B Pa3INIHBIC KAHPOBBIE
cdepsl — cuMQoHHIO, KOHLIEPT, Oanet. B pazpadoTou-
HBIX pa3/ieNnax OH IIMPOKO oOpamaeTcsd K MMHUTAINH,
coznaBasi spkue (Qyraro, MO0 aKTUBHO HCIIOJB3YET
OCTHHATHOE W3JIOXKCHHE, Ipuberas K IpeBHEH (opme
naccakajiud. [4]

3AK/IIOYEHHUE. Takum oOpa3oM, B Hempe-
PBIBHO OOHOBIISIFOLIIEMCS 3BYKOBOM ITOTOKE MY3BIKU A.
XauaTypsiHa OTPOMHYIO POJIb UI'PAET CTHINCTHKA HC-
NOJIb30BaHUS KaK PHUTMA, TaK U HOJU(POHHUYECKOTO
MbiieHUs. OH 00beANHSIET OTACIbHBIC HJIEMEHTHI B
LIEJIOCTHYIO CUCTEMY, AMHAMHU3UPYET pa3BUTHE U OIpe-
JieNseT HanpsoKEHHBIA MyJIbC MPOU3BeNeHU. B oTiu-
Yyhe 0T MHOTMX KOMIIO3UTOPOB, OOpAaIIaBIIUXCSA K BO-
CTOYHBIM UCTOKaM, PUTMHUYECKOE MbIIIeHHe A. Xaya-
TypsHa TOpakaeT HE CIOXXHOCThIO MeTpa, a
ONeCTSIM HCKYCCTBOM BapbHPOBAHHMS: CMEICHHEM
aKIEHTOB, IpoOJIEHHEM pUTMHYECKUX (uUryp, uzodpe-
TaTeNbHBIM HCIIOJIB30BAHIEM CHHKOI. SIpkuii mpumep
— MepEOCMBICIICHUE TPaIUIMOHHOMN (OPMYJIBI BasbCa,
HaCBHIICHHOH  DJIEMEHTaMH  BOCTOYHOTO  TaHIA
(«Bambe» n3 «Mackapagay, Taaery Ay u3 «["asgHa»).

A. XavartypsiH, onupasich Ha HaApOAHBIE U HAIHO-
HaJlbHbIE MCTOKH, CO3/laJl COOCTBEHHYIO TPAAMIHIO B
apMSIHCKOM My3bIKe — Tak ke, kak Maprupoc CapbsiH
B JKMBONMCH M Ajekcannap TamaHsSH B apXUTEKType.
XauaTypstHOBCCKHH CTHIIb C(HOPMHUPOBAJICS 10]] HETIO-
CpEIICTBEHHBIM BoO3jelicTBUeM Tpaaunmii Komwuraca,
KTO TIO TIpaBy CUHTAETCS OCHOBOIIOJIOKHUKOM apMsH-
CKOH KJIaccH4YecKoi My3blku. TBOpueckasl, HayuHas U
My3BIKOBeIUecKas nesTenbHocTh Komuraca u A. Xa-
yaTypsHa CONOCTaBUMa CO BKJIAgoM Mecpoma
Mamrona B ucTOpuM (QOPMHPOBAHHS aAPMSHCKOMN
HayK{ M TUCbMEHHOCTH.
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The article is devoted to the study of the natural regulation of rivers and the runoff during the intensive

irrigation period. Since the Republic of Azerbaijan is located in an arid region, there is an acute shortage of water,
and river waters constitute the main part of its water resources. However, since most of the rivers are drying up,
their transit and natural regulation levels are unfavorable, the possibilities of using their water are weakened. The
natural regulation of rivers refers to the favorable distribution of their runoff throughout the year. The main part
of the river runoff occurs in the spring months, when the demand for water is low. During the irrigation period
(summer months), when the demand for water is highest, the level drops. As a result, a serious disproportion arises
between the volume of river water runoff and the possibilities of its use. The southern slope of the Greater
Caucasus, which we have chosen as the study area, is the richest region in Azerbaijan with river waters. The study
assessed the annual distribution of the runoff of the major rivers of this region, especially their shares in the spring
and summer months. The natural regulation state of the rivers, the volume of spring runoff, and the possibilities

of their accumulation for using irrigation in the summer months were assessed.

Keywords: water resources, river runoff regulation, annual runoff distribution, intensive irrigation period,

spring and summer runoff.

Introduction

The Republic of Azerbaijan is among the countries
with limited freshwater resources. Water resources in
Azerbaijan are very small compared to other countries
of the South Caucasus and account for approximately
15 percent of the water resources in the entire region.
67-70% of river water resources in Azerbaijan are
formed outside our country's borders. As a result of the
impact of climate change and excessive water
withdrawal for use in neighboring countries, the water
resources decreased by 26.4% to 26.2 billion cubic
meters during 1980-2023. In addition, during this
period, surface water resources entering the country's
territory through transboundary rivers also decreased
by 35.9% to 13.2 billion cubic meters, and local river
flow decreased by 23.3% to 4.6 billion cubic meters [1].

According to the data of the State Statistical
Committee of the Republic of Azerbaijan, the volume
of renewable surface fresh water resources currently
amounts to 26.2 billion cubic meters. Of this, 8.4 km?3
is formed from groundwater, 4.6 km3 from local river
runoff and 13.2 km?3 from transboundary surface
waters. 17.8 km® (67.9 %) of the renewable fresh water

resources are formed from surface fresh water
resources. If in 2000 the surface fresh water resources
were 23.4 km?3, in 2023 they decreased by 24.1% to
17.8 [2].

The results of water resource projections are also
not encouraging. According to recent research by the
World Resources Institute (WRI), Azerbaijan ranks
59th out of 164 countries that will face water scarcity
by 2050 and is classified as a country with a medium-
high (20-40% water stress) risk category [3].

According to Azerbaijan's National Report to the
UN Framework Convention on Climate Change, the
volume of water resources (including transboundary
water resources) is projected to decrease by 5-10% by
2040, 10-15% by 2070, and 10-15 and 15-25%,

respectively, depending on the level of global
temperature increase.
One of the most important aspects that

complicates the use of water resources is the significant
increase in demand for water against the background of
their decline. According to the State Statistical
Committee, while the volume of fresh water withdrawn
from natural sources increased by 27.9% in 2001-2023,
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the volume of water consumed increased by 52.4%,
including for irrigation and agricultural supply, almost
doubled. On the other hand, the uneven distribution of
river water resources throughout the year and across the
territory significantly complicates their use and cannot
meet the water demand that is increasing year by year.

Annual water consumption in Azerbaijan is 11-12
km3. At the same time, serious losses occur during
water distribution due to outdated infrastructure. As a
result of the constantly increasing water demand of the
economy and the population, an average water deficit
of 4.5-7.0 km® occurs in Azerbaijan per year. This
situation requires regulating the runoff of rivers and
constructing artificial reservoirs [4-5].

Currently, in the republic, more than 60 reservoirs,
each with a volume of more than 1 million m?, can store
up to 21 billion m? of water. However, the depletion of
river water resources also has its negative effects in this
area. Thus, the decrease in river water consumption
reduces the volume of water entering the reservoirs,
weakening their use. For example, between 2016 and
2020, the average annual flow of water entering the
Mingachevir reservoir, the largest in Azerbaijan alone,
decreased from 344 m? per second to 192 m?, a decrease
of 44.2%.

Methods and materials

The primary research materials were the
observation data on climate and runoff of the Ministry
of Natural Resources and Ecology of the Republic of
Azerbaijan. The collection of important factors
involved in the flow formation, such as elevation,
slope, landscape and other components, was obtained
through satellite images. From the climatic parameters,
atmospheric precipitation and air temperature were
preferred, and from the runoff quantities, river water
discharge data was preferred. Both annual and monthly
data of the mentioned hydrometeorological indicators
were used for the study area. The restoration of
observation series was carried out using both traditional
and modern methods. The most important of the
traditional methods were the Analogy and Interpolation
methods [6-7].

Here, the main focus was on establishing
relationship graphs between the average elevation of

the basin and hydrometeorological parameters. The
results of the relationships established based on the data
of the observation stations were extrapolated for river
basins without data. The homogeneity of the
observation series and the reliability of the results
obtained were checked using the Fisher and Student
criteria [8-10].

The results obtained during the research process
were also refined using modern scientific methods. The
results obtained using modern Interpolation and
Counter-Approach technologies were evaluated
separately for each river basin using the ArcGIS
program [11-12].

Results and discussions

The southern slope rivers of the Greater Caucasus
were taken as the study area (Figure 1). This region is
the richest in Azerbaijan in terms of river water
resources. The right tributaries of the Kura River, the
largest river in Azerbaijan, flow from here. The largest
rivers of the southern slope of the Greater Caucasus are
the Eyrichay, Pirsaat, Turyan, Goychay, Alijan,
Girdiman, and Agsu rivers. The rivers are mainly fed
by groundwater, rain, and snow. Most of the rivers are
abundant in their upper reaches, but they also have a
high flood risk. The river basins of the study area can
be divided into two parts according to their physical and
geographical characteristics and feeding regime:

1) Basins between the Mazym and Dashagil rivers.
They are distinguished by their higher water discharge
and the predominance of the groundwater share in the
feeding regime.

2) Basins between the Dashagil and Sumgayit
rivers. The water discharge of the rivers is low, and the
share of rainwater in the feeding regime is greater.

In order to obtain meteorological indicators
(precipitation and temperature) for various hydrometric
stations and river basins of the southern slope of the
Greater Caucasus, actual measurement data from
existing meteorological stations were used.

It was shown that there is a uniform and highly
correlated close relationship (R=0.96) between the
average multi-year air temperature and the altitudes of
the stations for the entire study area (Figure 1).
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Figure 1. Relationship graph between mean multi-annual air temperature (t°) and mean altitude (H) on the
southern slope of the Greater Caucasus

Unlike temperature, the relationship between
atmospheric precipitation and altitude was established
by dividing it into two parts due to its poor coverage for
the entire study area. This division also covers two

hydrologically distinct regions of the southern slope of
the Greater Caucasus: within the Mazym-Dashagil and
Dashagil-Sumgayit rivers basins (figure 2).
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Figure 2. Relationship graphs between atmospheric precipitation (P) and mean elevation (H):
1— Between the Mazym and Dashagil rivers. 2— Between the Dashagil and Sumgayit rivers.

By selecting and interpolating the superior
features in GIS comparison and calculation programs,
average multi-year climate and flow data for spring and

summer months were obtained for each river basin
separately (table 1).
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Table 1
Average multi-year spring and summer hydrometeorological data for river basins
. Temperature, C° Precipitation, mm Runoff, mm
Rivers - - -
Spring Summer Spring Summer Spring Summer

Mazym 9.4 21.2 227 219 120 119
Balaken 9.1 20.8 261 242 175 160
Katekh 8.6 20.3 276 301 169 189
Tala 9.5 21.3 247 252 137 138
Mukhakh 8.2 19.8 238 262 152 181
Kapychay 9.5 21.3 172 158 67.0 64.3
Kurmukh 8.3 19.9 260 288 166 211
Kashkachay 7.1 26.5 192 173 102 89.3
Shin 6.8 18.8 201 186 120 108
Kish 7.9 19.4 228 196 145 118
Dashagil 8.0 19.5 237 261 167 181
Kungut 8.3 19.9 252 205 130 103
Zeyzit 7.3 18.7 258 210 158 136
Eyrichay 8.6 20.3 214 198 98.5 94.4
Alijan 10.9 23.1 188 128 48.1 25.7
Turyan 9.7 21.6 262 157 73.6 74.0
Goychay 11.1 23.3 243 129 71.2 59.2
Girdiman 7.7 19.2 275 218 141 108
Agsu 10.5 22.5 226 107 46.6 26.1
Pirsaat 9.4 21.2 127 70.5 41.0 27.5
Jeyrankechmez 12.1 24.4 96.1 29.6 7.33 2.71
Sumgqayit 9.8 21.8 104 449 15.4 7.32

Natural regulation of river runoff is a state of more
even distribution of runoff throughout the year (months
and seasons). In this case, the differences in river runoff
between different months and seasons are very small.
Most of the rivers of Azerbaijan have a high-water
regime in the spring and autumn seasons, during which
60-70% (sometimes up to 80%) of the runoff passes. At
the same time, a shortage of flow is observed in the
rivers in the summer and winter seasons, when the
combined share of the runoff of these two seasons in
the annual runoff rate can rarely reach 50%. This
situation indicates that the natural regulation of the
runoff in the rivers of Azerbaijan is very low. Since
most of the territory of Azerbaijan is located in a dry
subtropical climate, sharp differences in the intra-
annual runoff regime of the rivers also limit their use
and serious problems arise when using water. The main
way out of the situation is artificial regulation of the
river runoff. Artificial regulation of rivers is the
preservation of their resources during high water use
periods (especially in the summer months) by
maintaining them in various water levels until the stage
of low water and high use.

Currently, water resources in Azerbaijan are
mostly used for agricultural purposes in the summer
(intensive irrigation period) [13]. However, the driest
period of rivers is precisely the summer season. In the
remaining seasons, there is no big problem in this
regard. Despite the fact that the winter season is also
dry, it is the season when river water is used the least.
Therefore, there is no need to regulate the runoff of the
preceding high-water autumn season with artificial
interventions. Before the summer season, the regulation
of the spring season flow is inevitable. In our research,

we have mainly given extensive space to the study of
the runoff of the spring and summer seasons.

Previously, a sufficient amount of research has
been carried out on the study of the annual distribution
of the rivers runoff of Republic of Azerbaijan [14-15].

However, our research was conducted in a
completely different direction and purpose. In previous
studies, the priority was mainly limited to providing
quantitative indicators of the annual distribution of
runoff based on hydrometeorological station data. We
did not limit ourselves to the distribution ofrunoff by
months and seasons. Research was conducted on the
runoff regime of rivers, changes in the seasonal regime
against the background of climate change, the level of
natural regulation, the possibilities of spring runoff for
conservation in watersheds, the assessment of spring
runoff reserves for the purpose of intensive irrigation
periods, and other new directions.

The most serious differences in the intra-annual
distribution of the runoff are manifested in the ratio of
spring and summer flows. In most rivers of the southern
slope of the Greater Caucasus, spring is a high-water
season, and summer is a low-water season. In such a
case, the highest level of regulation (“very high) was
considered to be the summer runoff (Qsm) higher than
the spring runoff (Qsp), i.e. Qsm/Qsp >1. The values of
this ratio between 0.90-1.00 were also accepted as a
sufficient and “high” level of regulation. The situation
where the summer runoff was less than half of the
spring runoff (Qsm/Qsp < 0.5) was considered to be a
very weak (“very low”) regulation. In the interval
Qsm/Qsp = 0.50-0.75, i.e., if the summer runoff was from
half to 3/4 of the spring runoff, this was considered
weak (“low”). Finally, a “average” regulation within
the range of Qsm/Qsp = 0.75-0.90 was adopted. The
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runoff of the rivers of the southern slope of the Greater
Caucasus was mapped according to the level of natural
regulation (Figure 3).

LEGEND
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Runoff regulation

Low
Very low
I Very high
[0 Average
50 25 0 50 ki
I High - —

Figure 2. Natural regulation level of the rivers of the southern slope of the Greater Caucasus

The assessment of the natural regulation level of
the rivers of the study area based on the ratio of summer
and spring runoffs is given in the table below.

Table 2
Assessment of the natural regulation level based on the ratio of summer (Qsm) and spring (Qsp) runoffs
. Runoff layer, mm .
Rivers Perennial Summer (Ou) Spring (Ow) Qsm/Qsp Regulation level
Mazym 381 119 120 0.992 High
Balaken 532 160 175 0.914 High
Katekh 548 189 169 1.118 Very high
Tala 429 138 137 1.007 Very high
Mukhakh 511 181 152 1.191 Very high
Kapychay 210 64.3 67.0 0.959 High
Kurmukh 561 201 166 1.211 Very high
Kashkachay 308 89.3 102 0.875 Average
Shin 366 108 120 0.900 High
Kish 426 118 145 0.814 Average
Dashagil 577 181 167 1.084 Very high
Kungut 379 103 130 0.792 Average
Zeyzit 473 136 158 0.861 Average
Eyrichay 366 94.4 98.5 0.958 High
Alijan 136 25.7 48.1 0.534 Asagi
Turyan 251 69.2 73.6 0.940 High
Goychay 213 59.2 71.2 0.831 Average
Girdiman 357 108 141 0.766 Average
Agsu 116 26.1 46.6 0.560 Average
Pirsaat 93.8 27.5 41.0 0.671 Average
Jeyrankechmez 154 2.71 7.33 0.369 Very low
Sumgay1t 32.5 7.32 154 0.475 Very low
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As can be seen from Table 2, the natural regulation
of rivers flowing from the western part of the study area
(between the Mazym and Dashagil rivers) is better. The
level of natural regulation in most rivers falls into the
“high” and “very high” categories. The main reason for
this is the high share of underground flow in the feeding
of rivers. Due to the gradual and even distribution of
the runoff in rivers fed by underground, they have
better regulation, with high water discharge continuing
until the summer months. Another advantage of rivers
located between the Mazym and Dashagil basins is that
the average multi-year runoff share itself is also high.
High annual runoff and partially good regulation allow
for more rational use of the waters of the rivers located
here.

The level of runoff regulation in rivers located in
the eastern part of the study area (between the Dashagil
and Sumgayit rivers) is low. This is explained by the
high share of rainwater in the feeding of rivers. Both
the low average annual runoff volume and the fact that
the bulk of the runoff occurs during the spring rains
have led to poor runoff regulation in most of the rivers
located in the eastern part of this study area. Therefore,
acute water shortages are observed during the period of
intensive irrigation.
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Abstract

This article provides a comprehensive comparative analysis of wage income taxation in the Republic of Azer-
baijan and the Republic of Tiirkiye, focusing on the application of personal income tax. The objective of this study
is to analyze the various characteristics and mechanisms involved in the taxation of wage income, with a particular
emphasis on the methods used to calculate and apply tax rates in both countries. By comparing the tax systems in
Azerbaijan and Tiirkiye, the article highlights the structural similarities and differences in wage tax frameworks,
examining how these systems affect both individuals and the state. Additionally, the study explores the positive
and negative aspects of the wage tax rates, considering their impact on social equity and economic efficiency. The
research concludes with recommendations aimed at optimizing the existing tax structures, enhancing fairness, and
reducing the tax burden for low and middle-income earners. The comparative methodology employed enables a
deeper understanding of how tax policies can shape wage distribution, public finance, and overall economic sus-

tainability in both countries.
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Introduction

Tax is a compulsory and non-reciprocal monetary
payment collected by the state or municipalities from
taxpayers under legal coercion in order to finance pub-
lic expenditures. Every individual inevitably encoun-
ters both indirect and direct taxes at some stage of life.
One of the components of income subject to personal
income tax among earnings and revenues is wages. A
wage is defined as money, benefits in kind, and other
advantages provided in return for labor.

When establishing tax systems, countries priori-
tize fairness and balance in tax distribution. However,
wage income is not taxed at the same rate across all
countries, and in certain cases, this may lead to inequal-
ity and an excessive tax burden.

1. Wage Income in Tiirkiye

In the Republic of Tiirkiye, wages constitute one
of the elements of income subject to personal income
tax. According to the Income Tax Law, wages are de-
fined as monetary payments, benefits in kind (provision
of goods as remuneration), and other advantages that
can be expressed in monetary terms (such as housing or
vehicle allocation), provided to employees who work
under an employer and are attached to a specific work-
place in return for services rendered.

For the purposes of implementing the Income Tax
Law, the following payments are also considered
wages:

e Pensions, disability, widow’s and orphan’s
benefits paid by pension funds established by law and
by the funds specified in Provisional Article 20 of So-

cial Insurance Law No. 506, to the extent that they ex-
ceed the highest payment made to the highest-ranking
civil servant.

e Monetary and in-kind payments and benefits
provided in return for past or future services.

e Monetary and in-kind payments and benefits
granted to members of the Grand National Assembly of
Tiirkiye, Provincial General Assemblies, Municipal
Councils, and members of permanent or temporary
commissions established by special laws or administra-
tive decisions, as well as to similar persons by virtue of
their positions.

e Monetary and in-kind payments and benefits
provided to chairpersons and members of Boards of Di-
rectors and Supervisory Boards, as well as to liquida-
tors, by virtue of their positions.

e Payments and benefits provided to experts, of-
ficial mediators, appraisers, sports referees, and mem-
bers of competition juries.

o Transfer fees or similar payments and benefits
made to athletes.

e Compensation and various payments made af-
ter the termination of an employment contract under
mutual termination agreements or settlement agree-
ments, including severance payments, job loss compen-
sation, end-of-employment compensation, and employ-
ment security compensation.

1.1. Tax Rates

Tax rates are applied as indicated in the tariff
schedule.
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Income Tax Tariff for the 2025 calendar year (Article 103 of the Income Tax Law).

Up to TRY 158,000 15%
For income exceeding TRY 158,000 up to TRY 330,000: | 20%
TRY 23,700 for the first TRY 158,000, plus the applicable rate on the excess.

For income exceeding TRY 330,000 up to TRY 800,000: | 27%
TRY 58,100 for the first TRY 330,000

(For wage income: TRY 58,100 for the first TRY 330,000 up to TRY 1,200,000), plus the applicable

rate on the excess.

For income exceeding TRY 800,000 up to TRY 4,300,000: | 35%
TRY 185,000 for the first TRY 800,000

(For wage income: TRY 293,000 for the first TRY 1,200,000), plus the applicable rate on the excess.

For income exceeding TRY 4,300,000: | %40
TRY 1,410,000 for the first TRY 4,300,000

(For wage income: TRY 1,378,000 for the first TRY 4,300,000), plus the applicable rate on the excess.

In 2006, a new system was introduced in Tiirkiye,
and the number of tax brackets was reduced from five
to four. The tax rates ranged from 15% to 35%.

1.2. Elements of Wage Income

In order for income to be taxed as wage income, it
must possess certain characteristics:

1. Subordination to an employer.

One of the primary elements for income to qualify
as wage income is subordination to an employer. An
employer is a person who employs an employee (ser-
vice provider) under their orders and instructions.

2. Attachment to a workplace.

Another essential element is being affiliated with
a specific workplace, defined as the place where activ-
ities are carried out.

3. Payment in return for services rendered.

The final element is that payment must be made in
consideration of services rendered. If no service is pro-
vided, the payment cannot be classified as a wage.

1.3. Gross and Net Wages

Wages are applied in two forms: gross and net
wages.

Gross wage refers to the total income before any
taxes or deductions are made. For example, if an em-
ployer pays TRY 7,000 annually, the gross salary
amounts to TRY 7,000.

Calculation of Gross Wage

The calculation of gross wages depends on how
the employee is compensated. For salaried employees,
the gross wage is calculated by dividing the annual sal-
ary by the number of payment periods within a year.

Net wage refers to the amount paid after taxes and
statutory deductions are made. When calculating the
net wage, deductions such as income tax, stamp tax,
employee social security contributions, and employee
unemployment insurance contributions are subtracted
from the gross wage.

1.4. Technical Characteristics of the Progres-
sive Tariff

Progressive tax tariffs possess certain technical
characteristics, such as bracket width differences, rate
differences, and progression ratios.

The bracket width difference indicates the dif-
ference between the highest and lowest tax bases. The
rate difference refers to the difference between the
highest and lowest tax rates. For example, if the highest
tax rate on wages is 40% and the lowest is 15%, the rate
difference equals 25 percentage points.

Thus, since Tiirkiye applies a progressive and
graduated system, it is appropriate to analyze the tech-
nical characteristics of progressive taxation within this
framework.

2. Wage Income in Azerbaijan

This article briefly addresses the fundamental as-
pects of payroll calculation in Azerbaijan. A significant
portion of the population in Azerbaijan earns their live-
lihood through wages.

Payroll is generally defined as the list of employ-
ees and the payments that the employer is required to
make to them due to the employment relationship. Cur-
rently, payroll primarily refers to the payment of sala-
ries to employees, as well as the withholding and remit-
tance of income tax and mandatory social security con-
tributions derived from wages and other employment-
related income.

According to the Tax Code, the income tax rates
applied to individual wages are determined as follows:

¢ In the oil and gas sector and the public sector,
income up to AZN 2,500 per month is taxed at 14% of
the taxable monthly amount; income exceeding AZN
2,500 is taxed at 25%.

e For individuals working outside the oil and
gas sector and in the private sector, effective from 1
January 2019, monthly income up to AZN 8,000 is
taxed at 0%, while the portion exceeding AZN 8,000 is
taxed at 14%.

In addition to the 25% social insurance contribu-
tion, unemployment insurance contributions must also
be paid at the rate of 0.5% by the employee and 0.5%
by the employer from its own funds.

As of 1 January 2020, mandatory health insurance
contributions are paid as follows: in the private oil and
gas sector, 2% (1% employee and 1% employer) on sal-
aries up to AZN 8,000, and 0.5% on the amount ex-
ceeding this threshold. In the public sector and the oil
and gas sector, the rate is 2%.

Wage-related taxes and contributions in Azerbai-
jan can be summarized as follows:

e Income tax:

o 0% (private non-oil and gas sector up to AZN
8,000)

o 14% (private non-oil and gas sector exceeding
AZN 8,000)

o 14-25% (public service and oil and gas sector)

e Mandatory social insurance contribution:
25%
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e Mandatory unemployment insurance: 1%

e Mandatory health insurance: 2% (1% em-
ployee, 1% employer for private sector income up to
AZN 8,000; 0.5% for additional income), and 2% in the
public or oil and gas sector.

Mandatory health insurance payments are made
throughout the year in accordance with the established
schedule.

Under Azerbaijan’s wage taxation system, in ad-
dition to income tax (wage tax), a mandatory social in-
surance contribution of 25% is payable. For wages up
to AZN 200, 3% of the social insurance contribution is
deducted from the employee’s salary and 22% is paid
by the employer. If the monthly wage exceeds AZN
200, 10% is deducted from the employee and 15% is
paid additionally by the employer.

Unlike income tax, foreign employees working
under production-sharing agreements in the oil and gas
sector are exempt from social insurance contributions.
In other words, such foreign employees are subject only

to income tax and are not required to make social con-
tributions.

Update: As of 1 January 2025, the minimum wage
in Azerbaijan is AZN 400.

“Gross” salary refers to the amount paid before tax
deductions. “Net” salary refers to the amount paid to
the employee after tax deductions. (Articles 102.1-1,
102.2, 102.3, 102.4, and 102.5 of the Tax Code.)

4. Comparison

4.1. Comparison in Terms of Taxation

In Tiirkiye, a progressive and graduated taxation
system is applied. Tax rates increase from 15% up to
40%. At the same time, this structure may result in a
relatively heavy tax burden for taxpayers.

In Azerbaijan, the system appears comparatively
simpler, with income divided into two main sectors. As
stated above, tax rates in the private sector range from
0% to 14%, while in the public and oil and gas sectors
they range from 14% to 25%. Unlike Tiirkiye’s multi-
bracket progressive system, Azerbaijan applies a sim-
pler form of progressive taxation.

4.2. Comparison of Wage Income Tax Rates

Country Country Country
Tirkiye 15% — 40% Progressive, graduated

. Public and oil-gas sector: 14% and T . .
Azerbaijan 2506 Private sector: 0% and 14% Simplified (quasi-progressive)

4.3. Comparison in Terms of Exemptions

In Tirkiye, a minimum wage exemption is ap-
plied, along with various additional exemptions and al-
lowances.

In Azerbaijan, compared to Tirkiye, a broader
range of exemptions and tax privileges is implemented.

4.4, Comparison in Terms of Deductions from
Gross Wages

In Tirkiye, deductions such as unemployment in-
surance contributions and social security premiums are
applied to gross wages.

In Azerbaijan, social insurance contributions are
calculated based on income levels. Furthermore, the
distribution of contributions varies between the em-
ployer and the employee. Employees working in the oil
and gas sector are exempt from certain types of such
deductions.

5. Conclusion

This study examined and compared the taxation of
wage income in Tiirkiye and Azerbaijan. The findings
reveal structural differences between the two countries’
wage taxation systems.

In general, it has been determined that Tiirkiye ap-
plies a progressive and graduated taxation system with
a relatively heavier tax burden. In contrast, Azerbaijan
operates a comparatively simpler system with a lighter
overall tax burden. Structurally, Tiirkiye demonstrates
a “strong progressive rate” system, whereas Azerbaijan
exhibits a “weak progressive rate” structure.

In Tiirkiye, simplifying the tax system, ensuring a
more balanced distribution of tax rates, and expanding
exemptions and allowances could help alleviate the tax
burden and contribute positively to overall welfare. In
Azerbaijan, although the system is relatively simple,
ensuring tax equity may present challenges; therefore,

regulatory improvements in this regard would be par-
ticularly important.
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Abstract

The exploration of algebraic operations finds a natural impetus in the challenge of solving polynomial equa-
tions of degree n = 5. Galois theory provides the conceptual framework for this inquiry, revealing that certain
quintic equations with rational coefficients admit no general solution in radicals. This fundamental result, both
accessible in statement and deep in implication, justifies a systematic development of the algebraic tools required
for its understanding. Part II develops the language and techniques — particularly those concerning polynomials
and matrices — necessary to formulate and approach such problems rigorously. It is worthy to mention that this
final part is presented from a history-of-science perspective and explores modern abstract algebra with clarity and
simplicity, while retaining an advanced outlook. Readers are encouraged to review Part I carefully before proceed-
ing.

Keywords: Groups, Rings, Fields, Polynomials, Roots of Polynomials, Matrices.

POLYNOMIALS
The concepts of polynomials and their operations, as taught in post-secondary education, require precise def-
inition and rigorous justification. For example, it is commonly stated that since x = 1 is a root of the equation
x3 — x% 4+ x — 1 = 0, the polynomial on the left-hand side can be divided by the binomial x — 1 without remain-
der. However, if x is interpreted strictly as an unknown satisfying the equation, this situation effectively represents
a disguised form of division by zero, rendering the meaning of the operation ambiguous — despite the fact that the
formal procedure of polynomial division proceeds without difficulty. Furthermore, in certain branches of mathe-
matics, such as combinatorial analysis, one frequently encounters “polynomials” of the form
ap + a;x + ax? + -
with infinitely many nonzero coefficients. These objects, known as formal power series, are considered in-
dependently of the numerical values of x for which the partial sums
Sp(x) = ag + a;x + ax? + -+ ayx™
may converge as n — oo. Unlike analysis, where convergence is central, algebra focuses on the algebraic
rules governing the formation of coefficients under polynomial operations. By introducing polynomials in a rig-
orous manner — including those with infinitely many terms — we can define addition and multiplication so that
these operations align consistently with the rules of the standard “level of post-secondary education.”
Let an arbitrary ring K = (M, +,") be given. Consider the set M*, whose elements are all infinite sequences
of elements from M. If a,b € M, where
a = (ay, aq,ay,...), b = (by, by, by, ...),
then we define a = b if and only if a; = b; for every i = 0, 1, 2, ... . Addition and multiplication in M* are
defined as follows:
a+b =" (ag+ by,a, +by,a;, +by,...),
a-b = (aghy, agb; + a by, agb, + a,b; + a, by, ...);
In general, the j-th term of the product a - b has the form
]

aob]’ + albj_l + -+ ajbo = Z akbj_k = Z akbi.
k=0 K+i=j
k,iz0

(In the last expression, it is tacitly assumed that the indices k and i take only those values satisfying the
condition k + i = j for a given j, where both k and i are nonnegative integers). Finally, note that it is convenient
to refer to the j-th term of a sequence as what would ordinarily be the (j + 1)-th term in standard counting since
here we begin indexing from zero rather than from one.

We now prove that the system K = (M®, +,) isa ring.

I. (M*, +) is an abelian group.

If a,b € M, then the j-thterm of a + b is (a + b); = a; + b; (j = 0,1, 2,..). Thus, all the axioms of an
abelian group for sequences follow directly from the fact that (M, +) is an abelian group since each coordinate
operation is inherited termwise.

e The zero element of (M*, +) is the sequence (0, 0,0, ...), where 0 is the additive identity of K.

e The additive inverse of a = (ay, a,, ay, ...) is —a = (—ay, —a,, —a,, ...).

Therefore, (M*, +) is an abelian group.

Il. (M*,") is a groupoid.
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If a,b € M, then the j-th term of the product sequence ab is given by

(@b = ) ayb,
k+i=j
which is an element of M because K = (M, +,") isaring. Hence ab € M™. Therefore, multiplication is closed
in M, and (M*,") is a groupoid.
I11. Distributive properties.
Let a = (ag,aq,a,-..), b= (by, by, by, ...), ¢ =(cy,¢1,C5,...) €E M®. The j-th term of the sequence

(a+b)cis
Z (ax + by)c; = Z (axc; + bcy) = Z apc; + Z byc; .

k+i=j k+i=j k+i=j k+i=j
This shows that the j-th term of (a + b)c is equal to the sum of the corresponding j-th terms of ac and bc.
Thus, (a + b)c = ac + bc. The proof of the other distributive property, c(a + b) = = ca + cb, is analogous.
Theorem 15. If a ring K has any of the properties:
1. commutativity,
2. associativity,
3. existence of a unit,
4. absence of zero divisors,
then the ring of sequences K also has the same properties.
Proof. 1. Commutativity.
Suppose K is commutative, i.e., xy = yx forall x,y € M. Forany j > 0, the j-th term of the product sequence

ab is
Z axb; = Z b;ay,

k+i=j i+k=j
which is exactly the j-th term of the sequence ba. Hence ab = ba in K*.
2. Associativity.
Suppose K is associative. For any j = 0, the j-th term of the sequence a(bc) is

Z ay z bycq | = Z Z ak(bpcq)z Z ak(bpcq).

k+i=j p+q=i k+i=j p+q=i k+p+q=j
Similarly, the j-th term of the sequence (ab)c is

Z Z axby | cq = Z Z (axby)cq = Z (axbp)cq-

i+q=j \k+p=i i+q=j k+p=i k+p+q=j

Since multiplication in K is associative, we have ay(b,c,) = (ab, )c, for all k,p, g and therefore a(bc) =
(ab)cinK*™.

3. Existence of a unit.

If 1 is the multiplicative identity in K, then for any sequence (ay, a4, a,, ...) € K, we have

(1,0,0,..) - (ag,aq,ay, ...) = (ag, ay,az, ...) " (1,0,0,...) = (agy, as, as, ... ).

Hence the element (1,0, 0, ...) serves as the multiplicative identity of the ring K.

4. Absence of zero divisors.

Assume K has no zero divisors, and consider two arbitrary nonzero elements in K *:

a=1(0,0,..,0,ay,, &Gns, ) and b = (0,0, ...,0,b,, byyq, - ),

where a,, # 0and b,, # 0 (m,n = 0) are, respectively, the first nonzero terms of a and b. Then the (m + n)-

th term of the product ab is
Aobmin + Q1byyn—1 + -+ Amo1bpig + Ayby + Amipabyg + 0+ Apanbo.
Since a; = 0 fori < m and b, = 0 for k < n, all terms vanish except a,, b,,. Thus,
(@b)min = amby.

Because a,, # 0, b, # 0, and K has no zero divisors, it follows that a,,,b,, # 0. Therefore, ab # (0,0,0, ...),
which shows that K* also has no zero divisors. =

Corollary 2. If K is an integral ring, then so is K. =

However, if K is a field, then the ring K* (which is obviously nontrivial) is not a field. Indeed, the nonzero
element (0,1, 0,0, ...) is not invertible: if there were some b = (b, by, by, ...) such that

(0,1,0,0,..) b = (1,0,0, ...),

it would follow that 0 - b, = 1, i.e.,, 0 = 1, a contradiction.

Now let K be an associative ring with unity. Then so is K. It is straightforward to show that the set of
elements of the form (ay, 0,0, ...) constitutes a subring of K, which is isomorphic to K via the natural isomor-
phism

f:K - Kool f(ao) = (aOIO)OI )
Accordingly, such an element can be denoted simply by a,. In particular, 0 = (0,0,0,..) and 1 ==
(1,0,0,...) are, respectively, the zero and unity of the ring K.
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For the element (0,1, 0,0, ...), we introduce the notation x. Then (0,0,1,0,...) = x - x = x?2, the element
(0,0,0,1,0...) = x - x%2 = x2 - x can be denoted by x3, and so on. Assuming, by definition, that x° = 1, it is
straightforward to prove that x™ - x™ = x™*™ for all integers m,n > 0. The element (0, ..., 0,a,,,0, ...) can be
written in the form

(a,,0,0,..)-(0,..,0,1,0,...) = a,,x™,

or equivalently, (0, ...,0,1,0,...) - (a,,, 0,0, ...) = x™a,,. Hence, every nonnegative integer power x™ com-
mutes with all elements of the ring K=, even though K itself need not be commutative.

Now consider an element a = (ag, a;,a,, ..., @y, 0,0, ...) € M®, where a,, ;1 = @pyp =+ == 0. It can be
uniquely represented as

a = (a,0,0,..,0,0,..) + (0,a;,0, ...,0,0,..) + (0,0,ay, ...,0,0,..) + -+ (0,0,0, ..., a,, 0, ...) =

= (a,,0,0,..) + (a;,0,0,..)-(0,1,0,0,..) + (a,,0,0,..) - (0,0,1,...) + -+
+(a,,,0,0,..)-(0,0,0,..,1,0,..) = ap + a;x + a,x% + - + a,,x™.

That is, a is represented using the usual notation of a polynomial in terms of x. (One must prove the unique-
ness of this representation.) Thus, every sequence in K with only finitely many nonzero terms corresponds to a
polynomial, or more precisely — as is customary in higher algebra—to a polynomial in a formal variable x over the
ring K. The word “formal” emphasizes that x is not just an element of K (or a “variable ranging over K”); rather,
it is a well-defined, fixed element of the ring K. The phrase “over the ring K” indicates that all coefficients lie in
K. The subset of K consisting of such polynomials is denoted by K[x].

Theorem 16. The set K[x] forms a subring of K.

Proof. (Closure under addition) Let

a = (ag,ayq,...,a,,0,0,..), b = (by, by, ...,b,,, 0,0, ...) € K[x].

Then their sumisa+ b = (a0 + bo, ay + by, .., Amaxfmn} T Pmaxmny 0,0, ... ) Since all terms beyond in-
dex max{m, n} vanish, we conclude that a + b € K[x]. Thus (K[x], +) is a groupoid.

(Closure under multiplication) Consider the product ab. Since a has degree at most m and b has degree at
most n, the degree of ab is at most m + n. Hence all terms beyond index max{m, n} vanish, and therefore ab €
K[x]. Thus (K[x]," )is a groupoid.

(Additive inverses) For

a = (ag,ayq, ...,a,,0,0,..) € K[x],

the additive inverse is —a = (—ag, —ay, ..., —;,, 0,0, ...) € K[x].

Therefore, K[x] is closed under addition, multiplication, and contains additive inverses. Since it is already a
subset of the ring K, we conclude that K[x] is a subring of K. =

Remark 17. As we already know, these three properties are sufficient for K[x] to be a subring of K. On this
basis, K[x] is called the ring of polynomials in x over the ring K. Elements of K[x] will be written in polynomial
form rather than as sequences.

Indeed, the coefficients of the powers x° = 1, x* = x,x2, ..., x™ in the polynomial

AX) = ag + a1 x + ax? + -+ apx™
correspond to the first m 4+ 1 terms of the sequence
(ag,aq, -, a1, 0,0,...),

which represents the same element (but in different notation) of the subring K[x]. Since two sequences in K
are equal if and only if their corresponding terms are equal, it follows that two polynomials are equal — that is,
they represent the same element of K[x] — if and only if their coefficients at each power of the formal variable
coincide.

Polynomials from K[x] will be denoted by A(x), B(x), C(x), ..., or simply A, B, C, ... in capital letters, so as
not to confuse them with elements of the ring K.

IfA=A(K) =ay+ a;x + azx?+ -+ a,x™ € K[x], a,, # 0,m = 0, then the number m is called the de-
gree of the polynomial A, denoted deg A. In particular:

e IfdegA = 0, then A = a, contains no variable x, and thus corresponds to a nonzero element of K.

e For ay = 0, the zero polynomial A = 0 has no defined degree; nevertheless, it is convenient to assign it
a negative degree (without specifying which).

Theorem 17. Let A, B € K[x]. Then:

1. deg(A + B) < max {degA,degB};

2. deg(A- B) <degA + degB.

Moreover, if the leading coefficients a,, # 0 and b,, # 0 of the polynomials A and B are not zero divisors in
K, then equality holds in both cases. =

Remark 18. The first statement is straightforward. Note, however, that the degree of the sum of two polyno-
mials may be strictly less than the degree of each individual polynomial, even when deg A = deg B. This occurs
precisely when the leading coefficients (i.e., the coefficients corresponding to the highest power of x) of A and B
are additive inverses in the ring K. To prove the second statement, let

A=ay+ ax + ax® + -+ a,x™, where a,, # 0, m = degA,
B = by + byx + byx? + --- + b,x™, where b,, # 0, n = deg B.

then the highest possible power of x in the product A - B is m + n and the leading term is a,, b, x™*™. This

term is not zero whenever a,, and b,, are not zero divisors in K.
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The inequalities (1) and (2) of Theorem 17 also remain valid when A = 0 or B = 0, due to the convention
that deg(0) < 0.

DIVISION WITH REMAINDER IN K[x]. We continue to assume that the ring K is associative with unity
1; hence, the same is true for K[x]. From now on, it will be more convenient to write polynomials in K[x] in
descending order of powers of x, rather than ascending order.

Theorem 18. Let

A=apx™+ ap_ 1 x™ 1+ -+ a;x+ag, B=byx™+ by x" 1+ -+ byx + by

be two polynomials in K[x], where B # 0 and the leading coefficient b,, has an inverse element b, in the
ring K. Then:

1. There exist unique polynomials Qcf, Rjer: € K[x] such that

A = Qepr * B+ Riepes degRleft <degB.
2. There exist unique polynomials Q,igne, Ryigne € K[x] such that
A=B- Qright + Rrightl deg Rright <degB.

Proof. The polynomials Qs and R, are called the left quotient and the left remainder when dividing A
(the dividend) by B (the divisor). Similarly, Q,;4n¢ and R4y, are called the right quotient and the right remainder.
We establish their existence and uniqueness separately.

(Left division) The existence of such polynomials is established by following the usual scheme of polynomial
long division, but with careful attention to the difference between left and right division in the case when the
coefficient ring K is noncommutative. We begin with the left division.

A X™ + @y x™ 4 ot agx +ag | bpx™ + by x™ 1 4+ -+ byx + by

amxm + amb';lbn—lxm_l + .. {lmb;lxm_ﬂ + (a'm—l _ ﬂ.mb;lbﬂ_l)bglxm_ﬂ_l +

(am—l - ambglbn—l]xm_l + -

If deg A < deg B, then we immediately set Q,rr = 0, Rjfr = A. If deg A > deg B, then we begin by choos-
ing the leading term of the left quotient Q. as a,by;tx™ ™, so that when multiplied on the left by B, the leading
term matches that of A:

Ay b 2™ (b x™ + ) = Qb tx™ T byx™ + o = @y bt (x™ by )X A+ e
= Ay b (b x™ ™M) x™ 4 - = A (b b)) (x™T )X 4 s =y 1 x™TM = g x™
Subtracting this from A, we obtain
A= (Apx™ + amby by x™ 1+ ) = (Apoq — Qb by )x™ 1 + -

which is a polynomial of degree strictly less than m (equal to m — 1 if a,,,_; — a,,b;;*b,_; # 0, otherwise
even smaller).

If the degree of this remainder is already less than deg B, then we take it as R.¢, and set

Qleft = ambrzlxm_n-

If instead the degree of the remainder is still at least deg B, we proceed to determine the next term of the
quotient. This second term (of degree less than m — n) is chosen so that, after multiplying the sum of the two first
quotient terms by B, the resulting product agrees with A in both the leading term a,,x™ and the next term
Aoy x™ L

This process is then continued inductively. At each step, the degree of the current remainder strictly decreases,
ensuring that after finitely many steps we obtain a remainder of degree less than deg B. We take this polynomial
as Ryefe, While Q. is defined as the sum of all the monomials chosen in the successive steps. Thus,

A = Qepr "B+ Rigpe, deg Rigpr < degB.

This description also covers the case of exact division, where R.¢, = 0. In this case we note that

deg(0) = —oo < deg B, and since b,, # 0 (due to its invertibility), we have deg B > 0.

(Right division) The existence of Qy;gx and Ry;gp, is proved in a similar way (they do not necessarily coin-
cide with Q,rr and R.f.), except that the quotient terms are chosen to act on the right of B. Equivalently, we
select the quotient coefficients as indicated and multiply them on the left of B.

A X™ + Ao ™+ o+ agx + ag | bpx™ + by x™ 1 4+ -+ byx + by

ApXx™ + by by ta,x™ T + - bita,,x™ ™ + by (ag,—y — bp_1byptay)x™ T 4+

(am—l - bn—lbglam)xm_l + -

The uniqueness of the quotient and the remainder in both cases is proved in a completely similar way and we
now consider the left division (omitting the index “left” for simplicity). Let two representations be obtained as
follows:

A'=Q-B+R=Q-B+R, degR <degB, degR < degB;
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then (Q — @) -B = R —R.ForQ — @ # 0, we would have deg(Q — @) = 0 and since the polynomial B has
leading coefficient b,,, which is not a zero divisor in the ring K because it is invertible, deg ((Q - Q) . B) =
deg(Q — Q) +deg B > deg B while deg(R — R) <

< max {deg R, deg(—R)} < deg B, which is not possible. Therefore, § = Q. It follows that R— R =0
B =0, i.e., R = R. This completes the proof. =

If the ring K (and therefore K[x]) is commutative, then Querr = Qrigne and Riepr = Ryigne. In this case, the
quotient and the remainder are simply denoted by Q@ and R. The following is a restatement of Theorem 18.

Theorem 18. (Restated) For any polynomials 4, B € K|[x], where the leading coefficient b,, of B is invertible,
there exist unique polynomials Q, R € K[x] such that

A=QB+R=BQ+R, degR <degB.
If R = 0, then B is called a divisor of A. In this case, we also say that B divides A or that A is divisible by B.
DIVISIBILITY OF POLYNOMIALS OVER A FIELD

Let’s study in detail the divisibility properties of polynomials under the assumption that the base ring K is a
field P. Since every field is an integral ring, the ring P[x] is also integral. For any A, B € P[x], the following
properties hold:

deg(A + B) < max {deg A4, deg B},
deg(A - B) =deg A + degB.

Lemmal. Let A, B,C, Ay, Ay, ..., Ay, Cy, Cy, ..., C € P[x]. Then:

1. If A is divisible by B, and B is divisible by C, then A is divisible by C.

2.1f A4, Ay, ..., Ay are each divisible by B, and C,, C,, ..., C; are arbitrary, then

ACy 4 A,C, + -+ Ay Cy,

is divisible by B. In particular, A; = A, and A, C; are divisible by B.

Proof.

1. Divisibility of A by B means that there exists Q; € P[x] such that A = BQ,. Divisibility of B by C means
that there exists Q, € P[x] such that B = CQ,. Then A= BQ, = CQ,-Q, = C-Q,Q,. Setting Q; = Q,0Q, €
P[x], we get A = CQ5. Hence, A is divisible by C.

2. If Ay, A,, ..., Ay are divisible by B, then there exist Qy, Q,, ..., Qx € P[x] such that A, = BQ,, A, =
BQ,,..., A = BQ. Then

A,Cy 4+ AyCy + -+ Ay Cp = BQ,C; + BQ,C, + -+ BQ,Cy = BQ,

where Q = Q,C, + Q,C, + -+ + Qi Cy € P[x]. Therefore, A,C; + A,C, + -+ + A, Cy is divisible by B. =

Lemma 2. Let A, B € P[x]. The divisibility (or indivisibility) of A by B is preserved when both polynomials
are multiplied by any nonzero elements of the field P.

Proof. Suppose A is divisible by B. Then there exists Q € P[x] such that A = BQ. Let ¢,d € P \ {0}. Then
cA = c(BQ) =dB-cd'Q, and since d~* € P, it follows that cd~*Q € P[x]. Thus, cA is divisible by dB. Con-
versely, suppose cA is divisible by dB. Then, there exists § € P[x] such that cA = dB - Q. Multiplying both sides
by c=* (which exists since ¢ # 0) gives A = B - ¢~*d(, and c~*dQ € P[x]. Hence, A is divisible by B. =

Corollary 3.

1. Every A € P[x] is divisible by every B € P[x] with degree deg B = 0; that is, by every nonzero element of
the field P. In other words, dividing a polynomial A by a nonzero constant rescales the coefficients of A and the
guotient remains a polynomial in P[x].

2. I1fdeg A = 0 and A is divisible by B, then degB = 0. =

Remark 19. Unfortunately, pages 67 and 68 of the original Russian Version of this algebra course are miss-
ing. However, the subsequent exposition appears to be largely unaffected by this omission. We apologize for any
inconvenience this may cause.

Remark 20. It is our view that the reconstructed material corresponding to the missing pages 67 and 68 can
be presented in the following general form:

Theorem. (Division Algorithm for Polynomials) Let A, B € P[x] with B # 0. Then there exist unique Q,R €
P[x] such that

A =BQ +R,degR < degB

Definition. A polynomial D € P[x] is called the greatest common divisor of A, B € P[x], denoted by
gcd(4, B), if

1. both A and B are divisible by D;

2. D is divisible by any other common divisor of A and B.

By convention, the gcd is chosen monic (leading coefficient 1).

Lemma 3. If D and D, are both gcd(4, B), then D = ¢D, for some ¢ € P \ {0}. In particular, the monic gcd
is unique.

Comment. Existence of gcds follows from the Euclidean algorithm for polynomials: repeated multiplication
of the Division Algorithm yields the last nonzero remainder, which is the gcd of the two polynomials. =

Theorem-Lemma 1. For any two polynomials 4, B € P[x], with at least one of them nonzero, there exist
U,V € P[x] suchthat UA + VB = gcd(4,B). =
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Remark 21. This result follows directly from the Euclidean algorithm: we express R, in terms of R,_, and
Ry _,, then express Ry_; in terms of R,_, and R, _, and so forth, until R, is represented solely in terms of A and
B. Subsequently, we multiply the polynomials that are factors of A and B by r~1, where r is the leading coefficient
of the last nonzero remainder R,,. This normalization converts R, into a monic polynomial — a polynomial whose
leading coefficient is 1. To avoid unnecessary complexity, we will demonstrate this process with a numerical

example.
Example 24. Let A = 64, B = 28. Then
64 | 28 64 =28(2) +8. 8=164—2(28),
56 2 28=8(3)+4, 4=28-3(8)
28| 8 8 = 4(2):
24 3 4 =28-3(8) =28 — 3[64 — 2(28)]
s |4 = 28— 3(64) + 6(28) = —3(64) + 7(28);
8 2 gcd(64,28) = 4;
0 hereU = -3,V =17.

It is not difficult to show in general that such a representation of gcd(4, B) is not unique (the proof is left to
the reader).

Polynomials A, B € P[x] are called coprime if gcd(4,B) = 1.

Corollary 4. (from Theorem-Lemma 1) A and B are coprime if and only if there exist Uand B such that UA +
VB = 1.

Proof. Statement “=" is a special case of Theorem-Lemma 1. Let’s prove “<”. Let there be such U and B.
Then, by Lemma 1, polynomial 1 is divisible by any cd (4, B) and by Corollary 3, the degree of it is 0, in particular,
deggcd(4, B) = 0. Hence, gcd(4, B) = 1 due to the fact that this polynomial is monic. =

Theorem 19. If gcd(4, €) = 1, then gcd(4, BC) = gcd(4,B). (A,B,C € P[x]; A+ 0,C #0.)

Proof. By Corollary 4, there exist U, V; € P[x] such that

U,A+V,C =1,
and, by Theorem-Lemma 1 itself, there exist U,, V, € P[x] such that
U,A + V,B = gdc(4, B);
multiplying these two equalities, we get
U-A+V-BC =gcd(4,B),

where U = U,U,A + U,V,B + V,U,C € P[x],V =V,V, € P[x]. From here, by Lemma 1, it follows that
gcd(4, B) is divisible by any cd (4, B), and therefore also by gcd(4, BC). Conversely, A and BC are divisible by
any cd(4, B), in particular, by gcd(4, B), therefore gcd(4, BC) is also divisible by gcd(4, B). Since both greatest
common divisors are monic polynomials, it follows from Lemma 3 (which is missing in the original text but has
been reconstructed in Remark 20) that gcd(4, BC) = gcd(4,B). =

Corollary 5. If gcd(4, B) = ged(4, C) = gcd(4,D) = -+ =1, then gcd(4, BCD ...) = 1; in other words, if
a polynomial A is coprime with each of the polynomials B, C, D, ..., then it is coprime with their product. =

Theorem 20. If A is divisible by B and C, and gcd(B, C) = 1, then A is divisible by BC. (A, B, C € P[x]; B #
0,C#0.)

Proof. Under the given conditions, there exists Q € P[x] such that A = BQ. Moreover, by Corollary 4, there
exist U,V € P[x] such that UB + VC = 1. Multiplying the last equality by Q, we obtain

UBQ +VCQ = Q.
Since polynomial BQ = A is divisible by C under the given conditions, Lemma 1 implies that Q is divisible
by C; that is, there exists D € P[x] such that Q = CD. Hence,
A=BQ=B-CD=BC-D,
i.e., A esdivisible by BC. =
REDUCIBILITY OF POLYNOMIALS

A polynomial 4 € P[x], A # 0 (i.e., deg A = 0) is called reducible over a field P (or in the ring P[x]) if there
exist polynomials B, C € P[x] suchthat A = BC, and

0< degB <degA, 0< deg(C <degA. (3)

In other words, A is reducible if it can be expressed as the product of two polynomials over the same field P
with positive degrees. Since deg A = deg B + deg C, each of the inequalities in (3) implies the other. It follows
directly from this definition that polynomials of degree 0 and degree 1 are irreducible.

If a polynomial A € P[x] (that is, over the field P) is irreducible over P and P is an extension of P (i.e., P
P and P is a subfield of P), then A € P[x] (a polynomial over a given field is also a polynomial over any of its
extensions). However, over the extended field P the same polynomial may become reducible. For example, let
P = Qand P = Q(v/2). The polynomial A = x? — 2 belonging to Q[x] (and therefore to Q(v2)[x]) is irreducible
over P, but reducible over P. Indeed, if we try to factor x> — 2 as (x + a)(x + b) with a, b € Q, and writing the
equality in the form x2 + 0 x + (—=2) = x2 + (a + b) - x + ab, we will have a + b = 0 and ab = —2, which
makes a? + ab = 0 and ab = —2. This implies a? = 2, which has no solution in Q. However, over Q(v/2), the
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factorization x? — 2 = (x + v2)(x — /2) is valid. Another example is x? + 1. Over Q, Q(v2) and R this poly-
nomial is irreducible, but over C it factors as x2 + 1 = (x + i) (x — i). (You can verify the irreducibility of this
polynomial over R yourself).

Remark 22. If polynomials A, B € P[x] have a common divisor cd over some extension of the field P, it is
not necessary that cd € P[x]. However, the greatest common divisor gcd(4, B) always belongs to P[x]. This is
because, when computing the gcd using the Euclidean algorithm, only operations on the coefficients that remain
within the field P (addition, subtraction, multiplication, and division) are performed. For example, polynomials

A=x5—x3+x2—2x—2,B=2x3+x?>—4x—2 € Q[x]

have a common divisor cd (4, B) = x — /2 & Q[x], but their greatest common divisor satisfies gcd(4, B) =
x? — 2 € Q[x]. It follows directly from this remark

Lemma 4. If monic polynomials A, B € P[x] are irreducible over the field P, then either A =B or
gcd(4,B) =1. =

Remark 23. Let’s also recall that, due to the absence of zero divisors in the ring P[x], if AC = BC with C #
0, then A = B; that is, both sides of the equality can be divided by a common factor of nonzero degree. This is
precisely Theorem 19 on rings applied to P[x].

Theorem 21. Any polynomial S € P[x] can be expressed in the form S = aA4,A, ... Ay, where a € P is the
leading coefficient of S, and each A; € P[x] fori = 1, 2, ..., k is monic and irreducible over the field P. Note that
the factors A4, A,, ... , A, may include repetitions. For S =+ 0, this factorization is unique up to the order of the
factors.

Proof. For S = 0, we may, for instance, set a = 0 and choose any collection of monic irreducible polyno-
mials A4,, A, ... in any quantity. In this case, uniqueness of the factorization clearly does not hold.

Let S # 0. If S is already monic, we set a = 1; otherwise, we write S in the form S = a - a™1S, where a is
the leading coefficient of S, and a~1S is monic (the element a € P is invertible since a # 0). If this polynomial is
irreducible over P, then, setting a™S = A,, gives the desired factorization S = a4, (with k = 1). In the case
where the polynomial a=1S is reducible, we factor it into a product of two polynomials of lower degree over the
same field P. If at least one of these factors is itself reducible, we factor it further and continue this process itera-
tively. These factorizations can always be performed so that all factors are monic. Since each factorization pro-
duces polynomials of strictly smaller degree, and polynomials of degree 1 are irreducible, the process must termi-
nate after finitely many steps, yielding the expression

S = adA, ... Ay, (4)

where a € P and polynomials A, A,, ... , A, are monic and irreducible over P, and

degA; +degA, +--- +degA; = degS$,

k=0(k=0ifdegS =0,i.e.,S = a). We will prove the uniqueness of expression (4).

Assume that for some polynomial S € P[x], there exist two different factorizations satisfying the theorem
conditions:

S =aA,A,..A, = bB,B, ..B,,

where a # 0 and b # 0 since S # 0. In fact, b = a, because both a and b are the leading coefficients of S,
and all remaining factors in this factorization are monic (assuming k > 0 and [ > 0). Multiplying both sides of
the equality by a™, we obtain

A,A, ...Ax = B,B, ...B,. (5)

The Polynomial A, cannot be coprime with each of the polynomials B, B,, ..., B;; if it were, then by Corollary
5, it would be coprime with their product. However, the product on the right-hand side of (5) is divisible by A,
(since deg A; > 0) because both sides of equality (5) represent the same polynomial. Hence, there exists some B;
(1 <j <) such that gcd(4,, B;) # 1. By Lemma 4, since A, and B; are monic and irreducible, it follows that
A, = B;. Dividing both sides of (5) by 4, on the left and by B; on the right (see Remark 23), we obtain

Ay ..Ay = BB, ..B;_1Bj,, .. B

Applying the same reasoning to the new equality, we identify a factor on the right-hand side equal to A,,
cancel it from both sides, and continue in this manner until one side becomes 1, meaning all factors have been
exhausted. Since both sides are monic polynomials of the same degree, the other side must be also 1. Consequently,
l = k, and the polynomials Ay, A,, ..., 4; coincide with By, B,, ..., By, though not necessarily in the same order.
The statement now follows. =

By grouping identical irreducible factors in (4) (renumbering them accordingly and letting k denote the num-
ber of distinct factor groups rather than the total number of factors), we can write the polynomial S € P[x] in the
form

S=adl- A7 - .- Ak,
where S is an arbitrary polynomial over the field P, a € P, and 4,, 4,, ... , A;, are monic, irreducible polyno-
mials over P, pairwise coprime (and thus distinct). In this case,
r,degA, +1,degA, + - + 1, deg A, = deg$.

The natural number 7; is called the multiplicity of the factor 4; in the product S (j = 1,2, ..., k with k = 0).

The representation is unique up to a permutation of the factors A;j among themselves.

ASSIGNMENT FOR INDEPENDENT WORK.
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(based on A.G. Kurosh, Course of Higher Algebra).
1. Give a purely algebraic definition of the derivative of a polynomial. Derive the rules for
differentiating the sum and the product of polynomials, and explain why results from mathematical analysis
cannot be directly applied here.
2. Let P be a field of characteristic p = 0, and let
S =aAlAZ .. A
be the factorization of S € P[x] into irreducible factors. Prove that

S
m = aAlAz ...Ak,

that is, dividing S by the greatest common divisor of S and its derivative S’ yields a polynomial containing
the same irreducible factors as S, but each to the first power.

3. Investigate the role of the condition p = 0.

VALUES AND ROOTS OF POLYNOMIALS
We already know that in the expression
AX) = apx™ + ap_ x" T+ +ajx + ag

for the polynomial A = A(x) € P[x], the formal variable x is defined as the element (0, 1, 0, ...) of the ring
of polynomials over the field P, and not as “a blank space to be filled with an arbitrary element of P”. Nevertheless,
the operation of substituting x with an element ¢ € P in the polynomial A(x) can be rigorously defined by stipu-
lating that the result of such a substitution is the element

AlQ) =a,c +a,_ ¢+ +actay EP

obtained from c by performing the same operations (in the same order) by which A(x) is obtained from x.
This resulting element A(c) is called the value of the polynomial A(x) atx = c. If A and B are the same polynomial
(writtenas A = B or A(x) = B(x)), then clearly A(c) = B(c) for any ¢ € P. However, the converse does not hold
for every field P. For example, over the field Z, (of characteristic p = 2) consisting of two elements {0, 1}-where
1+ 1 = 0 —the polynomials A(x) = x + 1, B(x) = x? + 1 are distinct yet satisfy A(0) = B(0) = 1 and A(1) =
B(1) = 0. We will not generalize this example here, but note the underlying reason for the phenomenon: the field
Z, contains so few elements that the variety of distinct polynomials over it is much greater than the number of
possible function values.

An element c is called a root of a polynomial A(x) (or of the equation A(x) = 0) if A(c) = 0. The element
¢ need not to belong to the field P over which the polynomial A is defined, it may lie in some extension P of P.
The definition of A(c) remains valid in this case since A(x) € P[x] implies A(x) € P[x]. For example, the poly-
nomial x2 — 2 over the field of rational numbers has no roots in @, but has roots in its extension Q(v2) as well

as in larger (nonminimal) extensions containing it, such as Q(v2,v/3), R and others.

Theorem 22. (Little Bézout’s Theorem, also known as the Polynomial Remainder Theorem) The remainder
upon dividing a polynomial A(x) € P[x] by a monic first-degree binomial x — ¢ (which reduces to a monomial
when ¢ = 0), where ¢ € P, is equal to the value A(c). In particular, A(x) is divisible by x — ¢ ifand only if ¢ is
a root of A(x).

Proof. When dividing A(x) by x - ¢ with remainder, we have

A(x) = (x —)Q(x) + R(x),

where deg R(x) < deg(x — c). Moreover, both the remainder R(x) and the quotient Q(x) are uniquely de-
termined by A(x) and c. Since deg(x — ¢) = 1, it follows that deg R(x) < 0; that is, R(x) is constant and there-
fore an element of the field P. Thus, the equality

A(x) = (x —)Q(x) + R (6)

becomes an equality of elements of P when x is replaced by any element of P. In particular, substituting x =
cyieldsA(c) =(c—c)Q(c)+R=R. =

Thanks to Theorem 22, we can determine whether a polynomial A(x) is divisible by a binomial x — ¢ without
explicitly performing the division. Moreover, there exists an efficient procedure to compute both the remainder R
and the coefficients of the quotient

Q(X) = @1 X" + X2 + -+ g1 + qo,

requiring far fewer multiplications than directly substituting ¢ into A(x). This method is traditionally at-
tributed to William Horner (18th-19th centuries), although historical evidence indicates that it was already known
in China well before the Common Era.

Since the equality of two polynomials implies that the coefficients of corresponding powers of the formal
variable x are identical, expanding the brackets on the right-hand side of the fully written equality (6)

ApxX™ + A x" T+t ax +ag = (6 — ) (Qro1 X+ G x™ 2+ o+ qux +qo) + R
and by equating the corresponding coefficients, we obtain

Ay = qn-1- Qn-1 = Qn,
Ap—-1 = qp-2 — Cqp-1. Qn-2 = CQun—1 +ap_1,
Ap—3 = qn-3 — Cqn—2, Jn-3 = C4p—3 + Ap—3.
where
a; = q; — cqa, 41 = Cqz + az,
a; = dqo —Cqq, qo = Ccq1 + ag,

a, =R —cqq. R =cqq + ap.
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The sequential computation of q,_1, gn_2,..., 41, 9o, R can be conveniently represented using Horner’s
scheme (Table 4).

Table 4
(e [ S a“l/u\ak [l ay g
€ Gr-1 || n-z - Ly O Q=1 q o R
]

O,f’

Example 25. Divide A(x) = 2x7 + 15x® + 240x* — 27x3 + 10x? + 94x + 36 by x + 9 and determine
whether A(—=9) = 0.

In this case, ¢ = —9. After entering the coefficients of the polynomial A(x) in the top row of Table 5, fill in
the cells of the bottom row sequentially from left to right.

Table 5
2 15 0 240 -27 10 94 36
-9 2 -3 27 -3 0 10 4 0

Remark 24. The coefficients of the last row of Table 5 (computed using Horner’s scheme) can equivalently
be obtained by applying synthetic division to the coefficients of A(x) in the usual way:

2 15 0 240 -27 10 94 36 -9
-18 27 -243 27 0 -90 -36
2 -3 27 -3 0 10 4 0

Thus, Q(x) = 2x° —3x5 +27x* - 3x>+ 10x + 4, R = 0, i.e., A(x) is divisible by x + 9, and therefore
A(—9) = 0. If we attempt to verify directly whether —9 is a root of A(x), the calculation would require 8 + 7 +
544 4+ 3 4+ 1 = 28 multiplications. In contrast, using Horner’s scheme the multiplication operation is performed
only 7 times (including one multiplication by zero).

From Theorem 22 it follows that the zero element (¢ = 0) of the field P is a root of A(x) € P[x] if and only
if a; = 0. In this case, Horner’s scheme becomes trivial: to compute the quotient A(x)/x, it suffices to reduce
each power of x by 1 in A(x).

TASK (optional): Describe and justify two variants — “right” and “left” — of Horner’s schemes for polynomi-
als over a noncommutative (but associative) ring with unity.

ABSOLUTE REDUCIBILITY OF POLYNOMIALS OVER THE FIELD C. By the Fundamental Theo-
rem of Algebra, any polynomial A(x) of positive degree with complex coefficients has at least one complex root
¢, € C (The theorem does not apply to a polynomial of degree 0 or negative since in that case A(x) = 0 is not an
equation). By Theorem 22, A(x) is divisible by the binomial x — c;; that is, there exists a polynomial Q,(x) €
C[x] such that A(x) = (x — ¢;)Q,(x). If deg Q; > 0, then @, (x) also has a root ¢, € C (possibly equal to c,), so
that Q; (x) = (x — ¢,)Q,(x) and hence A(x) = (x — ¢;)(x — ¢;)Q,(x). Continuing this process, we obtain a se-
quence of polynomials 4, Q,, Q,, ... each having degree one less than its predecessor. After n steps, we arrive at a
constant Q,, = a, € C, which is the leading coefficient of the original polynomial A(x) (why?). Thus, we obtain
the factorization — unique up to permutation of the linear factors:

Alx) = ay(x —c))(x — ¢3) ... (x =€) (7)

Since polynomials of degree zero or one are irreducible over any field, a decomposition of the form (7) rep-
resents an extremely fine level of factorization. For this reason, we say that polynomials over C are absolutely
reducible in this field (or in the ring C[x]).

If A(x) = apx™ + a,_x™ 1 + -+ a;x + a,, then by expanding the right-hand side of equality (7) and
equating the coefficients of corresponding powers of x, we obtain Vieta’s formulas

n

an * Z Gy, = —Qn-1,

j1=1

n
an Z GG, = An-2s

12j1<jasn

an Z 16, C; = ~An-3
1<j3<jz<jzsn

n

. sy ) — (—1n—1
a, Z Cj,Cj, i, = (D" ay,
1<ji<jz<..<jpsn
A, " C1Cy . Cp = (—1)"ay,
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Vieta’s formulas are usually introduced in school only for the case of real coefficients and roots (often re-

stricted ton = 2).
Let ¢y, ¢y, ..., ¢,y be the distinct roots of the polynomial A. Then the factorization of A(x) can be written as
A(x) = an(x — )" (x — )" ... (x — )",
where 7; denotes the multiplicity of the root ¢; for j = 1, 2, ..., k. In this case, it is clear that
r 41+, =n=degA.

REDUCIBILITY OF POLYNOMIALS OVER THE FIELD R. In the ring R[x], there exist polynomials of
degree greater than 1 that are irreducible over R; for example, x2 + 1. However, it turns out that no such irreducible
polynomials of degree greater than 2 can exist.

Lemma 5. If A(x) € R[x], ¢ € C and A(c) = 0, then A(¢) = 0. In other words, if a complex number ¢ =
a + bi is a root of a polynomial with real coefficients, then its conjugate ¢ = a — bi, witha, b € R, is also a root.

Proof. Let

AX) = apx™ + ap x4+ agx + aq,
where a,,, a,,_4, ... ,aq,a, € R. Suppose that
Alc) = apc + a1 ¢+ -+ a;c+ap =0,
for some ¢ € C. Using the basic properties of complex conjugation, namely
G0, =010, 6 + 6 = 01 + 0y,
and the fact that @ = a for all a € R (in particular, 0 = 0), we obtain
AlQ) = apc™ + ap_c™ T+t aict ag = ap (O™ + a1 () + -+ a T+ ag = A(D).

Since A(c) = 0, it follows that A(c) = 0. Thus, A(¢) = 0, which proves the claim. =

Theorem 23. If A(x) € R[x] and deg A(x) > 2, then the polynomial A(x) is reducible over R.

Proof. Since R c C, the polynomial A(x), with real coefficients, also belongs to C[x]. By the Fundamental
Theorem of Algebra, A(x) has at least one root ¢ = a + bi € C. If c € R(i.e., b = 0),then x — ¢ € R[x] divides
A(x). Hence, A(x) isreducible over R. If ¢ € R (i.e., b # 0), then, by Lemma 5, ¢ = a — bi is also a root. Thus,
x — c and x — ¢ both divide A(x). Since they are distinct irreducible monic polynomials in C[x], they are coprime
by Lemma 4. Therefore, their product (x — c)(x — ¢) = x? — (¢ + ¢)x + c¢¢ divides A(x). Note that ¢ + ¢ =
2a € Rand c¢ = a? + b? € R, so this quadratic factor lies in R[x]. Since deg A(x) > 2, the existence of a quad-
ratic divisor in R[x] implies that A(x) is reducible over R. =

Corollary 6. Every polynomial of odd degree with real coefficients has at least one real root.

Proof. Each non-real complex root of a polynomial with real coefficients occurs in a conjugate pair (by
Lemma 5). Hence, the linear factors (x — ¢) and (x — ¢) can be combined into quadratic factors with real coeffi-
cients. Since the polynomial has odd degree, after pairing all non-real roots there must remain at least one unpaired
linear factor. This factor has necessarily real coefficients since together with the quadratic factors it reproduces the
original polynomial. Therefore, the unpaired linear factor corresponds to a real root. =

Remark 25. Corollary 6 remains valid in the presence of multiple roots. Indeed, if ¢ = a + bi with b # 0 is
a root of multiplicity r, then ¢ = a — bi is also a root of multiplicity r (prove this).

Remark 26. The existence of a real root for a polynomial of odd degree over R can be proved analytically.
The function y = A(x) is defined and continuous on the entire real line (—oo, +). As |x| = +oo, the leading
coefficient of A(x) grows faster in absolute value than the sum of the remaining terms. Hence, there exists a
sufficiently large positive number L such that the sign of A(L) coincides with that of the leading coefficient. Since
deg A is odd, the signs of A(L) and A(—L) are opposite. By the Bolzano Theorem, a continuous functionon [— L, L]
that takes opposite signs at the endpoints, must vanish at least once in that interval. Therefore, A(x) has at least
one real root.

Example 26. This example illustrates Theorem 23. At first glance, the polynomial x* + 4 may appear irre-
ducible over R. However, Theorem 23 implies that this is not the case. One possible approach is to determine all
fourth roots of — 4 and then combine the conjugate pairs of linear factors (we leave this as an exercise). A simpler
method is to use the following algebraic manipulation:

xt+4=(x*+4x24+4) —4x2 = (x> +2)2 - (2x)%2 = [(x?>+2) — 2x][(x®2 + 2) + 2x] =
= (x2-2x+2)(x? + 2x + 2).

Thus, x* + 4 factors into a product of two irreducible quadratics over R.

Theorem 24. (Factorization of Polynomials over R) Any polynomial A(x) € R[x] can be uniquely factored
into irreducible polynomials over R in the following form:

A() = ap(x — )™ o (x — )" (% + prx + 1) o (X% + pix + @)%,

where

® Gp,Cy e, CoP1 G PL Q1 ER,

e 1,7 S, -5 EN,

o the degree condition holds:

et 1+ 25+ -+ 25, =n=degA

e and for each quadratic factor, the discriminant is negative

p?—4q;<Oforalli=1,..,1.=

Remark 27. The discriminants must be negative because otherwise a quadratic trinomial would factor further
into real linear factors, contradicting irreducibility over R[x].
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POLYNOMIALS OVER THE FIELD Q. For polynomials with rational coefficients, the problem of reduci-
bility over the field @ is more subtle than in the cases of C and R. Unlike those fields, there is no general universal
criterion for irreducibility over Q. One useful tool is the Eisenstein criterion, studied in standard algebra textbooks
(e.g., D.G. Kurosh, Course of Higher Algebra). Despite its name, it is not a full criterion, but rather a sufficient
condition for irreducibility. For example, it can be applied to show that the polynomial x™ + x™ 1 + -+ x + 1
is irreducible over Q for any n > 0. This already demonstrates the existence of irreducible polynomials of arbi-
trarily large degree in Q[x]. Thus, in practice, the main question shifts from general reducibility to the more con-
crete problem of finding all rational roots of a given polynomial.

It is convenient to regard the coefficients of the polynomial A € Q[x] as integers. This does not affect the
generality of the problem of finding roots because the roots clearly remain unchanged if the entire polynomial is
multiplied by any nonzero number, in particular, by the least common denominator of all fractional coefficients.
Thus, we may assume that

AX) = apx™ + a1 x" 1+ -+ ayx + ag € Z(x)

is a given polynomial with integer coefficients (i.e., defined over the ring Z, and hence over the field Q). We
first consider integer roots, noting that the root 0 (together with its multiplicity) can be identified immediately.

Theorem 25. If x, # 0 is an integer root of a polynomial A € Z(x), then x, must be a divisor of the constant
term a, of A.

Proof. From

A(xg) = apx™ + Qo1 X" 1+ o+ ayxy +ap =0,
it follows that
Ao = Xo* (—anXe" ! — @1 X" 2 — o — ay).

Thus, x, divides a, (x, | a, ), as claimed. =

By Theorem 25, all integer roots of a polynomial can be determined (or their absence established).

Example 27. Consider the polynomial

A(x) = 2x7 — 2x° — 9x° — 7x* — 4x3 — 4x? — 5x — 3.

The divisors of the constant term are +1 and +3. Hence, any integer root must belong to this set. To test these
candidates, it is convenient to use the Repeated Horner’s Scheme (also referred to as the Multi-stage or Multi-story
Method). In this scheme, the steps (“stories”) that produce a nonzero remainder R are omitted (we shade them in
practice; see Table 6). Each root, since it may occur with multiplicity, requires at least two successive stories.

Table 6
2 ) -9 -7 -4 -4 -5 -3

1 2 0 -9 -16 -20 -24 -29 -32 1 is not a root.
-1 2 -4 -5 -2 -2 -2 -3 0
-1 2 -6 1 -3 1 -3 0
-1 2 -8 9 -12 13 -16 -1 is a root of multiplicity 2.
3 2 0 1 0 1 0

3 2 6 19 57 172 3 is a root of multiplicity 1.
-3 2 -6 19 -57 172 -3 is not a root.

Thus, the polynomial A has two integer roots: x = —1 (with multiplicity 2), and x = 3 (with multiplicity 1).
The quotient obtained by dividing A(x) by (x + 1) 2(x — 3) is the fourth-degree polynomial 2x* + x2 + 1, whose
coefficients appear in the last unshaded row of Table 6. This polynomial does not have any real roots since its
values are strictly positive for all x € R.

In Example 27, only four numbers were subject to verification. However, if the constant term has a large
number of divisors, some of them can be eliminated in advance, even before applying Horner’s scheme, using the
following considerations:

1. The direct computation of A(1) and A(—1) does not involve any multiplication and is computationally
simple. Since both +1 divide any constant term a, # 0, they must always be checked.

2. Any other divisor x, # +1 cannot be a root of A if at least one of the numbers A(1)/(x, — 1) or
A(—1)/(xy + 1) is not an integer. Indeed, for any integer root x, # +1 of A(x) = (x — x7)Q(x), Q(x) € Z(x),
it follows that A(1) /(1 — x,) = Q(1), A(—1)/(1 + x,) = Q(—1) must both be integers.

Example 28. Consider the polynomial

A(x) = 3x® — x% + 9x* + 3x% — 56x2 + 54x — 12.

Since A(1) = 0, we conclude that x = 1 is a root. Using Horner's scheme (or direct polynomial division), we

establish that its multiplicity is equal to two. Indeed, dividing A(x) by (x — 1)? gives the polynomial
Q1(x) = 3x* + 5x3 + 16x? + 30x - 12,

for which, clearly, x = 1 is not longer a root. In this case, Q;(1) = 42, Q,(—1) = —28. Hence, —1 is not a
root either (otherwise we would divide @, (1) by x + 1 as many times as the multiplicity of that root). Now, the
divisors of the constant term —12 to be tested are: +2, +3, +4,+6,+12.
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Candidates x, = —3,—4, 6,12, —12 are rejected since for them the numbers 42/(x, — 1) are not integers.
Similarly, for x, = 2,4, —6, the numbers —28/(x, + 1) are not integers. (Candidates already excluded need not
be tested again). Thus, only x, = —2 and x, = 3 remain, which must be tested using Horner's scheme (Table 7.)

Table 7
3 5 16 30 -12
-2 3 -1 18 -6 0
-2 3 -7 32 -70 -2 is a root of multiplicity 1.
3 3 8 42 120 3 is not a root.

Thus, A(x) has the following integer roots:
x, = 1 (of multiplicity 2), x, = —2 (of multiplicity 1).

After dividing A(x) by (x — 1)2(x + 2), we get the polynomial
Q,(x) =3x3 —x? +18x -6,

which has no integer roots.

To find all rational roots of a polynomial, we use the following result:

Theorem 26. If A(x) = x™ + a,_x™ 1 + -+ a;x + a, € Z(x) is a monic polynomial with integer coeffi-
cients, then all its rational roots are necessarily integers.

Proof. Assume the contrary: Suppose A(p/q) = 0, where p # 0, g # 0, 11 are integers, and the fraction p/q
is irreducible, i.e., gcd(p,q) = 1. Then

(/D" + an_1 (/D" + -+ a1(p/q) + a; = 0.
Multiplying through by g™~ and rearranging gives
= (@™ " g+ apg™ T+ agq" ).

The right-hand side is an integer, so the left-hand side must also be an integer. But since ged(p,q) = 1, it

follows that gcd(p™, q) = 1. Thus, % is already in lowest terms, which forces |q| = 1. This contradicts the as-

sumption that g # +1. Therefore, every rational root of a monic polynomial with integer coefficients is necessarily
an integer. =

By Theorem 26, all rational roots of the polynomial

AX) = apx™ + Ao X"+ ap_xV + o+ agx + ag € Z(x),

where a,, # 0, can be determined as follows. Multiply the polynomial by a”*~* (which does not change the
set of roots), and introduce a new formal variable y = a,x. Then the polynomial a?~*A(x) can be rewritten as a
monic polynomial in y:

B(y) =y" + an_ 1y + @y 0,y + o+ agan T2y + agan

Note that, according with the general definition of the ring K of sequences and its polynomial subrings, this
substitution of the formal variable amounts to expressing the polynomial (ag, a4, ..., @) in terms of the powers of
the element y = (0, a,, 0, ..., 0), rather than in terms of x = (0,1,0, ...,0). The ring K[y] of polynomials in the
variable y is isomorphic to the ring K[x]; the natural isomorphism should be written explicitly.

And so, each rational root x, of A(x) corresponds uniquely to a rational root y, = a,,x, of B(y). By Theorem
26, this root y, must be an integer. Consequently, all rational roots of the original polynomial A(x) can be obtained
by finding all integer roots of B(y) and dividing them by a,,.

Thus, in Example 28, the polynomial

Q,(x) =3x3—x2+18x-6
was considered. This polynomial has no integer roots; however, since it is not monic, fractional roots may
exist. Multiplying Q, by 3% and making the substitution y = 3x, we obtain the monic polynomial
B(y) = y® —y* + 54y — 54,
which, in this case, factors immediately as
B(y) = (y - D(y?* + 54).

This factorization spares us from testing the numerous divisors of 54. The quadratic factor y2 + 54 is strictly
positive for all y € R, while the linear factor gives the simple root y, = 1. From this, we deduce the rational root
x, = 1/3 also of multiplicity one (this should be verified rigorously) of the original polynomial

A(x) = 3x® — x% + 9x* + 3x% — 56x2 + 54x — 12.
Thus, besides the rational roots x = § 1, and - 2 (the latter two found previously), the polynomial A(x) has

no other rational roots.
EMBEDDING A RING INTO A FIELD

As is well known, in the ring Z of integers, division is not always feasible: not for any m,n € Z with n # 0,
there exists a € Z such that m = an. The need to divide numbers into equal parts — arising from both practical and
theoretical considerations — led to the introduction of fractions. This ultimately resulted in the extension of the ring
Z into the field Q of rational numbers. Let’s now generalize and rigorously justify this historical process.

We have already studied field extensions; here, however, we must extend not a field but a ring, in such a way
that the new structure strictly contains the original ring (or an isomorphic copy of it) as a subring, while itself
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forming a field. Since every field is also a ring, the notion of a subring is meaningful (similarly, a subfield of a
ring is simply a subring that is, in fact, a field). The construction of a field containing a given ring — or an isomor-
phic image of it — as a subring is called an embedding of the ring into a field.

Now, since every field is associative, commutative and free of zero divisors, it follows that each of its subrings
also satisfies these properties. Thus, these are necessary conditions for a ring to be embeddable in a field. Remark-
ably, these conditions are not only necessary but also sufficient: whenever a ring satisfies them, there exists a
unique (up to isomorphism) minimal field into which the ring can be embedded.

Theorem 27. (Field of Fractions and its Uniqueness) Any associative and commutative ring K without zero
divisors (called integral ring) admits an embedding into a field, and all minimal fields containing K as a subring
are isomorphic to one another.

Proof. First, consider the trivial ring ({0}, +,-). This ring is a subring of the field Z,, which is minimal since
every field contains at least two distinct elements, 0 and 1. Moreover, a field consisting solely of 0 and 1 is unique
up to isomorphism (to be proved separately).

Now let K = (M, +,-) be a nontrivial associative and commutative ring without zero divisors. In such a ring,
the product of finitely many elements is well defined (associativity), and any equality may be reduced by cancelling
a common nonzero factor (absence of zero divisors).

(Construction of the formal fractions) Let’s define M2 < M? so that

M2 = {(x,v) E M X M:v # 0}.

Since K is nontrivial, we have MZ # @. For convenience, we denote an ordered pair (x,v) by the formal
fraction x/v. On M3, introduce the relation (x,v) ~ (y,w) < xw = yv. This is an equivalence relation:

o Reflexive: xv = xv.

e Symmetric: If xw = yv, then yv = xw.

e Transitive: If xw = yv and yu = zw, then multiplying gives xwu = yvu = zwv, hence xu = zv.

The set of equivalence classes under this relation will be denoted by M = MZ / ~. Each class is represented
by a formal fraction x /v, corresponding to the equivalence class of (x, v). We now define addition and multipli-
cation on M so as to reproduce the familiar arithmetic operations with fractions.

(Arithmetic of fractions) Let £, 9 € M and choose representatives x/u, y/v from these classes. Define

X+9=I[(xv+uy)/uv], -9 = [xy/uv],

where brackets denote the equivalence class in M. Since u # 0,v # 0 and K has no zero divisors, we have
u- v # 0. Hence, both operations are well defined on MZ. The independence of representatives holds: if x’/u’ =
x/uandy'/v' =y /v, then x'u = u'x and y'v = v'y. It follows that

v +uy uww =xvuww +u'y'w =x'u-v'v+uu-yv=ux-vv+uu-vy=uv(v+uy),
ie, (xv'+u'y")/u'v' = (xv + uy)/uv. The analogous verification for multiplication is immediate. Thus,
the binary operations defined above are consistent, and (M, +), (M, -) are well defined groupoids.

Both groupoids are associative and commutative. Indeed, let £, 9,2 € M and let x/u, y/v, z/w be represent-
atives of these classes. Since (xv + uy)/uv € £ + ¥, we obtain

[(xv +uy)w +uv-zl/(uv-w) = [(xv + uy)/uv] + z/w € (X + §) + 2.

On the other hand, since (yw + vz )/vw € y + Z, it follows that

[x-vw+ulyw +v2)]/(u-vw) =x/u+ [(yw +vz)/vw] € X + (J + 2).

But the left-hand side of these two fractions are equal (in fact, in this case they even coincide); hence they
represent the same class. Therefore, (X +9) + 2 = X + (¥ + 2). Similarly, the relations

+y=9+2%x (X9)2=202),xy =yx

are verified without difficulty.

In the groupoid (M, +), the neutral element O is the class of fractions of the form 0/t (t # 0), and the opposite
for the class £, which contains the fraction x/u, is the class (—&), which contains (—x)/u. Thus, (M, +) is an
abelian group. The neutral element 1 of the groupoid (M, is the class of fractions of the form t/t (t # 0), and
the inverse of the class £ # 0, containing the fraction x/u (x,u # 0), is the class £71, which contains u/x. Eve-
rything stated in this paragraph, including distributivity (9 + 2) = £y + X2, can be verified directly.

Thus, for the algebraic system denoted by P = (M, +, ), all conditions of the field definition have been sat-
isfied (albeit in a different order). Hence, P is a field.

(Embedding of K into P) Recall that a homomorphism is a mapping between two algebraic structures of the
same type that preserves their operations. A bijective homomorphism is called an isomorphism since in this case
the inverse mapping is also a homomorphism. Now, let’s select a subset M, < M consisting of classes of fractions
of the form xt/t (t # 0), and show that the system K = (M +, -), with the same (induced) operations of addition
and multiplication as in the field P, is a subring isomorphic to the original ring K. To establish this, it suffices to
verify that (M, +) and (M) are groupoids, and to construct a bijection f: M — M, such that f is simultaneously
an isomorphism from (M, +) onto (M, +) and from (M,") onto (My,").

If £, € M, xt/t € % and yt/t € 9, then the class £ + y contains the fraction

(xt-t' +t-yt)/(t-t") = (x+y)- tt'/tt,
and therefore, also belongs to M. Similarly, the class % - § contains the fraction
(xt-yt')/(t-t") = xy - tt'/tt’,
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whence % - € M. The class —% contains the fraction (—x)t/t and consequently —% € M. We now define
f(x) = x forany x € M, where x is the class of fractions of the form xt /t. We will show that the mapping f: M —
M, is an isomorphism of the rings K and K.

Injectivity: From £ = 9, i.e., xt/t = yt'/t' for any fractions xt/t € X and yt'/t' € 7, it follows that xtt’ =
ytt'. By cancelling tt" # 0, we obtain x = y. Hence, f is injective.

Surjectivity: Every element of M is of the form xt/t for some x € M.

Homomorphism: From the definitions of addition and multiplication in M, one checks that

fx+y)= f)+fO)and f(xy) = fF(x) - fF(¥).

But these properties were already established when proving that (Mg, +) and (M,*) form groupoids. There-
fore, f is an isomorphism of rings, and K = K < P.

Thus, the ring K = (M, +,) is isomorphic to the subring K = (M +, -) of the field P = (M, +, -).

(Uniqueness) Let P be the minimal field containing K as a subring. For any x,u € M with u # 0, in P there
exists an element xu~! (not necessarily in K); we assign to it the corresponding class, namely, the element of the
field P representing the fraction x/u. This correspondence between certain elements of P and all of P is well
defined since the equality xu™! = yv~1 is equivalent to xv = yu, that is, the equality of the classes containing
fractions x/u and y/v. Moreover, the sum and product in P correspond to the sum and product of their images in
P since xu™t +yv~! = (xv + uy)(uv)~! and xu~! - yv~! = (xy)(uv)~!. Consequently, P is isomorphic to
some subfield of P, and by minimality, P itself must be of this form. Thus, all minimal fields containing the given
ring K as a subring are isomorphic to the field P, and hence to each other.

(Conclusion) Every integral ring K embeds into a field P, called its field of fractions. Any two minimal fields
containing K as a subring are isomorphic to P. =

If K, is an arbitrary associative and commutative ring without zero divisors (i.e., an integral ring), then the
polynomial ring K, [x] has the same properties. The minimal field containing K,[x] as a subring is called the field
of rational functions over K.

Questions.

1. What is the field of rational functions over a trivial ring? Over the finite field Z,?

2. Can the field of rational functions over a nontrivial ring K, (an integral ring) be obtained by first embed-
ding K, into a field P, and then constructing the field of rational functions over P,?

We now assume that for the initial ring K, we have taken a field P. It is natural to view the field of rational
functions over P as its simple transcendental extension, denoted by P (x), since the element x does not satisfy any
algebraic equation over P (why?). The elements of P(x) are fractions of the form A(x)/B(x), A(x), B(x) € P[x],
B(x) # 0, considered up to cancelation of common factors in the numerator and denominator. Note the distinction
between P(x) and P[x]. The established expression “rational function” for such fractions is somewhat misleading,
because two equal fractions (i.e., the same element of the field P(x)) do not necessarily coincide as functions of
the variable x € P. For example,

x(c = D/[G3+ D — D] =x(x+2) /[(x* + Dx +2)]
in the sense of equality of fractions over the field R since
x(x—1D) -3 +DE+2)=03+D(x—1) x(x + 2).

However, when consider as functions, they differ: at x = 1, the left-hand side is undefined, while the right-
hand side takes the value %2; at x = —2 the left-hand side equals 2/7, while the right-hand side is undefined. Such
discrepancies occur only at finitely many values of x. After complete reduction of fractions, the resulting functions
coincide wherever they are defined (or fail to exist at the same points). Hence, in mathematical analysis, the dis-
tinction between “rational function” and “fraction” is not particularly problematic. To simplify notation, we shall
omit the explicit “(x)” in the symbols (in capital letters) of polynomials whenever the same variable is understood,
but not a specific value.

Let B € P[x] be a polynomial of positive degree, irreducible over the field P. A fraction of the form A/B",
A € P[x], degA < deg B, r € N, is called a simple fraction with respect to B. By convention, we also include the
zero element of the field P(x) among such fractions, which may be regarded as the special case deg A < 0.

Theorem 28. (Partial Fractions over a Field) Let C/S € P(x), where S = aB;*B}? ... B,:"" is the factorization
of the polynomial S into irreducible monic polynomials B;, B, ..., B;, with exponents ry, 15, ..., 1, and a € P. Then
the fraction C/S can be expressed, in one and only one way, as a sum of a polynomial and simple fractions with
respect to By, B,, ... , B, whose denominators are among

By, B?,..,B]*, By, B}, .., B,%,..., By, B, ..., B,*.

Proof.

(Reduction of the scalar factor) Because a # 0 (otherwise S = 0, which is impossible), we may assume with-
out loss of generality that a = 1. Indeed, if a # 1, we replace the numerator C by a™C.

(Existence) We first prove the existence of the desired representation, beginning with the special case k = 1,
i.e., when the denominator of the given fraction has the form S = B

Dividing C by B, we obtain C = BQ,_, + 4,, deg A, < deg B, where the notation of the quotient Q,_, and
remainder A, will soon prove useful. Hence,

C/S=C/B" = Q,._,/B""*+A,/B",
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where the second term is a simple fraction (possibly zero). Dividing Q,._; further by B, we obtain Q,_; =

BQ,_, + A,_;,degA,_; <degB, whence
Qr—l/Br_1 = Qr—Z/Br_2 + Ar—l/BT_l-
Therefore,
C/S=Qr2/B"?+A, /B +A,/B,
where the last two terms are simple fractions. Continuing this process, we arrive at
C/S=Q,/B+A,/B*+--+A,_/B"" 1+ A,/B".
Finally, dividing Q, by B, we obtain
C/S=Q+A,/B+A,/B*+ -+ A,/B",

where Q, A4, A,, ..., A, € P[x], and all fractions on the right-hand side are simple. This proves existence for
k=1.

(Induction on k) Let k > 1. Recall that our convention regarding the omission of the multiplication symbol
sometimes makes it possible to write products without brackets. In the expansion

S=B' B ..Br*

the two factors B;*and B,? ...B,:"" are relatively prime. The reason is that the B; are distinct irreducible,
gcd(By, By? ... B.¥ ) = 1, hence also ged(B;*, B2 ... B,* ) = 1. By Corollary 4, there exist polynomials U,V €
P[x] such that

U-B*+V-B?..B*=1.
It follows that C = CV - B, ...B,* + CU - B;*, and hence
C/S =CV/B* + CU/(B,? .. B).

The first term, as we have already established, admits a representation as the sum of a polynomial and simple
fractions with respect to B;. Proceeding with the second term in the same way as for the case k = 2, and analo-
gously treating the original fraction C/S when k > 2, after k steps — and collecting all polynomials of type Q —
we arrive at the desired representation (the general form of which will be introduced a little later). This completes
existence by induction.

(Uniqueness) Suppose that

C/S=Q++A/Bl +- =Q+-+A/B] + -

are two different representations, where A # A (1 < i < k, 1 < r < r;). Thus, there exist two simple fractions
with the same denominator B{, but different numerators. Such fractions must necessarily occur (why?). Among
all such pairs, let’s choose one with the largest exponent r. Multiplying both sides of

(A-A)/B =0 -Q+-

by
B/* ..B/'*B]T'B/*1 B,

we obtain an equality in which the left-hand side still contains simple fractions, while the right-hand side
becomes a nonzero polynomial — a contradiction (why?).

Hence, uniqueness holds, and the theorem is proven. =

Remark 28. To represent the original fraction as the sum of a polynomial and simple fractions in general form,
note that the numerators of the terms associated with different denominators B; are distinct. Therefore, their nota-
tion requires two indices: A;; denotes the numerator corresponding to the denominator Bij fori=1,2,..,kand
j =1,2,...,1;. The representation, whose existence and uniqueness are guaranteed by Theorem 28, takes the gen-
eral form

C/S= Q+Ay/By+App/BE + -+ Ay, /B +
+Ay1/By + Ay /BE + -+ Azrz/Bzr2 + (8)
+ Ag1/By + Aia/Bip + - + Akrk/B;k!

the indices are read digit by digit: e.g., A;; is read as “A one one” (not “A eleven”), and Ay, as “A one r;”.
By convention, the indices are not separated by a comma (sometimes one writes Ay, ), but not A, ;). In (8),
Q,A;; € P[x],degA;; <degB; foralli = 1,2,..,kandj = 1,2,...,7;. If A;; = 0, then the corresponding fraction
represents the zero element of the field P(x) and that term disappears from (8) when its numerator vanishes.

In the particular case P = R, considering the reducibility of polynomials over the real field, we obtain the
following result.

Corollary 7. Every fraction C/S € P(x), where

S=alx—c)™..(x —c)*(x% +pyx + q)%* ... (x% +px+q)*,

with

@,Cqy e ClrP1r oo » QL E R Ty, o, T, S1y o, 5, EN, P72 —4q; < Oforalli =1, ...,1,

is uniquely representable as a sum of a polynomial over R and simple fractions:

C/S=Q+ ay/(x—cy) +ap/(x—c)*+ -+ ay,, /(x—c)* +
ot g /(=€) + Qe /(X = )P+t e, /(X = )R+
+ (Brax +v11) /(0 + pix + q1) + (Biox +y12) /(0 + prx + q1)* +
oot (Busy X + V15, )/ (7 + P12+ @)% + et
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+ Bux +vi)/x* +pix + q) + Bax +v2) /(% + pix + q)* +
+ 4 (Bisx + ¥1i5,) /(6% + pix + g%,

where all coefficients

A1) s Akrper Pr1s oo Bisp Vits o Vis; E R =

In practice, it is convenient to find such a representation not by the general scheme of Theorem 28, but rather
by the method of undetermined coefficients. To avoid cumbersome formulas, we illustrate the problem with an
example.

Example 29. (Partial fraction decomposition) Consider

C =8x7 4 4x° + 2x5 + 11x* + 15x3 + 9x% + 10x + 11,

S =8x%+4x5 — 2x* —5x3 — 2x% + 4x — 1.

(Division of C by S)
4x5+16x*+17x3+5x2+11x+11
8x6+4x5+2x*—5x3-2x2+4x-1"

¢
- - S
(Factorization)

(x+1)(4x*+12x3+5x2+11)
(x4+1)@x-1)3(x2+x+1)

(Cancellation and monic denominator)
1
=x+i—"—=3
(x —%)3(x2+ x +1)
Here we not only reduced the fraction by cancelling (x + 1), but also made the denominator monic by mul-
tiplying the numerator by 1/8. In the resulting fraction we have

1
k=1=1, Ck=C1=;:rk=7’1=3;pz=P1=CI1=CI1=1'51=51=1-
We now write the fraction as a sum of simple fractions with undetermined coefficients (not yet defined ex-
plicitly):

443,34 5,2, 11
xt+ 23+ o +

14,333,522, 11
oo+ g B v Sx+e

= + + :
e A N

3
(Reduction to a common denominator) Multiplying both sides by (x - %) (x? + x + 1), we obtain the
polynomial identity

1)? 1 1)°

a(x _E) (x2+x+1)+,8(x —E)(xz+x+1)+y(x2+x+1)+(6x+£)<x _§>
1 3 5 11
a4y 23,22
—zx +2x +8x + P

(Expansion and coefficient comparison) Expanding the left-hand side, grouping by powers of x, and equating
coefficients gives the system
a+6=1/2,
B-28+e=3/2,
1 1 3 3 _
ZCI +3Eﬁ +1]/ +15 —158 = 5/8,
1—Za1+ EB + '}/1— g&' =0,
Za_E‘B +]/—§€ = 11/8,
(Solving the system)
a =%,B =0y=186=—-1,e=0.
(Final representation)
c % 1 3 8 x

x

- =x+—+—F=—"5—=x+ + - .

S x—% (x _1)3 x2+x+1 2x-1  (2x-1)3  xZ+4x+1
2

Remarks 29. In general, the system of equations for the unknowns a1, ..., B;s,, v15, Will always have a unique
solution. This follows automatically from the existence and uniqueness of the partial fraction decomposition (Cor-
ollary 7). (As an exercise, one may verify that the number of equations coincides with the number of unknowns,
though this fact alone does not guarantee solvability or uniqueness; the general theory of such systems is studied
in linear algebra courses.)

A separate justification for the process described in Corollary 7 is unnecessary, as it constitutes an immediate
consequence of the proof of Theorem 28 itself. Only one subtle point (which, apparently, not everyone noticed)
requires clarification. Specifically, in equality (8) we immediately took the quotient of dividing C by S as Q. Then,
in the course of the proof, this polynomial gradually developed from many terms. One might ask: could this process
introduce any additional terms beyond the original quotient?

In fact, from the uniqueness of the representation C = SQ + R, degR < degS$, it follows that the representa-
tion C/S = Q + R/S is also unique, where the fraction R/S is proper (the degree of the numerator is less than that
of the denominator). Since every simple fraction is proper, the only gap in the proof is to confirm that the sum of
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proper fractions remains a proper fraction. We recommend proving this general statement independently, and, as
a simpler exercise, verifying that the product of proper fractions is also a proper fraction.

Question. Will the ratio of two proper fractions itself be a proper fraction?

Finally, in the context of mathematical analysis — where Theorem 28 and Corollary 7 are applied primarily to
the integration of rational functions — other methods for decomposing a proper fraction into a sum of simple frac-
tions are also studied.

MATRICES

Consider a nine-story building with five entrances. Let a;; denote the total number of residents in those apart-
ments located on the i-th floor whose doors open to the stairwell of the j-th entrance. The distribution of residents
can then be represented by the matrix

11 Q12 Q13 Q14 Ggs
QAz1 Qzz 0Gz3 Qz4 A3
Ag; Qgz (g3 (Ogy Qos

which has nine rows and five columns. This matrix describes the complete distribution of residents in the
building according to stairwell. The entries a;; need not be numerical; they may, for example, represent sets (such
as lists of residents).

(General definition) A (p x q)-matrix over a set M is a function

A:{1,2,..,p} x{1,2,..,q} = M,

which assigns to each ordered pair (i, j) withi € {1,2, ...,p}, j € {1,2, ..., q} an element a;; € M. The nota-

tion for a matrix is written as

a;; Qi 0 Oyg

A1 Gz -t Ozq
A=(ay) = (aij)pxq =1 : T

Gp1 Gp2 " Opg

where the indices p and q, denoting the numbers of rows and columns, may be omitted when the context
makes them clear. Two (p x q)-matrices 4 = (aif)qu and B = (bii)qu are said to be equal, written A = B, if

and only if a;; = b;; foralli € {1,2,...,p} and j € {1, 2, ..., q}. It is not meaningful to speak of equality or ine-
quality between matrices of different sizes (even if they share the same p or q).

Let K = (M, +, -) be a ring. The sum of two (p X g)-matrices with entries in K (that is, in M) is defined
componentwise, meaning entry by entry. If A = (aif)pxq' B = (bii)qu’ then

asq as, alq b11 b12 blq
e I ] B e ] =
Qp1 Qpz = Opg b,y by; -+ by,
aj1+ by appt b, v Aigt blq
Az1+ by Ayt byy o Ayqt+ qu _
- : : : = (ay + bij)qu'
ap1+ bp]_ ap2+ bpz apq+ bpq

With respect to addition, the set of all (p x g)-matrices (with fixed p and g) over K forms an abelian group.
The neutral element is the zero (p X g)-matrix, denoted by (Oii)qu’ whose entries are all equal to the zero element

of the ring K. For any matrix A = (aij), the additive inverse is given by —A = (—a;;). Defining the product of
matrices is a more subtle matter, but it is also considerably more interesting.

The componentwise multiplication of matrices, (aij)pxq . (bij)pxq = ((ai}-) . (bij))pxq gives rise to a ring
of (p X q)-matrices that inherits the essential properties of the underlying ring: commutativity, associativity, the
existence of a unity, the absence of zero divisors, and the invertibility of nonzero elements. This componentwise
product, introduced by J. Hadamard, is well known in combinatorial analysis. However, the corresponding matrix
ring, considered as an algebraic system, is of particular interest not because it involves new objects such as matri-
ces, but because its structure can be more naturally explained through the already well-studied framework of pol-
ynomials.

Let’s suppose that, for infinite sequences of elements of a ring K, we define multiplication in the same com-
ponentwise fashion as addition:

(ag,aq, ay, ...) - (bg, by, by, ...) = (aghy, a;by, ayb,, ...).

Clearly, this again produces a ring that is structurally as “good” as the original ring K (a fact that can be
checked and verify). However, in this construction the situation is quite limited: if an element d is given by an
expression such as ab + c, then the i-th term of the resulting sequence satisfies d; = a;b; + ¢;, i =0,1,2, ... S0
that each term depends only on the corresponding terms of the original sequences. No interaction occurs between
different indices. In this sense, the resulting ring of sequences is nothing more than a “mechanical mixture” of
infinitely many independent copies of the ring K.
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By contrast, consider the alternative definition of multiplication:

(ag,aq,ay, ...) " (by, by, by, ... ) = (aghy, aghy + aiby, agb, + aiby + ayby, ...).

Here, the i-th term of the product (for i > 0) is influenced not only by the i-th terms of the factors but also by
earlier terms. This construction leads precisely to the polynomial ring K[x], which represents a qualitatively new
algebraic system. Such a fruitful definition of multiplication is not merely a clever invention, but rather a reflection
of deeper quantitative principles of the real world — principles that find natural mathematical expression in the
operations on polynomials. As other examples — such as the field Q(\/?) the field of complex numbers, and the
subsequent historical development of algebra — demonstrate, such “linking of different components” proves fruit-
ful precisely when it is incorporated into the definition of multiplication rather than addition. Naturally, however,
statements of this kind should not be interpreted categorically since doing so would only restrict scientific creativ-
ity.

In order to obtain a “linked” multiplication of matrices rather than an entry-by-entry product, we consider the
following example.

Example 30. Suppose there are 3 products from which 5 different dishes are prepared by mixing them in
various proportions. Let a;; denote the number of grams of the j-th product required to prepare one gram of the i-
thdish (i = 1,2,3,4,5;j = 1, 2, 3). Furthermore, each gram of the j-th product contains b;; grams of proteins, b;,
grams of water, b;; grams of fat and b;, grams of carbohydrates (these are referred to as the 1st, 2nd, 3rd, and 4th
components of the product, respectively). The task is to determine the component composition of each dish.

To find the amount c;;, (in grams) of the k-th component in the i-th dish (k = 1, 2, 3, 4), one simply sums the
contributions of the three products. For instance, the fat content (k = 3) of the second dish (i = 2) is obtained by
adding up the quantities contributed by the first, second, and third products: c,3 = a,1b,3 + ay,b,5 + az3bss. In
general, the entries of the desired matrix

C = (Cir)sxa

A= (aif)5><3’ B = (bf")3x4’

are obtained from the given matrices

according to the rule

Cix = Qi1b1x + Aiabyy + aizbs, i =1,..,5, k=1,...,4.(9)

Example 31. Here is a more abstract instance. Let the variables x;, x,, x3, x4, x5 be expressed through the
variables y,, y,, y; by the equalities

X1 = a11Y1 T a12Y2 t a13Ys,
Xz = A1Y1 T Az2Y2 + Az3Ys,
X3 = A31)1 + 322 + A33Y3, (10)
X4 = Ag1Y1 T Qg2Y2 + Aa3Ys,
X5 = As51Y1 T AsY2 + As3Ys,

where a;; are constants (for example, real numbers). The variables y,, y,, y3, in turn, are expressed through

24, Z4, Z3, Z4 8S follows:
Y1 = b112y + by52; + by3z3 + D14z,
Y2 = by121 + byzy + by3zz + byyzy, (11)
¥3 = b312y + b33z; + b3323 + b3yz,.

It is required to express the x-variables directly in terms of the z-variables. The solution is obvious: replace
all the y-variables in (10) with their expressions from (11), expand the brackets and group the z-variables. As a
result, we obtain

Xy = €11Z1 + C12Z3 + C1323 + C14Zs,
X3 = €2121 + €323 + C23Z3 + 2424,
: : (12)
X5 = C51Z1 + €522 + C53Z3 + C5aZy,
where the entries of the matrix C = (c;;) are expressed in terms of the entries of the matrices A = (aij) and
B = (bj,) by the same equalities (9) of Example 30.

Of course, it was not the problem of rational nutrition, but the theory of linear transformations that served as
the basis for the creation of the theory of matrices, in which precisely this method of obtaining the matrix C from
A and B plays a key role.

LetA = (a;) and B = (bj) _ be matrices over aring K. The sizes of 4 and B are chosen so that the

pXq qxr

number of columns of the first matrix equals the number of rows of the second. The product A - B is defined to be
the matrix C = (cy)px, With entries
Yi_jaibp (i=1,2,..,pk =1,2,..,7).
Whenever matrices are multiplied without explicitly indicating their sizes, it is always assumed that their
dimensions are compatible as described above; otherwise, the matrix product is not defined. Alternatively, without
introducing C explicitly, the product of a (p x g)-matrix A by a (g x r)-matrix B can be written as
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A-B = (ay),,. .~ (bi) ., = Z @by |

j=1

DPXT
which is, as expected, a (p X r)-matrix.
Matrix multiplication over a ring K is not commutative, even when the ring K itself is commutative.
First, if A = (aif)qu and B = (bif)qu with p # g, then equality A - B = B - A does not even make sense.
Indeed:
e The product 4 - B is only defined when the number of columns of A equals the number of rows of B.
o IfAispxgandBisp xqthenA- B isundefined unless g = p.
e Evenif p = r, the products
(a1)) g (i) 1y = (A Bhpp and (byy) (i), = (B A)gxq
are of different sizes (p X p vs. g X q) and thus cannot be equal.
Second, even when p = q = r so that both products exist and have the same size, they are not necessarily
equal, as shown by the following example.
1 17, 1 0
A_[o 1]’3_[1 1]

Example 32. Let
overtheringZ (p = q =r = 2). Then
12 1 _no1
AB = [1 1]’ BA = [1 2]’

which are not equal.
Therefore, matrix multiplication is not commutative. Moreover, while both distributive laws

AB+C)=AB+ACand (B+C)A=BA+CA
hold, they require proof. We shall prove only the first identity since the argument for the second is similar.
Claim 1. LetA = (al-,-)pxq, B= (bjk)qxr and € = (Cjk)qxr be matrices over a ring K. Then

A(B+C) = AB + AC
whenever the sizes make the corresponding addition and multiplication defined.
Proof. Matrix addition is defined only when the summands have the same dimensions. Thus,
B+C= (b]k + Cjk)

gxr’
Then
q q
AB+0) = z aj(betep) | = Z(aijbjk + a6
J=1 DPXT J=t pPXT
q q q q
= Zaijbjk+2aijcjk = Zaijbjk + Zaijcjk = AB + AC.
Jj=1 Jj=1 j=1 j=1

DXT pXT DXT
This equality holds because the ring K satisfies the distributive law a(b + ¢) = ab + ac =
Claim 2. Let A = (aif)pxq’ B = (bjk)qxr’ C = (cx1)rxs be matrices over a ring K whose multiplication is

associative. Then A - BC = AB - C whenever the sizes make the products defined.

Proof.
r q r
A-BC = (aij)pxq . (Z bjkckl> = Z ai]- (Z bjkckl>
k=1 1 k=1

qxs j=
pXs
r q9 r r P
= Z a;j " bjrcC = Z Z a;jbjy * ey = Z Z a;jbjy * ¢y
j=1k=1 pxs j=1k=1 pxs k=1j=1 pxs
r 14 14
= Z Z a;jbji | cr = Z a;jbji “(Cx)rxs =AB - C
k=1 \ j=1 pxs j=1 pxr

Remark 30. (Entrywise explanation) Fix i € {1, ...,p}and l € {1, ..., s}. Then:
(A-BC)y = X_, a;;(BC) ; (definition of product)

= Zj.’zl a;; (Zr=1 bjxcrar) (definition of (BC) ;)

= N_;1 Xk=1a; * bjecia (expand the double sum)

= N_1 Xk=1 @ijbji iy (associativity in K)

= Yr=1 Z?ﬂ a;;jbjy * ¢y (finite sums can be reordered)
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= Yk=1(2f-1 aijbjic) cq (group the inner sum)

= Yr=1(4B) ¢y, (definition of (AB)y)

= (AB - C); (definition of product).

Since this holds for all i, I, we conclude A- BC = AB - C

(Key properties used)

e Associativity of multiplication in K: a;; * bjicy; = a;jbjy * cx.

o Commutativity and associativity of addition in K: finite sums can be regrouped and reordered.

Due to the associativity of matrix multiplication, the solution to the previous problem of variable transfor-
mations (see Example 31) can be written in a very compact form.

Namely, along with the coefficient matrices

A= (aij)5x3v B = (bjk)3><4v C = (Ccki)sxar
we also introduce the variable column matrices:

X1 7
Xy Y1 Zl
X = (xf)s><1 =1%3],Y = Wax1 = | V2|, Z = (Z2)ax1 = Z; .
X4 Y3 Z4
X5
Then the system of equations (10) can be written equivalently as the single matrix equation
X = AY. (10A)
Similarly, the system (11) is equivalent to the matrix equation
Y = BZ. (11A)

Substituting the expression for Y from (11A) into (10A) and using the associativity of matrix multiplication,
we obtain
X=A-BZ=AB-Z=1CZ,
where C = AB.
But the equality X = CZ is precisely the matrix form of the system (12).
Strictly speaking, the entries of these matrices do not belong to the original ring K over which the coefficient
matrices A and B are defined, but rather to the polynomial ring
K[X1, s X5, Y1, Y20 Y35 Z1) s Za]
in twelve variables over K. However, if we interpret these variables as taking values in K, then all of the
above is valid without additional justification.
If the ring K has unity 1, then the identity (p X p)-matrix

10 1 - 0
b=l
00 - 1,

serves as the left neutral element with respect to multiplication for all (p X g)-matrices, and the identity

(q X q)-matrix I, serves as the right neutral element. Indeed, for any (p x gq)-matrix A over K, one has
Ip ’ (A)pxq = (A)pxq and (A)pxq 'Iq = (A)pxq-

However, when p # g there is no two-sided neutral element, because the set of (p x g)-matrices does not
form a groupoid under matrix multiplication. This resolves the apparent contradiction with the remark on the
unigueness of the neutral element in a groupoid (Theorem 1).

Example 33. The following calculations illustrate that the product of two nonzero matrices over K may be the
zero matrix even when the ring K itself has no zero divisors:

0 1 0
[8 é][(l) 8]=[8 8=(0)2x2:[1 0 1]-[1 1 olz[o 0 0] =(0);xs.
0 -1 0

We shall present additional properties of matrix multiplication as needed.

From the discussion above, it is evident that the set M (K) of all matrices over an arbitrary ring K (even over
a field) does not form a satisfactory algebraic structure of ring type with respect to matrix addition and multipli-
cation. The same holds for any subset consisting of (p x g)-matrices with fixed p and g whenever p # q.

Only when p = q does the set M,,(K) of all square (p X p)-matrices form a ring (Mp (K), +) For brevity,
we shall continue to denote this ring simply by M,,(K). The fact that M,,(K) is indeed a ring — and that properties
such as associativity and the existence of a multiplication identity (but not necessarily commutativity or the ab-
sence of zero divisors) carry over from the base ring K — can be established by collecting and organizing the
relevant statements and examples presented earlier.

The ring M, (K) is clearly isomorphic to K; in fact, it essentially coincides with K if we ignore the notational
distinction between the symbols (aij)lxl = [ay,] and a4;. (You could say this, though it brings to mind O.

Henry’s remark: “She sat in pink dreams and in a kimono of the same color.” And from which novel is this, by the
way?)
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Before examining the rings M, (K) in detail, let’s first consider several important examples of transformations
of (p x g)-matrices achieved by multiplying a given matrix by suitable transforming matrices. Throughout, we
shall assume that the ring K is associative and has a multiplicative identity 1.

Transformation I. (Row permutation, also known as row swap)

Suppose that the matrix A = (ail')pxq (p > 1) over afield K needs to be rearranged as follows: Place the first

row of A in the i;-th position, the second row in the i,-th position ,..., and the p-th row in the i,,-th position. This
arrangement can be achieved by multiplying A on the left by a suitable (p X p) permutation matrix
12 . p
s|.” 2,
i Iy - lp
in which each column contains exactly one entry equals to 1 and p — 1 entries equal to 0; the 1 in the first
column is located in the i;-th row, the 1 in the second column is in the i,-th row, and so on. For example:

0 0 1] [a b c a B y )
SRR R
0 1 0ol la B y 4

where the left factor is the transforming matrix

1 2 3
S [2 3 1]'
Transformation Il. (Row replacement by row sum)

Consider the following modification of a matrix A: the entries of the i-th row are replaced by the sum of
themselves and A times the corresponding entries of the k-th row, where A € K is fixed and i # k. The k-th row
itself remains unchanged. In other words, the transformation

a1 a2 Q1q
air aiz T Qig : : :
ai:1 ai:2 e ayg a;; + Aag, iz + Aag, - ai? + Aay,
: H H - N H
k1 Qkz  * Qkq Qg1 gz Gpg
Ap1 Qp2 * Opg 4. a
p1 Hp2 Opq

is equivalent to left-multiplication of A by the matrix E;, (1) € M, (K), which is identical to the identity ma-
trix I, except that the zero element in the (i, k)-position is replaced by A. Similarly, right-multiplication of A by
the matrix Ey;(1) € M,(K) (with k = j) means that the entries of the j-th column are replaced by the sum of
themselves and A times the corresponding entries of the k- th column For example:

a b—d ¢ d
] 1 [x y—t z tl,
a [? y 6 1 O 1 a B—-8 y 6

where the second factor on the left-hand S|de is the transforming matrix E,,(—1) € M,(K). However, if in
some (4 X g)-matrix it were necessary to replace the second row by its difference with the fourth row, then one
would multiply on the left of A by E,,(—1) € M,(K).

Transformation I11. (Row scaling)

Multiplying the i-th row (i.e., each entry in that row) of a matrix A on the left by 1 € K can be accomplished
by multiplying the entire matrix A on the left by the matrix E; (1) € M, (K), which is obtained from the identity
matrix I,, by replacing the i-th diagonal entry 1 with A. For example:

1 0 O 1 2 1 2
0 0 1 5 6 5 6

Analogously, performing similar operations on the columns of A (instead of its rows) — where multiplication
of entries by A is now performed from the right — is equivalent to multiplying A on the right by the corresponding
matrix E;;(1) € My (K), which is obtained from the identity matrix I, by replacing the j-th diagonal entry 1 with
A. These column-transforming matrices differ from the row-transforming ones not only in size (when p # q) but
also in that the roles of rows and columns are interchanged.

Remark 31. (Elementary transformations)

Transformations of types I-111 applied to the rows or columns of a matrix are called elementary transfor-
mations.

e The corresponding elementary row transformation matrices are:

sl 2 h | B € M0, a2 € My,

where S represents a row permutation, E; (1) (with i # k) represents adding A times row k to row i, and
E;; (1) represents multiplying row i by A.

* The corresponding elementary column transformation matrices are:

S[i11 i22 ] Ej(D) € My(K), Ej; (D) € My(K),
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where S represents a column permutation, E;(4) (with k = j) represents adding 4 times column j to col-
umn k, and E;; (1) represents multiplying column j by 4.
These matrices are collectively called elementary matrices.

Let’s illustrate, with an example, how a sequence of elementary transformations can be expressed
as a product of their corresponding transformation matrices.
Example 34. Let the matrix

a b ¢ d

A=|x y =z tl (over Z)
3x4

1 2 3 4

be subjected to the following elementary operations, in order:

1. Add the first row to the second row.

2. Swap the first and third columns.

3. Subtract twice the fourth column from the first column.

4. Multiply the second row by —1.

Only the first operation is performed directly on A; each subsequent operation is applied to the matrix obtained
from the previous step.

(Stepwise transformation)

a b c d
x+a y+b z+ct+d
1 23 4

R2<R2+R1
_

c b a d
z+c y+b x+at+d
3 21 4

swap C1<C3
_—

c—2d b a d
z+c—2(t+d) y+b x+at+d
3—2(4) 21 4

C1<C1-2C4
_

RZ—R2 c—2d b a d
—2(t+d)—(z+c) —(y+b) —-(x+a)-(t+d)|=4"
-5 21 4

(Matrix Factorization)

Using elementary (row/column) transformation matrices and associativity of multiplication, the same process
can be written as:

12 3 4 123 4
A= En() A= En(A-S[3 5 T 3|2 Eaas[; 5 7 5] Eu(-2

5 En(-1)-En(AS[; 5 3 Y Bu(-2)

= En(-DEx-4-S[; 5 3 e =vav =,
where
1 0 o1 00 [1 0 0
U=E22(—1)E21(1)=[0 1 ol-[1 10 =[—1 1 0],
o o tdloo 1l lo o 1
0 010710 00
12 3 4 0o 100/ |0 1 00
v=sly 5 7 JEaG2=]0 50 ol 01 o
000 tl2 o001
0 0 10
_lo 1 0 o0
1 00 0
2 00 1
(Verification)
1 0 0/ [ab cd
UAV:UA-V=<—1 1 ol-[x z t>V
o o 1li 234

a b c d 8
=|-a—x —-b—-y —c—z—-d-t|" 1

1 23 4 _2

ook e
S oo
= o0 O
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c+d(-2) b a d
=|(-(+2)—-d+t)(-2) —(b+y) —(a+x)—-({d+t)[=4"
34+4(-2) 21 4

Transformation matrices U (for rows) and V (for columns) perform operations on matrix A that are more
complex than elementary ones since they represent a sequence of several elementary operations. When construct-
ing U, the order of the matrices in the product is reversed, while when forming B, the order is direct. It is important
to note that during the process of altering a matrix directly, only the internal order of row operations and the
internal order of column operations must be preserved. However, the two types of operations (rows and columns)
may be interleaved in any way. This follows from the associativity of matrix multiplication (and operations in
general — recall the multiplication of permutations). Thus, in Example 34, writing the transformation as A — UAV
means that the row operations were applied first and the column operations second (with the order in each pre-
served). However, a different alternation of row and column operations had initially been specified. One can verify
independently that if

U' = Ep(1) - Byp(=1), V' = By (=2) -5 3

then U'AV = UAV # UAV'.

It is clear that, in the general case, if the row operations correspond in order to the transforming matrices
Uy, U,, ..., Uy, and the column operations correspond to V;, V,, ..., V,, then the original matrix A will finally trans-
form into UAV, where U = U,,,U,,_, ..Uy and V =V, V, ... Vj,.

Let’s now consider rings of square matrices of order p € N over an associative ring K with identity 1. Each
ring M, (K) is itself associative and has an identity element I = I, (the zero element is the matrix 0 = (Oij)p). In

what follows, for matrices in M, (K) with fixed p, we will omit the explicit mention of the dimension unless
necessary. Our focus will be on the problem of invertibility of elements in the ring M = M,, (K).

A matrix A € M is called nonsingular (or nondegenerate) if it is invertible; that is, if there exists a matrix
A1, called the inverse of A, such that

2 1 i

At-A=4-4"1=1]

Conversely, a matrix is called singular (or degenerate) if it is noninvertible — that is, if not such inverse exists.
Singular matrices include, in particular, the zero matrix.

According to the remark on the uniqueness of the inverse element in a monoid (Remark 3), if for a matrix
A = (a;;) there exist matrices X and Y such that AX = YA = I, then it follows that X =Y = A™%; that is, 4 is
nonsingular. Directly finding the inverse matrix A=* = (xij) amounts to solving a system of p? linear equations
in the p? unknowns x;5, Xy, ... , X,. This is equivalent to a single matrix equation (a;;) - (x;;) =1 or (x;;) -
(ai]-) = I, with the same solution, even when the ring K is nhoncommutative. Thus, the nonsingularity of A is
equivalent to the simultaneous solvability of the systems (a;;) - (x;;) = I and (x;;) - (a;;) = I. If the existence of
solutions in K for both systems is established, then in fact it suffices to solve only one of them. Conversely, if it is
known that at least one of the systems is inconsistent, then A is a singular matrix.

Example 35. Over K = Z¢ (the ring of residue classes modulo 6), consider the ring M,(Z) of (2 X 2)-ma-
trices. Although the elements 2 and 3 of Z, are zero divisors (hence noninvertible), the matrix

[é ;] € M;(Ze)

wof IR 050 5781 St

is invertible: indeed

s0A™! = A.
By contrast, the matrix
_[2 o
B= [o 1]

_[2 0] [*¥11 *12]_1[1 0]_
) o Bx = [0 1] [x21 xzz] B [0 1= I, )
then comparing entries yields the system 2x,; = 1,2x,, = 0,x,; = 0,x,, = 1. The equation 2x;; = 1 has
no solution in Z¢ because 2 is noninvertible, so no right inverse exists and B is singular.
As an exercise, investigate singularity/invertibility of the matrices
2 315 015 1172 1112 1111 510 4
2 3blo shls il olls 1ble 3hla ol
and find inverses for the nonsingular ones.
Example 36. Let A be a (p x p)-matrix over a commutative ring K that is block/upper-triangular in the sense
that all entries below the main diagonal are zero (so the matrix has diagonal entries a;4, az;, ..., app). FiX k with
1<k<p:

is singular: if
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_all a12 a13 o al,k—l alk al,k+1 o alp
0 ay,, ay; - Gk-1 Q2 Aok+1 0 Azp
0 0 az - G3k-1 A3k A3p+1 0 dap
A= 0 0 0 - OGg-1k-1 Qg-1k Ak-1k+1 " Qr-1p],
0 0 o - 0 Ak Ak k+1 Axp
0 0 O -0 0 Ar+1ie+1 " Qr+1p
0 0 O - 0 0 Ap k+1 App

If the diagonal entry ay,, is noninvertible in K, then A is singular. Assume by contradiction that there exists
X = (x;;) with XA = I.
From the p? equations obtained by equating the entries of the matrix

X11Q11  X11012 T X12022 " XpqQqp + X120, + 0+ X1k Okk

X21Q11  X21012 T X220z " XpqQqp + XopQop + o+ + XopQpex
XA =

Xp1Gy1  Xp1lig + Xpalay oo+ Xka ik T XgaGog + o+ Xpee Qe

componentwise to those of the matrix I, we obtain
X11011 = 1,
X21011 = 0, X21Q15 + X202 = 1,
X31011 = 0, X31015 + X3202; = 0, X31043 + X32053 + X33a33 = 1,
1@y = 0, X1 Qg + Xpp Q5 = 0, X @y 1 + -+ X 10 —1,6-1 = 0,
X1y o+ 11 + X Qe = 1.
The first equation implies a4, is invertible so the remaining equalities in the first column force x,; = x5, =

e = xkl = 0-
Now compare entries in the second column using the already-known vanishing of the x;;:
X21012 t X22022 = _1: X32022 =0, ..., X205, = 0, o ) )
and we deduce x,,a,, = 1. Hence a,, is invertible and x5, = -+ = x;, = 0. Continuing this way, we find

successively that ass, ..., ax_1 x—1 are invertible and many x;; vanish, until finally the equation coming from the
(k, k)-entry reads
Xy Qi = 1,
which contradicts the assumed noninvertibility of a,,. Thus, no such X exists and A is singular.
Further important examples of inversion are the transformation matrices already known to us.
Example 37. For any permutation iy, i,, ..., i, of the numbers 1,2, ..., p, the matrix

s|[L 2
I Iy - lp
is nonsingular. Its inverse can be verified directly and is given by
5_1 [11 Uy lz,J 7
1 2 .. p

where the unit of the 1st column lies in the first row, the unit of the 2nd column lies in the second row, and
so forth. Indeed, it is clear that to restore the original matrix A from the product SA, one must move the i, -th row
back to the first position, the i,-th row to the second, and so on. Let’s make Example 37 concrete with p = 3.
Take the numbers 1,2,3. Suppose we choose the permutation (iy, i5,i3) = (2,3, 1).
(Construct S)
1 2 3
s| |

2 31

This matrix encodes:
e the 1st row of A goes to position 2,
o the 2nd row goes to position 3,
o the 3rd row goes to position 1.
So, multiplying SA permutes the rows of A.
(Compute the inverse S71)
12 3 1
S [1 2 3F
This says:
e move row 2 back to row 1,
e move row 3 back to row 2,
e move row 1 back to row 3.
(Test with a sample matrix) Let

.
I

o O Q

N aT
I__l
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Then
e f
a bl

c d
Here the rows are permuted: row 3 is now 1st, row 1 is 2nd, row 2 is 3rd. Now, apply S~1:

ST1(SA) =4

SA =

So, the permutation is perfectly undone.

(Key points used)

e S permutes the rows of matrix A according with the chosen permutation.

e S~ restores the original order.

Example 38. For any A € K, the inverse matrix of Ej; (1) is Ey,(—A4). For instance, when p = 4,i = 2, and
k = 3, we have

1 0 0 0111 O 1 0 0 011 0 O O 1 0 0 O
0 1 A2 0[.|0 1 ‘ lO 1 -1 0‘_[0 1 A 0‘210 1 0 O
0 0 1 0of 0 O 0 0 1 O 0 0 1 0 0 0 1 0f
0 0 0 1410 O 0 0 1 0 0 0 1 0 0 0 1
This is natural: if the matrix A’ is obtamed from A by adding the k-th row, multiplied by A, to the i-th row,

then to recover A from A’, one must add the k-th row, multiplied by —A, to the i-th row.

Example 39. The matrix E;; (A1) is nonsingular if and only if A is an invertible element of the ring K (proof left
to the reader). In that case, the inverse is given by E; (A71).

Analogous statements hold for matrices which, when multiplied on the right, transform the columns of a given
matrix A.

Thus, in principle, the problem of inverting matrices A € M,,(K) is solved. However, the explicit computation
of A= (or the determination of whether 4 is singular) is, in general, rather labor-intensive. The process can be
simplified by assuming that every nonzero element of K is invertible; that is, by assuming K is a skew field. To
proceed, we require the matrices of elementary transformations together with Example 36 (which serves as a
lemma). In that lemma, the condition that an element a,, is noninvertible is replaced with the simpler condition
ai, = 0. In practice, K is usually even a field, but commutativity of multiplication is never required.

Let
a1 Az " Qrp
A1 Az Qg
A=| . : . :p :AEMp(K)a
Ap1 Gpz  * Qpp

where K is a skew field, p € N. We describe a process which, if it terminates at some stage, shows immedi-
ately that the matrix A is singular, and which, if carried out to the end, either yields the inverse A~1, or shows that
it does not exist.

(First stage) If a;; = ay; = --- = a,; = 0, the process terminates at the first stage, and A is singular. Other-
wise, choose i such that a;; # 0. Multiply the i-th row on the left by a;;* and move it to the first row (the other

rows may be rearranged for convenience). The corresponding transformation matrices are E;; (a;;*) and S [ 1 ]
so that

1 a:’[Z aip
. lay, ah, - a; i
e S L N R
Ap1 Gpy " App
If azy = -+ = ay; = 0, the first stage is complete. Otherwise, for each r > 2 with a,, # 0, add to the r-th

row the first row multiplied on the left by —a,.,. The corresponding matrices are E,.; (—a,.;). At the end of the first
stage, the matrix has the form

1 af, aty
A’, — 0 a e aé’p .
0 apz e a’p’p
(Second stage) If a3, = - a,, = 0, the process terminates at the second stage, and A is singular. Other-

wise, as in the first stage, a Ieadlng 1 is produced in position (2, 2), the entries are cleared below it, and finally af’,
is eliminated (if nonzero) by adding to the first row the second row multiplied on the left by —af’, (This step is
skipped if a;, = 0).

At the end of the second stage (if the process has not terminated earlier), the matrix has the form

nr "

1 0 Q3 Ay

" "

AIII — 0 1 a23 aZp
" "

0 O ap3 “ee app

(General stage) Proceeding similarly, at each stage k either:
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1. we obtain a matrix A whose all entries in column k below the pivot position vanish, in which case the
process terminates and A is singular; or

2. apivot element is produced in position (k, k), zeros are cleared below it, and the column entries above it
are eliminated.

(Termination) Two cases are possible:

1. If all p stages of the process are completed, the result is the identity matrix, and the product of the ele-
mentary matrices used gives A™1.

2. If the process terminates earlier, the resulting matrix has a zero column in the reduced block, implying
that A is singular.

Remarks 32. We have described a row-reduction procedure (Gaussian elimination with left multiplications)
that either produces a factorization from which A~* can be computed, or else terminates earlier, proving that 4 is
singular.

Notation: all scalar inverses and scalar multiplications of rows are performed on the left (since K may be
noncommutative). Elementary row operations are represented by left multiplication with elementary matrices.

First case. I = U,,U,,_4 ... U; A, where Uy, U,, ..., U,,, are the matrices corresponding to the elementary row
transformations performed at all p stages, in order: first the operations of the initial stage (in sequence), then those
of the second stage, and so on. Thus, U = U,,,U,,,_; ... U; is the only candidate for the role of A~ since it satisfies
the relation UA = I. However, it is still necessary to verify directly that AU = I. This verification is essential,
because UA = I only guarantees that U is a left inverse of A, but not necessarily the true inverse. Avoiding this
check is inadvisable: even if (under certain additional assumptions on K and A) the verification were theoretically
unnecessary, in practice it remains crucial since the likelihood of an error in at least one transformation is fairly
high.

Second case. If the process terminates at the k-th stage (1 < k < p), the matrix 4 is singular by Example 36.
We now show that the original matrix A must also be singular.

Indeed, A = U, Uy, ... U A, Where Uy, Us, ..., U, are the matrices corresponding to the elementary transfor-
mations that convert A into A. Each U; is nonsingular. If A were nonsingular, then by the theorem on the inverti-
bility of a product in a monoid, the matrix A would also be nonsingular — a contradiction.

Example 40. (Matrix Inversion Example) The procedure for inverting the matrix A, although already described
and justified, has not yet been presented in a concise form. Before doing so, let's consider an illustrative example.

01 1
=[3 0 1|,(K=QK=RorK=C;p=3).
2 10

We perform a sequence of elementary row transformations. Above each arrow, we place the symbol of the
corresponding transformation matrix. The reduction of A to the identity matrix is carried out as follows:

0 1 1] Fas(1/2) 0 1 l [3 1 2] 1 1/2 OlE (3)[1 1/2 Ol
A=13 0 1|——|3 0 L z23 11 ——10 1 1
2 1 0 1 1/2 0 1 0 -3/2 1
E32(3/2) [1 172 0 ]512(—1/2)[1 0 _1/Zl E33(2/5) [1 0 _1/Zl Ez3(-1) [1 0 _1/zl
—>|0 1 1 |——|0 1 1 —|0 1 1 — |0 1 0
0 0 5/2 0 0 5/2 0 0 1 0 0 1

E13(1/2)1 0 0
— |0 1 0|=1.

0 0 1

Since each elementary transformation is simultaneously applied to the identity matrix I, the inverse A=t is
obtained as the product

U = 1 (1/2)E5s (- D53 2/5)Ero(—1/ DB, B/DEn (DS [0 1 2] En(1/2).

Carrying out the matrix multiplications step by step:

AR AR TR

0 1/5 1/5 1/5
[ ] [1 l [ ] [2/5 -2/5 3/5].
3 o 1l lo 00 1/2 3/5 2/5 =3/5

As an exercise, one may explicitly verlfy the product of all factors (instead of computing them sequentially,
as above), which replaces the need for seven smaller examples.

U=

=
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(Verification)
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o 1 1715 1/5 1/5 1 0 0
AU=1|3 0 1 -[2/5 —-2/5 3/5] 1 ol
2 1 ol L35 2/5 =3/5 0 0 1

Thus, U = A~ since both AU = UA = 1.

Example 41. (Matrix inversion using the method of elementary transformations) Having understood the pro-
cedure described earlier, it is now easy to follow an elegant implementation (due to D.N. Krylov), which avoids
the need to explicitly write out the transformation matrices.

Given a matrix A = (al-j) € M,(K), we append the identity matrix I = I, to its right, thereby forming a
(p X 2p)-matrix:

aj;  Qjp Qp |1 0 - 0
Q1 Az Qplo 1 0 (13)
a-pl a-pz e Q',pp o o0 --- 1

Applying a sequence of elementary row transformations to this augmented matrix, we transform its left half
into the identity matrix. Simultaneously, the right hand becomes a matrix U satisfying UA = I (why?). To com-
plete the argument, one verifies directly that AU = I, and hence U = A~

This technique is called inversion by the method of elementary transformations and is conventionally denoted
by

E1,Ez,.E
[A”]L',‘

[71A71].

(Mustrative Computation) Consider the matrix A of Example 40.

01 100 1 1/2 0|0 0 1/2
[3 0 0 1 ol [ 0 1 I [ 1 1|1 0 0]—»
210001 11/20001/2 0 1lo0 1 o
1 1/2 0|0 0 1/27 1 1/2 0] 0 0 1/2
—>[0 1 1|10 o0 |—=l0 1 1|1 0 I—>
0 -3/2 110 1 -3/21 lo o 5/2(3/2 1 -32
10 -1/2|-1/2 0 1/27 1 0 -1/2 | —1/2 0 1;2
—»[0 1 1 1 0 0 |—f0o 1 1 1 I—>
00 52 132 1 =321 loo 1 3/5 2/5 ~3/5
10 -1/2 |-1/2 0 1/2 10 0]|-1/5 1/5 1/5
—>[o 1 0 2/5 —2/5 3/5] [0 1 0]2/5 -2/5 3/5].
00 1 3/5 2/5 -3/5 1|3/5 2/5 -3/5

Thus, the right-hand side is precisely A1, and the relation AU = I has already been verified.
(Another approach) Instead of working with rows, one can form a (2p X p)-matrix

_all a12 cos alp_
A1 Qg 0 Qgp

[A] — apl apZ cee app
I 1 0 - 0
0 1 -0

0 0 e 1

and now apply elementary column transformations mstead of row transformations. The goal is to transform
the top block into I,,; simultaneously, the bottom block will become a matrix V such that AV = I. It then remains
to check directly that also VA = I. We suggest carrying this out independently for the same (3 x 3)-matrix A from
the previous example, and verifying that the resulting matrix V coincides with the earlier inverse U. Elementary
transformations with columns can also be performed on a matrix written in augmented form as in (13), provided
that every operation on the columns of the left block is simultaneously applied to the corresponding columns of
the right block.

Question. The idea that arises is to transform both the rows and columns of matrix (13), with the goal of
reducing the left half to the identity matrix. For example,
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0 1 1|1 0 O]swapcotumns:sls 2 3J[L 1 00 0 1
30 1/]0 1 0 01 3[1 00
2 1 0l0 01 102010
e, [l 0 00 0 1] o 1 0 0]0 0 1
== 1 3|1 -1 o]——=o 1 3|1 -1 0
1 -1 2]0 1 o 0 -1 2]l0 1 -1
merin, |l 0 00 0 1lgelgl 0 0]0 o0 1
=—3o 1 3|1 -1 o|]—=|0o 1 3|1 -1 0
0 0 511 0 -1 00 1l1/5 0o -1/5

1 0 0
01 0
1

R, R,—3R, [
_—
0 0

0 0 1
2/5 -1 3/5 l
1/5 0 -1/5
Thus, the candidate for the inverse is
w=1[2/5 -1 3/5
1/5 0 -—-1/5
However, direct verification shows that W # A~1. What went wrong with this approach?
One of the main applications of matrix inversion is the solution of systems of linear equations
A%y + Q1% + o+ QX = by
A1X1 + Qg% + -+ + AzpXp = by

0 0 1 l

Ap1Xq + ApaXy + o+ AppXy, = by
where the coefficients a;;, the unknowns x;, and the constant terms b; belong to a certain field P. Defining
ai1 Az

Q1p X1 by
a a eoa x
A= (aif)pxp = 21 22 ?p X = (xj)le = I 52" B = (bj)le = Ibzl
Gp1  Qp2 Qpp Xp by,
we can rewrite the system compactly as
AX = B. (14)

A solution is not only the process of determining the values of the unknowns x4, x5, ..., x,,, but also the ordered
tuple of values X;, X,, ..., X, € P. Substituting these values into the system gives true equalities in P. Equivalently,
a solution (or root) of (14) is a vector X = (fj)px1 for which AX = B.

Claim 3. If A is a nonsingular matrix, then equation (14) has a unique solution X = A™'B. =
Indeed, assuming first that some solution X exists, we obtain X = A~1B from the equality AX = B by multi-
plying by A~1 on the left, and then by substituting into (14) we verify that this unique candidate is indeed a solution
(compare with Theorem 4 on the unique solvability of equations in a group).
Corollary 8. If by = b, = --- = b, = 0 (in this case, the system of equations is called homogeneous) and the
matrix A is nonsingular, then the only solution to the system is the trivial (zero) solution X; = X, = --- = ¥, = 0.
Remark 33. As follows from the above, for a homogeneous system
1% + g%, + o+ agpx, =0
Ap1%1 + AppXy + -+ Azpx, =0

Ap1 X1 + ApaXy + -+ Appx, =0

to admit nontrivial solutions (that is, when at least one X; # 0), it is necessary that the coefficient matrix A =
(a- ) be singular. In fact, this condition is also sufficient: a homogeneous system of p equations in p unknowns
Y pxp

with a singular matrix necessarily possesses nontrivial solutions. The proof, however, is not entirely straightfor-
ward and will be given later in the general theory of linear systems (semester 2).

Exercise. Apply the matrix approach to the systems of equations from Exercises 4 — 4" of the introductory
lecture (see Part | of this course), and also to the corresponding homogeneous systems obtained by replacing all
constants on the right-hand sides with zeros.

MATERIAL FOR INDEPENDENT STUDY.

(based on G.E. Shilov, Mathematical Analysis, Part I: Finite-Dimensional Linear Spaces, Moscow, Nauka,
1969)

e Matrix multiplication (over an arbitrary ring), including block partitioning.

e Matrix transposition; the transposition theorem for the product of matrices over a commutative ring.
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These topics are neither difficult nor lengthy. Their distribution near the end of the examination, and their
inclusion in the exam syllabus, will serve as a useful test of whether students have acquired at least minimal skills
in the independent study of mathematical literature during the semester.

CONCLUSION

Only in this part of the course — intended for the entire first semester — does our teaching methodology differ
significantly from the traditional one. Beginning in the second semester, one may, for example, adopt the following
textbook as a basis:

N. V. Efimov, E. R. Rozendorn, Linear Algebra and Multidimensional Geometry, Moscow, Nauka, 1970,

supplemented with the theory of determinants from either G. E. Shilov or A. G. Kurosh.

This consideration motivated us to publish the initial part of this algebra course separately, without waiting
for the completion of the subsequent volumes.

CONCLUDING NOTE
(Carlos E. Frasser)

Professor Zykov’s approach to algebra as a scientific discipline emphasizes the independent development of
fundamental concepts and the gradual transition to more general results. | would add that this methodology remains
pedagogically valuable today: it enables students not only to master computational techniques but also to develop
the capacity to reason abstractly about groups, rings, fields, polynomials, and matrix theory.

In this spirit, the exercises and independent study materials serve as a crucial bridge between formal theory
and personal discovery. My experience confirms that such a balance between guidance and autonomy is essential
for fostering genuine mathematical maturity in students.
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A single-mode vortex is considered as an elementary solution to the equations of an ideal incompressible
fluid in Arnold's geometric formulation [1]. It is shown to be defined by a single harmonic mode and to represent
a divergence-free velocity field with helical streamline geometry. In the Lie algebra of volume-preserving dif-
feomorphisms, a single-mode vortex corresponds to an Abelian element whose commutator with itself is zero,
ensuring the absence of nonlinear self-generation of modes and the stationarity of the solution [2]. It is established
that such vortices are geodesic trajectories on the group of diffeomorphisms and serve as fundamental building

blocks of more complex vortex structures.

Keywords: vortical dynamics, topological methods in hydrodynamics, single-mode vortex, kern, algebra of

Lie, diffeomorphism, helical geometry.

1. General Definition. In the theory of an ideal
incompressible fluid, particularly in Arnold's geometric
formulation [1], elementary vortex structures called
single-mode vortices play a fundamental role. A single-
mode vortex represents a velocity field corresponding
to a single harmonic mode in the Fourier expansion. In
its most general form, such a field can be described us-
ing a scalar stream function.

Yx)=ACos(k -x), (1)

where x € R" is the spatial coordinate, k € R"
is the fixed wave vector, A is the amplitude, and k - x
denotes the scalar product. The corresponding velocity
field is defined through the oblique gradient operator

v= V', (2)

Which guarantees the fulfililment of the incom-
pressibility condition V - v. In the two-dimensional
case, this means

U(X) — (%’_%) = Akt Sm(k : X), (3)

where kt = (—k,, k,) is the vector orthogonal to
k.

Geometrically, a single-mode vortex is character-
ized by the fact that all of its dynamic properties are
determined by a single spatial harmonic. Lines of con-
stant phase k - x = Const form a regular family of sur-
faces along which the fluid moves. In cylindrical coor-
dinates, these lines take the form of helical curves, and
the corresponding vortex structure realizes helical ge-
ometry. In this sense, a single-mode vortex represents
the simplest helical structure possessing complete spa-
tial regularity.

From the perspective of Arnold's geometric me-
chanics [1], a single-mode vortex has a particularly im-
portant algebraic property. The space of all admissible
velocity fields of an ideal fluid can be viewed as an in-
finite-dimensional Lie algebra of divergence-free vec-
tor fields. In this space, the elementary harmonics e, =
e!®%) form a natural basis, and the corresponding vor-
tex fields can be expressed in terms of these modes. The
Lie commutator of two modes is defined by the relation

lex,er] = (k A D)eyyy, (4)

where (k A £) is the oriented area of the parallel-
ogram constructed on the vectors k and #. In particular,
for a single-mode vortex the following holds:

lex. ex] =0. ®)

This means that a single-mode vortex does not in-
teract with itself and does not generate new modes. Dy-
namically, this corresponds to the velocity field main-
taining its structure over time and not undergoing non-
linear deformation. Thus, a single-mode vortex is a
stationary solution to the Euler equations and repre-
sents a geodesic line in the group of volume-preserving
diffeomorphisms.

The vortex field corresponding to a single-mode
structure also has a simple form. Vorticity is defined as
the velocity curl:

w=VXuv. (6)

Substituting the expression for velocity shows that

the vorticity is also proportional to the same harmonic:
w % Cos (k -x). (6%)

This means that the vortex is completely described
by a single spatial mode and does not contain more
complex spatial scales.

Geometrically, a single-mode vortex corresponds
to a minimal helical surface, in particular a helicoid.
Such a surface can be parameterized as

X(r,0) = (r Cos 0,7 Sin 8, a0), @)

where the parametera is determined by the

components of the wave vector. The radial coordinate

remains constant along the streamlines, and the fluid

moves strictly along helical trajectories. This reflects

the fundamental regularity of the single-mode structure
[2-4].

From a physical perspective, a single-mode vortex
is an elementary vortex configuration that contains no
internal interaction between different spatial scales.
Increasingly complex vortex structures can be obtained
as a superposition of several single-mode vortices. It is
the interaction of different modes that leads to radial
transport, geometric deformation, and the formation of
more complex surfaces such as catenoids and spherical
structures. However, the single-mode vortex remains
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the fundamental building block of vortex dynamics,
defining the simplest stable state of vortex motion.

Thus, a single-mode vortex represents an
elementary divergent-free velocity field corresponding
to a single harmonic mode, possessing helical geometry
and being a stationary solution to the equations of ideal
hydrodynamics. Its fundamental role is that it serves as
the basic element from whose interactions increasingly
complex vortex structures emerge.

2. Single-mode vortex in the context of the Lie
algebra of diffeomorphisms. The formalization of a
single-mode vortex naturally arises within the frame-
work of the geometric theory of ideal fluids, where the
space of all admissible motions is considered as a group
of volume-preserving diffeomorphisms of the flow do-
main. Let M be a smooth oriented manifold with a fixed
volume shape. Then the group of all smooth volume-
preserving diffeomorphisms Diff, (M), forms an infi-
nite-dimensional Lie group. The corresponding Lie al-
gebra »iff, (M) consists of all divergence-free vector
fields on M, that is, those velocity fields v(x) for which
the incompressibility condition holds.

V-v=0. (8)

The algebraic structure of this Lie algebra is given
by the commutator of vector fields, defined as

[uvl]= (u-Viv— (v - Vu.(9)

In this formulation, the Euler equation for an ideal
fluid acquires a particularly simple geometric meaning:
it describes geodesic motion on the group
Diff, (M) with respect to a right-invariant metric in-
duced by kinetic energy. The fluid velocity vector at
each instant is an element of the Lie algebra biff, (M),
and its evolution is determined by the intrinsic geome-
try of this group. Thus, the dynamics of vortices can be
completely described in terms of the Lie algebra of di-
vergence-free diffeomorphisms.

In the case of a periodic domain, for example, a
two-dimensional torus T2, the natural basis of the Lie
algebra is the harmonic modes of the form

ep(x) = ek, (10)
where k is an integer wave vector. These modes
form a complete basis in which any divergence-free
field can be expanded in a Fourier series. The commu-
tator of two such modes has the form (4), where the
quantity
kAN€= kit — kt; (12)
represents the oriented area of the parallelogram
constructed on the vectors k and £. This relation is fun-
damental, since it shows that the interaction of two vor-
tex modes leads to the emergence of a new mode cor-
responding to the sum of the wave vectors.

A single-mode vortex corresponds to the choice of
a single basis element of the Lie algebra. Let the veloc-
ity field be defined by a single mode e,. Then the cor-
responding vector field has the form (3) and belongs to

the Lie algebra biff, (M). Since the commutator of this
mode with itself is zero (5), a single-mode vortex is an
Abelian element of the Lie algebra [2]. This means that
the corresponding velocity field does not generate new
modes during its own evolution and retains its structure
over time. Geometrically, this corresponds to the fact
that a single-mode vortex defines a one-dimensional
Lie subalgebra, which generates a one-parameter sub-
group of diffeomorphisms. This subgroup describes the
helical motion of fluid particles.

In cylindrical coordinates, such motion takes the
form of a helical trajectory:

z=ab, (12)
where the parameter a is determined by the com-
ponents of the wave vector. Thus, a single-mode vortex
realizes the simplest geometric structure, correspond-
ing to a one-parameter subgroup of the group of vol-
ume-preserving diffeomorphisms. Its stability is a di-
rect consequence of the fact that it corresponds to a ge-
odesic line on the group Diff, (M) [2].

If the velocity field contains more than one mode,
the corresponding element of the Lie algebra ceases to
be Abelian [2-4]. The commutators of the different
modes become non-zero, and a nonlinear interaction
arises, leading to the generation of new modes. This
corresponds to going beyond the one-dimensional
subalgebra and transitioning to a more complex
geometry of motion. In this sense, a single-mode vortex
is an elementary geometric object in the Lie algebra of
diffeomorphisms, serving as a fundamental building
block for more complex vortex structures.

Thus, the Lie algebra of volume-preserving
diffeomorphisms provides a natural and rigorous
mathematical framework for describing vortices. A
single-mode vortex is an elementary element of this
algebra, corresponding to one harmonic mode and one
geodesic trajectory in the diffeomorphism group. Its
geometric simplicity and stability make it a
fundamental object, the interactions of which give rise
to increasingly complex vortex and geometric
structures [2-4].
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In endometrial hyperplasia (EHP), increased proliferative and reactive processes have been detected in the
glands and stroma, accompanied by significant changes in the expression of the immunohistochemical markers
Ki-67 and CD34. Quantitative analysis revealed that the nuclear expression level of Ki-67 reaches 58%. Such high
proliferative index values confirm the active nature of cell division underlying the pathogenesis of EHP during the
reproductive period. Analysis of the angiogenesis marker CD34 revealed the presence of intense vascular neo-
plasms, which is also characteristic of endometrial hyperplasia.

Keywords: endometrium, immunohistochemistry, hyperplastic process, Ki67 and CD34 markers.

Endometrial hyperplastic processes (EHP) includ-
ing hyperplasia and polyps are histopathological
changes in the endometrium resulting from the prolif-
eration of the uterine mucosa, leading to thickening and
an increase in its volume. These changes remain the
most common gynecological pathology in women of
reproductive age. Over the past decades, many re-
searchers have noted an increase in the incidence of
EHP, which averages 5-6% of all gynecological mor-
bidity [3, 2, 7, 6].

Particular attention is paid to the study of the mo-
lecular biological marker of proliferation, the Ki-67
protein, which is recognized as the most informative
and convenient tool for assessing tissue proliferative
activity [1, 5]. The study of cell proliferation in various
tissue remains one of the fundamental tasks of modern
morphology. Thanks to significant advances in molec-
ular biology, morphologists have gained the ability to
perform immunohistochemical labeling of cells in var-
ious phases of the cell cycle [4].

To evaluate immunohistochemical (IHC) changes
in the endometrium in hyperplastic processes using the
proliferation marker Ki-67 and the angiogenesis marker
CD 34.

Prospective studies of the endometrial function
(diagnostic curettage of the uterine cavity) were con-
ducted at two departments of Obstetrics and Gynecol-
ogy Nel and Ne 2 of SEI of Avicenna Tajik State Med-
ical University, at Repubhcan Matermty Hospltals Ne 1

and Ne 2. The study included 11 reproductive-age pa-
tients with hyperplastic pathological processes and a
confirmed absence of malignant neoplasms.

For IHC studies, histological sections 2-3 um
thick were stained with special antibodies of Ki-67 and
CD-45 markers of the uterine mucosa using the auto-
mated system of Ventana Benchmark (Roche, Switzer-
land). The expression level of markers was assessed
quantitatively (as a percentage) and classified as fol-
lows: weak expression — up to 20% of positively stained
cells; moderate expression — from 20% to 60% of cells;
pronounced (strong) expression — more than 60% of
cells.

The use of IHC in studying of the endometrium
with hyperplastic changes demonstrated a direct corre-
lation between tissue structural changes and its biolog-
ical potential. The study assessed the expression level
of the IHC Ki-67 marker and the proliferative index in
the endometrial tissues. It was found that Ki-67 expres-
sion is closely linked to the nature of endometrial pro-
liferative disorders. The identified structural changes,
such as glandular hyperplasia, were also accompanied
by a pronounced positive reaction to the Ki-67 marker.
The proliferative index in the Ki-67 was 58%, which
corresponds to a high level of cell division and confirms
the active pathogenetic nature of the process (Figures 1
and 2).

Figure 1. — The degree of expressmn of the IHC marker Ki- 67‘7|n the endometrlal giands in HPP. Microphoto.
Staining: DAB-hematoxylin. Magnification 50.
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Figure 2. — The degree- of ekpressmn of the IHC marker Ki-67 in the endometnal glands in HPP. Microphoto.
Staining: DAB-hematoxylin. Magnification 100.

The study results showed that the Ki-67 prolifera-
tive index was intense in both the glandular epithelium
and the endometrial stroma. Morphological analysis re-
vealed that the Ki-67 marker localizes in cell nuclei
with varying intensity as distributed between the kary-
oplasm and nucleolus, corresponding to different
phases of the cell cycle. The variability of subcellular
localization of Ki-67 confirms its ability to label cells
at different stages of proliferation and mitotic activity.

Thus, in the case of EHP, the express level of the
Ki-67 marker in the endometrium is 58%. Such high
proliferative index values confirm the active nature of
cell division, which underlies the pathogenesis of EHP
during the reproduct|ve period.

v—v.

The functional significance of CD 34 and method-
ological aspects in EHP as a marker of the vasculature,
which is a glycoprotein expressed on the surfaces of en-
dothelial cells, making it a reliable marker for the iden-
tification of blood vessels.In endometrial studies, CD34
analysis allows for the assessment of the degree of tis-
sue vascularization and the intensity of microangiogen-
esis in endometrial endothelial cell death. When inter-
preting staining results, a specific brown precipitate
formed during the reaction with DAB indicated posi-
tive CD34 expression in the vascular endothelium. The
analysis took into account both the signal localization
and the staining intensity, reflecting the density of the
vascular network in the samples (F|gure 3).

. SN 2

Fig. 3. - Immunoh|stolog|cal examination of CD 34 posmve brown blood vessels in the endometrlum The
appearance of small spiral arteries is noted. Magnification 50.

The obtained data demonstrate adequate expres-
sion of CD34 in endometrial vessels, with clear identi-
fication of both small capillaries and larger vascular
trunks. Dilation lumen and high vascular density indi-
cate enhanced angiogenesis. Specific brown staining
(accumulation of the reaction product with DAB) con-
firms positive expression of CD34 in vascular endothe-
lial cells.

Microscopic specimens reveal a dense network of
exchange vessels and components of the microcircula-
tory bed. At the level of the terminal vessels of the en-
dometrium, their dilation, tortuosity, and the formation
of numerous anastomoses are noted, indicating in-
creased stromal vascularization in this pathology (Fig-
ure 3). The study results are consistent with literature
data [1,5].

Thus, various variants of endometrial hyperplasia
process have diverse immunohistochemical character-
istics. High expression of the angiogenesis marker
CD34 confirms the intense nature of neovascularization
in endometrial hyperplastia.
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An immunohistochemical study assessing the expression of the proliferative marker Ki-67 revealed a wide
range of proliferative changes in the fallopian tubes of patients with tubal ectopic pregnancy, reflecting pronounced
reactive processes in response to inflammatory damage of the organ. An increase in the level of proliferative ac-
tivity with an increase in the number of immunopositive cells was established.

Keywords: fallopian tubes, tubal ectopic pregnancy, immunohistochemistry, Ki-67 marker.

An ectopic pregnancy (EP) is the abnormal im-
plantation of a fertilized egg outside the uterine cavity.
This condition remains a life-threatening complication
of early gestational pregnancy and is considered one of
the most severe gynecological pathologies. One of the
leading complications of EP is intra-abdominal (intra-
peritoneal) bleeding, which continues to significantly
contribute to maternal mortality in developed countries.
[2,7-8].

Recent global studies indicate that the incidence of
ectopic pregnancy ranges from 0.5% to 6% [6]. A
global analysis of the incidence of EP revealed a 10.2%
decrease between 1990 and 2019. These epidemiologi-
cal trends can be explained by the effective implemen-
tation of strategies to prevent reproductive system in-
fections [9]. Much attention is paid to the study of the
molecular biological marker characterizing prolifera-
tion — the Ki-67 protein, which is the most informative
and adequate diagnostic indicator [1,5]. The study of
cell proliferation in various tissues is one of the funda-
mental tasks of morphology. Due to significant ad-
vances in molecular biology, morphologists now have
the opportunity to immunohistochemically label cells at
different phases of the cell cycle [4].

To evaluate the characteristics of the proliferative
activity of cellular elements of the fallopian tube in
women of reproductive age during tubal pregnancy by
immunohistochemical analysis of the expression of the
Ki-67 marker.11 reproductive-age women (18-45
years) with tubal ectopic pregnancies were examined.
All patients underwent surgery at the clinical sites of
the departments of Obstetrics and Gynecology Nel and
Ne2 of SEI Avicenna Tajik State Medical University.
Serial histological sections of 3 um thickness were pre-
pared for immunohistochemical (IHC) analysis. The

study protocol included standard preanalytical prepara-
tion steps: deparaffinization, rehydration, and high-
temperature antigen retrieval. In order to assess the pro-
liferative activity of tissues, incubation with polyclonal
antibodies to the Ki-67 marker was carried out. The Ki-
67-immunopositive cell index was determined as the
ratio of the number of positively stained nuclei to the
total number of cells (as a percentage per 100 counted
cells) [3]. The laboratory stage of the work was carried
out on the basis of the biotechnology laboratory of the
Republican Oncology research center of the Ministry of
health and social protection of population of the Repub-
lic of Tajikistan (RORC MHSPP RT).

Results of the study and their discussion. During
an immunohistochemical study of fallopian tube frag-
ments during tubal pregnancy, the expression level of
the Ki-67 marker and the proliferation index in various
fallopian tube structures were assessed.

The results showed that proliferative activity (Ki-
67 index) was pronounced in both the epithelium and
stroma of the fallopian tube (FT). Morphological anal-
ysis revealed that the Ki-67 marker localizes in cell nu-
clei with varying intensity and is distributed between
the karyoplasm and nucleolus, corresponding to differ-
ent phases of the cell cycle. Proliferative activity in the
stroma during tubal pregnancy (TP) was 45-50%, while
in women in the control group, the proliferation levels
remained consistently low, did not exceed 10-12%. A
study of the expression of the Ki-67 marker in the fal-
lopian tube during tubal pregnancy revealed differences
in the level of cell proliferation. This indicator indicates
cell cycle activation, which is characteristic of reactive
changes and inflammatory processes accompanying EP
(Figures 1 and 2).
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Figure 1. — The level of Ki-67 expression and proliferative activity of the fallopian tube mucosa. In the embryo
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Figure 2. — The IeveI of Ki-67 expression and proliferative aétlwty of the falloplan tube mucosa in the area of
fertilized egg implantation. Staining: DAB-hematoxylin. Magnification 80.

Thus, the different subcellular localization of Ki-
67 confirms its ability to label cells at different stages
of proliferation and mitotic activity.
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Background: Lung cancer remains a pressing issue in modern clinical oncology worldwide. Approximately
60-70% of newly diagnosed lung cancers are inoperable, necessitating the search for alternative treatment meth-
ods, including drug therapy. However, the issue of sensitivity to existing treatment regimens remains a significant
aspect and is a key factor determining survival and local control.
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Abstract. Lung cancer, despite modern trends in
the development of medical oncology and science, re-
mains one of the key tasks of clinical medicine.

On the one hand, this is due to the fact that the
overwhelming number of patients at the time of initial
diagnosis have an unresectable/inoperable stage of the
disease, on the other hand, the latest predictive indica-
tors in the world still indicate a high incidence of mor-
bidity and mortality in terms of the structure of cancer
incidence.

In this regard, there is an urgent need to find alter-
native ways to treat the malignant process, including
drug therapy. Drug therapy for lung cancer in the world
today is represented by an extensive list of optional cy-
tostatics, targeted agents, and immunoages.

In the Republic of Kazakhstan, these data are sta-
tistically different from those of the Russian Federation
in terms of the structure of cancer incidence per capita
and amount to 3,615 new cases for 2021 and 3,925
identified new cases of lung cancer for 2022. [2,4].

Almost 40-50% of cases of verified lung cancer do
not carry a detectable mutational load; accordingly, the
targeted use of genetically modified therapy options
with an inherent selective effect is not applicable in
these cases, but is limited only by a combination of ex-
isting chemotherapy regimens, which also have an ex-
pected and very limited therapeutic effect [3,5,6,7].

In this regard, in a number of cases, we widely use
the technique of loco-regional intra-arterial chemother-
apy in the branch of the bronchial artery on the affected
side of the right or left lung with an increase in the bio-
availability of cytostatics with its local effect and min-
imal toxic effect in unresectable lung cancer.

The purpose of the study was to evaluate the pos-
sibility of using intra-arterial treatment methods for un-
resectable locally advanced non-small cell lung cancer.

Materials and methods.

The technique of intra-arterial chemoinfusion is
reduced to puncture and puncture followed by catheter-
ization of the femoral artery using the Seldinger tech-
nique in the projection of the right/left inguinal fold.
Selective catheterization of the bronchial artery is car-
ried out by aortography of the thoracic aorta with iden-
tification of the branches of the bronchial artery (bron-
chial arteries arise at the level of ThV, ThVI, the so-
called orthotopic option). In any variant of origin, the
pulmonary arteries enter the parenchyma in the area of
their roots and run parallel to the bronchi, located in
their outer connective tissue layer. Cauldwell et al. [8]
described four classic variants of the origin of the bron-
chial arteries from the aorta: (a) the first type (40.6% of
cases), when two bronchial arteries arise from the aorta
on the left, and one on the right from the intercostal-
bronchial trunk (IRB); (b) the second type (21% of
cases), when there is one bronchial artery on the left
and one MRBS on the right; (c) the third type (20% of
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cases), when two bronchial arteries arise from the left
and two from the right, while one of the arteries on the
right is presented as MRBS;(d) the fourth type (9.7% of
cases), in which one artery is identified on the left and
two on the right, while one of the arteries on the right
is presented as MRPS. The left bronchial artery usually
arises from the anterolateral surface of the descending
thoracic aorta and follows the direction of the root of
the left lung. On the right, the intercostal-bronchial
trunk usually arises from the right posteromedial sur-
face of the descending thoracic aorta and follows in a
cephalad direction until it divides into the intercostal

(or intercostal) artery and the right bronchial artery. The
latter then turns in a caudal direction and follows along
the right main bronchus. The duration of the procedure
is 20-30 minutes. The procedure time from the begin-
ning of the procedure when working in “4 hands” (2
angiosurgeons) is 25-35 minutes. (depends on the anat-
omy of the vessels). As the catheter is installed, the in-
fusion of cytostatics continues for 60 minutes each, fol-
lowed by compression of the femoral artery area until
complete hemostasis (10-15 minutes) or suturing the
puncture hole with an Angiosil device measuring 6-7 F.

Pic.1 A typical variant of the origin of the bronchial arteries from the aorta (type 1 according to Cauld well et
al., type 2 according to Yoshiaki et al.). One right bronchial artery arises from the intercostal-bronchial trunk,
two left bronchial arteries arise from the descending part of the thoracic aorta through a common trunk: and
fragments of computed tomograms in MIR mode into three-dimensional reconstructions of bronchial arteries. 1
intercostal bronchial trunk, 2 intercostal artery, 3 right bronchial artery, 4 two left bronchial arteries
immediately below the origin of the aorta, 5 trachea and bronchi, 6 larynx.

All of 52 patients aged 52 to 60 years were treated
in the period from 2022 to 2024. In all patients, stage
I1a-111b of the process was established (T3NOMO — T2-
3bN1MO). All patients at the time of initial or repeated
treatment (relapse) had a histologically verified variant
of non-small cell lung cancer. Morphologically, lung
adenocarcinoma was detected in 18 patients (28,1%),
squamous cell carcinoma was detected in 46 patients
(71,9%). In all cases, radiological confirmation of the
local extent of the process was noted through
CT/MRI/PET/CT examinations. All patients received

intra-arterial chemotherapy in the branch of the bron-
chial artery according to the “TR” regimen (Docetaxel
75 mg/m2 + Cisplatin 75 mg/m2) in a standard thera-
peutic dose. The interval between courses of intra-arte-
rial chemotherapy was carried out once every 21 days
from the date of administration of chemotherapy.
Among the side effects, one can note the inherent cyto-
toxicity of the drugs with manifestations of anemia,
leukemia and thrombocytopenia, which were corrected
through the use of L-CSF (leukocyte colony-stimulat-
ing factor), glucocorticoids and targeted symptomatic
replacement therapy.

Pic. 1 Exploratory angiography at the stage of bronchial artery catheterization (4). Angiography of the right
brochialis artery, anatomy variations (B).
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Pic. 2 Angiography a. bronchialis on the right.
Central cancer of the right lung with intraorgan metastatic foci.
Selective catheterization (A). Condition after 3 courses of HIBA (B)

Pic. 3 Arteriography a. bronchialis on the right.
Central cancer of the right lung with intraorgan metastatic foci.
Selective catheterization (A). Condition after 3 courses of HIBA (B)

Results. Analysis of the immediate results of
treatment showed the effectiveness of the technique in
52 patients (81.25%). Thus, out of 64 patients, 34 pri-
mary patients ( 53.1%) with a clinical diagnosis of lung
cancer after 3 courses of transarterial chemoinfusion
with the “Docetaxel+Cisplatin” regimen, according to
the control examination (FBS, CT), partial regression
of the process was noted, 2 (3,1%) patients noted pro-
gression of the process due to a violation of the inter-
course interval due to the duration of recovery of the
blood picture after a course of chemotherapy. In 28 pa-
tients, stabilization of the process with positive dynam-
ics was noted, which made it possible to transfer the
unresectable stage of the disease to a resectable tumor
process. All 52 patients, within an interval of up to 3
weeks after the third course of transarterial chemoinfu-
sion, based on the results of control examinations, un-
derwent radical surgical treatment. Thus, in 28 (43.7%)
patients with partial regression of the process, forehead

surgery and bilobectomy were performed, in the re-
maining 22 (34.3%) patients an extended combined
pneumonectomy was performed.

Discussion.The effectiveness of the transarterial
administration of cytostatics for primary non-small cell
lung cancer was demonstrated by clinically significant
tumor regression after 1 course of chemoinfusion in 12
patients (18.75%), stabilization of the process in 20 pa-
tients, progression of the process in 1 patient. Immedi-
ate postoperative complications were observed in 3 pa-
tients (hematoma of the puncture area of the femoral
triangle according to Seldinger). The median follow-up
in all patients in the postoperative period exceeded 18
months. According to various authors, it is quite varia-
ble [3,4,6,9].

Among the complications inherent in chemother-
apy, we also noted grade 2-3 emetogenic reactions. All
these phenomena were manageable with accompanying
therapy and did not require blood transfusion additions.
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Conclusions. The use of minimally invasive inter-
ventional regional methods for treating primary non-
small cell lung cancer demonstrates a high overall re-
sponse rate, a statistically significant median survival
as part of complex therapy, and an improvement in the
quality of life of patients.
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The article by Polumeeva I.N. considers the issue of increasing student involvement in the educational process
through blended learning, the impact of blended learning on the development of soft skills, indicates student sat-
isfaction with blended learning, the advantages and disadvantages of blended learning from the perspective of
students are noticed, draws attention to the models of blended learning that can improve the effectiveness of subject

learning.
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The challenges of today's rapidly changing soci-
ety, where skills become obsolete every 3-5 years, in-
crease the requirements for graduates in terms of their
academic achievements and competencies. The use of
blended learning technologies can contribute to im-
proving the system of professional and personal com-
petencies of graduates. [1, p. 240] Every graduate re-
quires both hard skills (professional skills) and soft
skills (non-professional skills) that help them in their
work, communication, decision-making, and adapta-
tion to new conditions. Blended learning promotes the
formation of soft skills, as this approach combines tra-
ditional learning methods with distance and online

methods, which allows you to develop creativity, criti-
cal thinking, communication, self—discipline, and time
management.

The combination of traditional teaching methods
with digital technologies provides an opportunity to in-
crease students’ involvement in the educational process.
A survey on the satisfaction of the blended learning was
conducted among first-year students (who were studied
in a blended learning) at the end of the first semester. A
total of 75 students participated in the survey. As shown
in Figure 1, 92% of the respondents expressed their sat-
isfaction with the blended format of education, while
5% were dissatisfied and 3% found it difficult to an-
swer.

3%

| Satisfied with blended learning

M Dissatisfied with blended
learning

Difficult to answer

Figure 1. Satisfaction with blended learning among first-year students.

The same group of recipients was asked to fill out
a questionnaire, where they could select several points,
with the choice of the pros and cons of blended learn-
ing. It should be noted that the pros and cons of blended
learning were compiled, according to the first-year stu-
dents in the last academic year. The purpose of the
questionnaire was to find out why the students showed

a high level of satisfaction with this learning format. As
can be seen from Figure 2, the most frequently selected
point is the ability to monitor progress — 50 appeals and
control deadlines 35 appeals. And this is not surprising
in the conditions of the ECTS system, when it is im-
portant for a student to be aware of his/her rating not
only at the end of the semester, as a result of work on
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the subject, but also during the semester, in order to be
able to control the mastery of the subject. As we can see
here, it is important for students to be informed during

their studies, to be independent and self-disciplined in
following deadlines.

60

50
50

40

30

20

10

Individual
approach

The ability to
monitor progress

Ability to control
deadlines

Interactivity ~ Teacher feedback

Figure 2: Benefits of blended learning.

It should be noted that an electronic course on the
discipline "Foreign Language™ was created for students
studying in a mixed format on the university's educa-
tional portal, where topics were specified and study ma-
terials were provided. The portal also features an elec-
tronic attendance log for classroom sessions. The
course includes homework assignments, such as com-
pleting tests and exercises, preparing presentations on
specified topics, and following a minimum number of
slides and a presentation plan provided by the teacher.
Students are responsible for preparing their own infor-
mation and questions for the audience. In the classroom
the teacher explained the material and answered the
questions that arose during self-study, conducted online
testing, followed by analysis, and so on. Here we see
the use of two mixed learning models - the Face-to-
Face driver model and the Flipped classroom model.
One more model should be mentioned, which received
a wide response from students and was used in 100%
of cases — this is the Flex Model. If a student misses
classes for a valid reason (such as illness), they may
lose points, and if the absences are prolonged, they may
fall behind the rest of the class in terms of learning the
subject. To prevent this, such students have the oppor-
tunity to complete assignments and tests alongside the
rest of the class in the course on the educational portal,
and if they have any questions, they can contact the
teacher by sending a message on the educational portal.

The presence of a electronic course on the educational
portal contributes to improving the effectiveness of the
discipline, as all stakeholders have the opportunity to
view the material at any time, monitor the students' rat-
ings, and check the attendance of classroom sessions.
[2] The blended format allows students being not in the
classroom to receive feedback from the teacher. This
was also indicated by the recipients in the question-
naire, with 12 responses (Figure 2). A mixed format is
also an individual approach that allows students to learn
at their own pace, for example, some students may need
one hour to prepare a presentation, while others may
need one day. In the questionnaire, the individual ap-
proach was selected 15 times. In the online communi-
cation format, the teacher adjusts the level and intensity
of the workload for individual students, which allows
the entire group to participate in the organization of
time and level of learning, and increases student moti-
vation [3, p. 601-602].

The questionnaire also asked the recipients to se-
lect the disadvantages of blended learning. As can be
seen in Figure 3, the most common issue was low inter-
net speed, with 15 responses, followed by additional
time and increased computer usage, with 9 and 8 re-
sponses, respectively. Additionally, 5 respondents indi-
cated that they found it inconvenient to work on a
phone screen, and only 3 respondents expressed dissat-
isfaction with electronic textbooks.
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Figure 3. Student-perceived disadvantages of blended learning.

Conclusion

With the use of blended learning models, students'
motivation to study the subject increases, the educa-
tional trajectory and assessment of results are clear, and
there is a personal-oriented aspect and increased degree
of responsibility of the participants in the educational
process.[4] Thus, students have to use also soft skills to
study the subject.
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Abstract

- The article analyzes the goal-oriented process of simultaneous complex development of all component-
aspects of musical consciousness in the "Solfeggio" course of the Children’s Music School - Intonational hearing
education and diverse methodical means and forms included in its development are presented

- The methodological problem of auditory assimilation and meaning of the patterns of coordination of the
tonal structure of the 1st-3rd grades of the Children’s Music School is emphasized

- The hypothetical “house” model used from the musical arsenal of the "Solfeggio" subject

- The problem of mastering and understanding the music of the 20th century and the rooting of new method-
ological and pedagogical principles of musical ear development

-Detailed and in-depth study of the national tonality system within the scope of the "Solfeggio™ subject of the
Children’s Music School

- The development of the sense of metre rhythm, new approaches to the evaluation system

- The development of stylistic taste, intonation and the development of metrical hearing and memory as a
comprehensive process.
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tpudymwjut hhpnnnipjub, uwoh Yapmidnipyu,
tupuyh, gtnunytunwjua-qginughwnujub
Unnuitipp  qupqugibnt  dhpnpuljub  htwpbtpp:
dajuulws, htunntwughnt Junnnipjub
nuunhwpwlniynip wdtihg wnwetughtii t hp
Ut Gtpunywd pninp dhpnpujub dhengtph L
altiph wikbwpwgqduquit Yhpundunip:

Luwlh nn htunntiughnt Junnnipjul
nuunhwpwnimnip  pwdwiymd L Gpim
htplnipnyd  wwbh  (wowehtip  Jupkh &
plnipwgnty nputiu htumpniunhy-
twhiwyumpuumwljub, nph Ghpwdwutp Gh
Juquinid htuntughnt Juipdwipbitinp,
Unbyptinugyuwd  phuwmtipp,  tppnpnp - Jupbih
punipwgnt nputiu wpwlnhy-twywnwluyhl, nph
tipudwubpb th rtnehg nlptpgnidp,
tpudynwjut  phunpnipyutt mblingpnuip W
gpunniip), wuw uljutitip Gpwig
Ubpnpupubnigyull  wupqupqubniip — Ynlug-
htwntwughnt  Jupnnmpnibdtph  qupqugdwub
ltnhpttinhg:  UB%h  «Undtign»  wnwpluyh
hhdtwyub dtpnnujub jutinhpd £ 1-hg dhisle 1 -pn
nuuwpubp Jwununniuwy b Junnygh
hudwjupgiwd ophbwsuthnipmibbtph unnuub
Jnpugnuip b hpdwunmwynpnuip: G wmp  E
ghnuygyph U pbyupydh npybtu  hhdbwubnd
nhwunnthl] dwdnp W dhbnp quntph Junonyg-pny
(Qupyuu): Gywwnwlwhwpdwp £ npu pugunpty
nptiu qunh  Ydwpupp  (wpdwnnipu-juipluup)
Quqgqiuwynpnn  wnibtiph  (Gptp  wunmh6wbbtiph)
thnpuhwpuptipuygnd (npubp th Ghpplh mnthljub
npytiu | mumhbwl, V gnihtwbwmught wumhawbp,
npp pudwbinid kjunp 2 mtmpuihunpntiph W ytplch
unbhlub, VI jud | wunhwip  npwybu
ojumwyuyhtt  wdpnnpwjubiwgnid): buy I b V
wumhbwbbtph dhelt hwinbu Gynn T wunhGwbp
nhunwpynid £ npytiu unh wmtiuwljp mupptipulyng,
quiwqubinng  wumpbwb: Lunh  wluynih
wumhbtwbitiph hwpuwptpuygnipniin  winbhyuyh
htm hdwumuynpyud Juiyh pugunptinig htinn,
Jupbh £ pwguupty twl V wumhéwihg gquo
quiynn  wiymb wunmhwbdtph (-p, 1V-n)
Jupnpbipwg niondbbpp, b V' wuwmhbwbhg ytp
qguiynn  wiynih wuwmhbwbdtph (VI-p, VIl-p)
Ytpphpwug nLonibtipn: Uwiuylt
puguwnpnieynLbbitipny uwhdwbwthwyytyh wybpwb
£ tyguumwynp sk gudp nuuwpwibitipnud, niumh
fuwntpquyht wwpptiph - Yhpunnndp - gpbiph
wbhpwdtpm £ I-hg dhis I guuwpuwbbbph
wpwjtipmbiph  htim  dtpnpujut  wyhuwmwbiph
wpwluhluynud: [1]

20-py nuph pnnp wpwgwnwnp  upngitiph
«Unpdtipn» winwpyuyh fuumbinquyhtt ghtuinghg tu
twhipbwnpnid & Ghpunpyu; jud  hhynmbwmhly
wmbwyh Wnptip: W dnnbh dbe unh | wunhwbp
wmbhwlh hhdph t, puy H wunmh@wbp ypuininpt £
(npp Gwle Ywdnp W dhbnp junbkpp wwuppbpung
wumhtwbh E): Ujniu pnnp wunpwbbbpp mwb
wmwppbipn  hwpliph G Lwbh np  niunighsp
unynpbigimd £ wywltipmdtphtt juy b wpug
Unnuitmpnpyty wyn wmbwyh dby, wyu dwdnp L
dhbtinp quntinh Jupnigyudphtt huniwyumuwupuwb
hwpllwlh  wumhtwbbtph  wipnppuunbughtt L

Jhuwwunnbuyght hwpuwpbpuygnuin Ty E
tuyuuumnnid wumhbwbbbtph unbuyght
hwpwpbpnipnibitpn  unnnipjunip  jnipugbtn.
hudwip:

Wn dnnth dbe quy £ hdwunmwynpynid dul
wuwnh@wbbtph Jbppipwn b Juppipug jupgp
hhiphg dhish wmwbihpp L hwjuwnwlp: Lunh VI
wuwh6wbp  ppplt wwbhpp (I wumhGwbh
ojmuwyuyhtt  YpYhmpniop  Ytpind) gy k
wipnnewughnd qunp b npybu wwbhp Jupostu
thwhynrunid-ywnjuiynid |y ntiunnuijub-
Liphiwunmuhtl bk junnuijub myuynpnipynibbtpp
Junh unipnnewjubnipyub Ytpupbpuy:
Utipnpuijult pdwunmny junh Juynih bt wbjuynih
wumhtwmbdtph ghwmulgdut W junpnipuip
Jnipugbbne nibiwynignibiitpp «ntin hwugbbni»
wjuinuijub  dhundp  jnipupwbynip  fuynih
wumhbwith onipgp «uununynny wllynih
wumhwbbbph  nodwh  punpp,  hwdwynndwbh
pipntnudt £ Qguitjuwbwny Yplol wjuwbnuui
dtpnpupubniput dty Junmg h  yhp
wpdunuwynpuwd . wphunwwmwbph aibpp L
uljqpniiplitinp, tu nignd Gl Jwnmbwbly hnlyuyp,
np qunumnbuwyinipyud pdpninuip dudwbwjuljhg

tipudymnipyub nhpptiphg wyuon wWwpwmunpmu k

npn  hdwunny  dnnbbu; w puujubnbn
futinhpttipht: Gty wyn, nhpptiphg
dudwbhwlulhg Junuunbuwyiniput  pdpnbbno

unnnipjublh nuunhwpuwlnipyub inhpttpp npn)
hiwuwnny wyp G bd updhpny, uyuop wyjliu
htiwpuwynp sk pugunty 20-pn nuiph tipudywmni pyub
Jnipugnidp, hdwumuwynpnidp b npu htim juyguo
unnnipjul  qupqugdwb  Gnp  dhpnpuiub -
dwbiujupdwut uygpnibpttiph wptwnnynpdwb
wnnpitidp: Wn hhdbwpobnph wdkwndgup 4nndp
Quupynid £ dudwbwuyhg Gpudymnipjub dbe
gtiphphunn wyuytiu - Ynedwd  phuntwbwmuyhb
unbwyimpjud  jmpugnidp . wyuwhnynn  Gnp
dtipnnhuyh untindwgnpdwljub  Wuwljdwb htin:
<pwwnuy bl hwdwpnid wyl hwpgp, ph hbsybuy,
ophty, ubiniinu htwmtipguyp Juinnn k jnipugyy
dhwbquihg  Gpiynt hwpbwb wumhb6wbbbph
thwdudwblwlpu  higdudp: Quygtiu - nuumnih
nutwdniph Yypw tjugnid £ punh | wwumhéwibp, huly
wpwjtipunp whwp L unynph tpw htim dhwuht tipgly
jwnh I wunhbwbp: 2w qwy ghnwygbne hwdwp
wnwpub nuuwyunnn npuuwnned, nhdtng XX-
XXI nuptph  Gpuwdynnipihg  punyuo
ophtwyitipht, ywhwmp £ dwmstjh b wumytipuynnp
ainy pwguwph hp uwwbbphl, np unip Quod
nhuntwimuyht hwpwpbpulygnidp huplowi
wumhbwbith dholt th ntiypmd Yupnn £ hwbtntiu
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qu hpple wiuyniinipyud wyupynd jud nionid
(tpp wbuynih wuwphbwbp nLoynid £ hwplowb
Juynil wumptwbh dtg), Wniu nhiypnid whuynih
utijniinuitiph hwimbiu quip Yuipnn £ §hit) nputiu
dudwbwlulhg tpudymnmppui  dhy  hwbwp
hwintu tynn Jdbntinuhtt qdh Lpumuynpyud
hwunwgnid (Juuwntp): Gu fupdmd td, np Jun
Gynih auny whbwp L Qupnnubw  gqniquigly

nuuwljub tipwudywmnipjub Jwunuwhwpdntihl
Pnilijghntyy wnpphyugh - Ywubmygnipyjunip
wmwppbp (dpwgpny Twhiuntugwd)

unbuynipnibbiph quiwbdtiph tpgtgnnnieyniip,
wmwpptin - wumhtwbitph  nuuufub  nednndp,
wbhunynp Juumbpuyhtt lWuquignipyudp tipghne
htun: [2]

Ujniu - wbuynih  wuwmh@wbp®  ubwumhduwygh,
Jnipugnidp Jupkh E um dwwmstijh alny pugunpty
tpwiny, np wnbhjuiwb wlinppp  Gnpugnyb
tpuwdynnipjut ke ny pnp phypbpnid  unh
Juynih wumhbwbbbph vhudwdwbwlju
hudwlgnuit k' Snbhfuiubt  wynpnh  dbe
ubiyumhiuwh  wnuwnemitp  ophtwsuth E
duiwbwljuljhg tpudywmnipyub hudwp, ntunp | o
Vil wumhbtwbtitph thwdudwbwljjum
«Jtipunpnudpy inybybu hwpuynp E pnin Gwljy
wpnptih  gwop nuuwpwbbtph  wywytpmbbph
hwdwip:

Wjuyhuny, Juumbptiph pbupwd L Gpubg
Jtpupuunpdwt - wmbpubnnghwtt 1-hg  3-pn
nuuwpwih  wywytpmbtph  hwdwp  wbwop  k
Uhpnnujud pdwumny juy WHwyb: Gu unynpupun
wyhuwuwmnid G, nppwl htwpuynp k, 2w nhdly
huntpgquyhtt mupptiph gnpotwjubd Jhpwndwbp:
Qpu yunmbwnny dbp thnjuuptipujub pdwumnny
unbyiuub Wnpb-mbwyp jupnn £ twle §niphy-
nniphlh Wwbh dwpyly, tnp unniguwdpuwyhl mbiup
unwbuwy, pimwbtwy npiyh Yyep Jud hnphgnimyub
alny «hnytpy hwwmwyhtt (wyju phiypnd, hhwpl,
whwhh pnnp hwpupwdhttbpp mtnuinpynid o
hpwp Unnph, Gnyt hwppniput Jpu L nu
wuultpuynp  pdwunny  hthg dwbynd E
Yruuwntipht): fugh npuibihg, wyn whwyh gy Yupnn
LOp Gpw pnpnp hwipybpp pupéapubtiug b helity Yud
nuppny, jud Ytipkung b jud dhwghty | hwpynid
mtnunpyud  dnbhunpp L wmbubl pnnp dniu
hwipitiph  htinntunmwyuwmtpp: Gpp dhbp nnpny
titp pupapwbiinid fud helinid, nu wunhawbwlyub
updnudd E, ytptjuyh dhongny dkbp wipwgpbpug
alny Qupnn Gbp pnstp wmwpptip, htiont qubgnn
wumhbtwbitiph ypuyny: Unbthunpught fughp nu
wwhwlih wpwbdtwutiyumylt £, npnbin Juptjh &
1htity thwbgquihg pninp hwipytipnod:

Uniu thnpuwuptipujut hdwunmny tu juunmtip
hwiidumnd & gy dwpquo  Ypltivught
wpnpuwnh htim, npbt hp «Quuytt £ wnbpy dniu
pnnp wunhbwbitipp b wqunm puynid £ wiptugh
Ypu:  Waquulwo, UBYh wpwytipmbbtph dnwn
dudwbwliuyhg  punnupniip Juqiduwynpbng
hwdwp hwpuynp £ nppwl htwpuynp £ wwn

qugty XX W XXl  tpwdyunipgnibin:  Gu
wnwbabwgpty & U, MNpunindpuh  «Upnd
wuwmw bblnipyub hundwip» nutuinipuyhb

whtubitiph dnnyuidniti: Uwjuyd npu htim dhwuht
ugmd  td whtwbtip U, fowswmwmpubh

«Uuwlijuyub wypnd» (1-hd b 2-pn mbiup) wpphg,

£.Pupmnijh  «Uhipninudnu»  dnnnjudnibtiph
ouipphg, W.Opdh  «Schurlwerk» wipphg, M.
<huntihwp, Q. Uhynyh, <. Ejutiph,
b. Umpuyhtiayne % wy| dudwijuljhg

Uniwynghwmnpiitiph gnpétipp: <wy  tpudywmnipyub
Utip tu whuiptnpnid &I Un. Gunnyuith dwaujub
whtiutitipp, vwuyt hwply B8 hwdwpnid gnigunpty
twbh W, Pwpwowlyubh  «6  wuunltip»
nuudnipuyht 2unph whtiubtipp,
U.<wpnipniiyubh, E. Punnuuwpyuih,
S.Uwtunipwbh b wyih Gphuwuwpn utpbinh
Uniynghwmnpiitiph  Gpytpp: Pnnp - phyptipnid
swuthwquily Jupbnp & hwodwpnid -
htnbwghn@ Jupdnipnibbitpp tipgty W solo, W
dhwdudwblwl unynpty  tpghp nmo jughy:
Qhunttwbinwy intpyul Ydip hwunpwhwpbnt hudwp
lwy Yhtitp, Gpp nwunighsp tjugbinyg wmnbhljub
wnwhahtt ud mnbhulub jyhtwmwb undnptigbtin
wpwtpmitphtt tpghp wiuynih wumhawbbbpn:
IV L V npuuuwpubibph wywltpmbbph hwdwp
wbhpwdtpm Y hudwpnid wyh Jupdwbpbtinh
hwtwpmyh Jhpwenudp, tpp npblk mnbuybnipyub
unbhuut Yyhtwugh vwhiwind  puqiulh
wiqud  Ypyinnn - Jtpplipwg U Juppbpug
quiugujtipy wunmhtwbuub uipdnidp
qnipuigymd L wmwpphip wunmhwbitphg uuynn
anybwbiwh hwonpnuijuitinipjuh
tingtignnnipyunip: Wyuwhuny, Jhwdwdwbhwy
Jugbin m tpghp qwy b Ghpugnnid
dudwbhwljuljhg unugqugnnnipjul qupqugiwh
Jypw: Gnigh V nuuwpuih wuwlibpmbbph dnn
Jupnn  unwgyty  twl junpuunbubuub
wypntyghwb, wjuhbpl, wjuy wnbwybnipub
quiwb jupnmuibuy Epyauyd jud tpwawyh Gpgly
oquugnndtiny wyn mnbwybnipyub wumhawbbtph
quiw-ypntghwbd vjuwd thwdudwbwy I, 1V, V
wunmhtwbdtiphg: Annp niypbpnd wywtpmbtinh
nhuntwlmuwyinipyub qqugnnnigniiip hwpuidnp
E upnnuitiug Yntht): Unybp Jupth £ tinpaly twl
V L VI nuuuputitiph wpwjtipmbtiph htin, tpp gud
hlynn wnbuwybbniynibbtpp (G-dur g-moll, As-dur,
A-dur, a-moll, B-dur) dhwdwdiwbwl tpgytt (fud
tpgyttt b Gdugytd)  uuws I, 1V, VI
wunhtwbbtiphg: Lnybwidwd duny Junpth E tpgtg
utiytighntt piinyph htuntwghntt Jupdwbpbtp®
oquuwgnpdtiny YJuumbipughtt  «Jipumpnidbtippy:
(3]

Uhgnigti tiu swithhg widtijh Bl «Quhwgnpdnit»
dudwbwuljhg unnmpud  hwdwp  wnsuth
wbhhpwdtipm Juumbtipuyghtt htmntwghnt  thnpéh
nuumhwpwnipniip, vwluyl, hudingud td, np
nnuibihg wyth Edtmhy dtpnpujud wphuwwmwiph
uljgenilip b dhenghitiph  wipnnewjubugyud
hwdwjupg wwpquubtu sh Jupnn gnnipnih
nibiti;: Uhtle VI nuuwpubip  wpwltpunbtippn
wtwp £ juy hdwbwd, pt bty pwb £ unbnphyub &
qowytinieniipn: VI W hmnyuuwbtu VII nuuupwbh
wywtipmbtpp wuwmp L yunitpugnd nibtbub
puuyigud nnbuwynipjub dwuhb: Tw
tpwiuynud k, np wmumhwbbtiph puwbwlp sh Jupnn
1hittp Yhuytt 7-n:

Uju pnnph uuuignipyudp guiljubnid td
hunmiuwtu it wyt  hwbqudwbpp, np
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nuuuub junuqqugnnnipyui b duiwbwlulhg
Junuqqugnnipjwb gniquihtin
nuunhwpuynniip  wbwmp L hpugnpdty
sunthwquilg G4nil, thnpuypugiting dkip dniuny:
Unwytjuy tu wthpudtym £, np UG%-p wjupunwd
wpwljipunp umw i Jununniwg inipjub
qupqugdwub «nipughd-huwniwy wygumytppy,
wyuhbipl, wikbhwpnhwbpuub ding hwulubw,
Rt htwsytiu £ qupgugty junuwmnbiwygytinigyni bp:
<wonnn hwipgp, np tu niqtbugh mruwpwity,
Yuuyywd Eplinehg tipglyne (pbptingtint) Wawlnyph
thpm Juquuynpdwbd b qupqugiwbd htin: W
hwpgnid, pun hu, wtwp L htnll) phptpgyng

hwdwpbitiph gtinupytunmwjub
wpunwhwymswuimpyut b pnjubinuinipniihg
tinn plnyph % wmpudwnpniynibiitph
wpunwhwyndwh Qupnnnipynibbbph

wunhtwbwul  qupqugdwip: Wn  pdwunny
unynpud  hwdwpp whwp £ thnpdlyp Juunwply
wpnwhwymbing  phtwdihuyh,  $puquynpiwi
Jnipwhwnniyy wnwhabwhwmyninibbitpn:
Wuwntn puinhpt wyb £, np Gpudnmujub tyniph
gtinupytunmwjub pbjumnudp wytwmp £ qupqugity
himpugily ny dhuwyd dwubwghmuub puutiph
duiwmbuly, wyp bl «Unidtign» wnwpjuyh nuutinh

pipwgpni:  Umiu  Unnidhg  wbhpwdbpm  E
quinqugiitip wywtipmbtinh unn fyniph
dnwyuwhdwl  Jupnnnipnibbtpp, ww;  Gpubg

npnpwjh nwghniiw gnignidatp, ph hvybu putp
Jupnn G dnmwwuht) unynpynn hwdwpp:

btywtu L hwpluynp  wnwbalwmghty
hhdwwip tpypnppuyubhg, hish” Ypw b whnp
uljqpiuytiu pltinty nywunnnipynLip,
wmpuiwpwbinptl  Yapnudting  nuntdbwuhpynn
huwdwpp: QGwuwnnih - dhongny  wpwljtipump
unynpnid £ wiighp wibne dwudwbwl hwpyh wnbity
Junnigyudpn, Unyinn hunjwotitinp,
utilpytighwmtitipp, wauyniimipyubd Ytpwép, pinpny
htuntipguyitiph nLonidtitipn i3 wy b
Utinpunhpdwuljub wuwppbpuljubn pyub W
Junnigquodpuwyhtt  punwyniuwyinipud  dwuhl
unwgyuwd  ghubjhpbtipp  Gnybwbtu wwn &b
tyuunnid quy L wpwg dwnmwwuwhbne  julinhpp
htpwmwghtynt hwdiwp: Wn hwpgh htim ubpumnpka
wnbpynmd £ bpudynwuljui dnwdnmnipyub
qupqugiwmbp dhdwwybtiu bduwuwuwmnn niblinnynn
tynieh npudwpwbwui Ytpmnidnipyniiin:
lowntipquyht, ptunwyhb-hwbbniuhtt phnyph
witkwpwqiuqud wnwewnpubplinh Yhpunnidp
owin - Qupunp kB Uwuwyd  wyuop  wytjh
wnweblwhtipp pinhp L Gpudynmuuwb tyniph
wipnnewub qupqugdwl ophttwswthnipynibiitinh
U ulgpniiipbitiph hdwumuwyynpnidp: Wahpwdtywn k
Wunwybu  niqnnpnt; . wpwltpmh - dnwybwub
pbqupiwd  dty  wdipwugpne ulgpbunpnid-
qupgqugnid-wdthnihnid (pnhwipugnid) Gowthng
wdpnnewljult qupqugdud qunuithwnp: Fwpdjug
howntinguyhti-thnpuwptipujud pdwunny nu hhdp-
wnLi-(funjuly)-mwbhp wdpnnowljult i
wdpnnowglnng npudwpwbniejub
hiwunmuynpnudt ;9w wgtih hhdbwpup alinyg
wywjtipmh  ghnwlgnippul  dty  wdpwughtyn.
hwdwn nrunighyp wtimp £ jubnbunp aiiny pnpnp
unynpwd b ptpphg pbptpgynn  hudwpbtpnod

wnwbdbwgih  Epuynghghwt  jud  phdwd
wijubting  wyl initio:  Wwlbkpup  Gnyhutiu
Uptlqunh nunigshg qubwqubl wl,  hby
uyqpiwwbu L wpugpymd - Gpubdthg,  hbvp
httimwquynid npu hpdph Ypu E qupquiinid (ud
wpnibwlynid):[1]

<weonnn hwpgp, np ku Ynigtiugh wnwy pupty,
nu wqquiht Jupwhwiwupgh dwipudwubt o
lunpp nuunuibwuhpnipnid £ dwbuyub
tpudymwjut. nupngh UBY  «Unidtion»
wnupuyh uvwhdwbbbpnud: Wy juuyuygnipjudp
wtwmp L wuly, np wqquyhll  Gpwdywmnipyub
Jwnwhwdwlupgp faguytiu Ynsgud  niphwdawyp/
whmp £ hhdp npunbw, nmunmdbwuhpdh L
yupqupuigh dwbujui tpudymujub nupngh
«Unpdbtign» wnwpyuyh Gnp  dpwgpnid:  “hinliu
yuuniwlubh  dheownuph dudwbwljuypowbnid
wqquyht  Gpudyunwjutt  hupp  Huwl L
umniqupuily b wqquyhlt tpud)wmnipgyubt jwuntph
Jupnygitpp b Gpubg whjwinidutpp: blhywytu
hwynth E, wyn puntipp Ynyynmd &b auyh, §nnd L
nupajwodp fophtmy UW-auyl, UW-Ynnd, U-auybh
nupdjwd/: Uklp wupmuwynp thp wbjubt) dbp
wqquyhb untipnd wybwtiu, htyytiu npubp wijubty
L dudwbwlhtt ULdh Unthwwup:  Wprynp
«Unmdtign» wnwpuyh npuuujubndwb  thnpéap
Jupnn £ htmwquynid - wquumugpylyp  pomp
omwpuwinin nuptitiphg b dtdwwybtu Jhwuwuwnh
tpudynnipyutt vk Jdbtp  wqquyhtt - Ghgniyh
yuwhywidwbp: Gnigh nipnyb wqquyhtth Ynpudw
dnwwhinignip  dkg  Junhyh  wnwbgpuwyht

puwbwynpniht wwy  «Ungdhpny  wnwpluyh
nuuuyjubniub uljqpniiipbitinht, thnpabkmny
wmnuy tip hhtu wjwbnujuin ujuon

wpduunuwynpyud tnph b npugnybth htim:
Luhmwtu Ghpnnnipmnit B ppinpmd wyh
pwlh hwdwp, np i Jupnn dbeptipnidatp
Juumwpty npbk  htinhtwlh  ghnunibenpuub
wyhuiwwnnipynibhg: Muwmbwnt wyh k, np tu sbd
hwinhwly  hhd  htwwppppnn  hwpgbiph
wuwwnwuuwbbtipp Jophluy, Junnnipjuh
Yuunbtipught qupqugdwh dtipnnhluyh
Ytpwiptipyuy skl Jupnugly nplk hinhtwh dnw/:
Utinpunhpdh qqugnnnipjub qupqugnidp hp
dtpnpujubd pabinhpitph hpugnpddwbh pdwunmny
wwhwbgnid £ wyuonp yYtpumbuyly, yYbpuljunnigh)
wubuwgh@ wphowwmwbiph plinygeh nt uljqpnibpbtinn:
Quhwquibly gnpdwdwlub b wmwpuwdywsd Ep
tipudymwljub umtindwgnponipynLhbitinh
dudwbwyh phpwugpp hwdtiiwmt) thnpuwptipujuib
hdwuwnny qupltipuh wuppbipuiljub
pwpwpunidiitinh htin: Uuljuyb wyn
hudbdwnnipniip wybh ynn hwpwpbpuyuib t,
puyg ny pmawpguly: Uytgh 6hywm E ipudymnigmibp
hwdtidwnt mwpptip L npnpujh  pwpapnieinii
nilitignn dwybwpwpyuoph wqunm wuumhy wuwph
ht: Ujniu hdwunmny tpwdymnipynip jupbh L
hunitidwnt pupdniipnid mquum Gupupnn enynibh
htin: Gnigh nu £ yuwmbwnp, np wyuon swithwquiblg
Junlinp £ nupngh wpwtipmbtiph dnn ubpdwity
tpudynwul dudwbwyh pbjunmpy phuynodp:
W Juptih £ wpdwwnwynpl) wyt putthg htinn, tpp
leny] b nidtin dwutiph hwjuwuwpwsuth qupytipup
ghwmuygyh hpple pupddwb pnhwbpujut vhutdu:
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Muunph wbtwp L uwmnyq abn pwguunpbi, np
wmwlutiph nidbin  dwubpp ymbbh  Gnybwbdwb
owhnwlpnnypuyhlt  Jwyujwdnipnit:  bhy  k
npwbihg  Gqpuhwbqynd:  Lwhu  wpwlbpmp
unynpnid E b pinbputinid §ntyptinm pblugly wyb, np
nidtin dwutiph wmwppbp wumhbwbh
Jipmjwonipniin Ghpwplynd Lt ny e
qupitpwluyhtt  dthuwbhluyh  opkiplitiphl, wy
Epwudynwjub wupdiw b npnpuh Giphdwunmbtphg
phunn Eatipgmhuyh ontiiptitinhti:

bd wnwownyp Yuwywbnmd E Gpwbnid, np
dtmpunhpdhl Juonygbtph mwpptpuynuip yumnm
Juplinp £ wmwpptip dbnptiph 64nid whgnudtiinp
ppnptit qqumi b YEpupumunptine - hunfwip:
Ophtiy, wiquun, hiwpnyhqughni
wnwewnpwbiptiphg dkhp Yupnn £ hik wyb, np 2/4
dtwmpny  phpwgnn hnnbwghnt - Junnygp
hwpluynp £ mbtinunpty 3/4 dkwph dty, Yhpwnbny
1/4 winnnipyni nibbgnn wuniqubkpp: Opwybu
wmhuwghtt wnwewnpuitp wyn  hwhdbwpupuljubp
wtwp L Juwwpyh th pwbh wwppbipuybbtpny:
Umtindwgnpéwjut  pdypnyhqughuyh  dhl  wyy
opphtwy Yupnn E (hboty wyh hwmbabwpupnignian,
tpp npllk Jupdnipub  tnuugpjuo  ophbwlp
upynid - E wpwljipmhtt - wyiybu, np  pnmp
nwlmtipnid sh gpungwd nhpiwlful ywpdnidp:
Bnwudymwjub updiwb pinyeh 6hym nuwhnudp
wy qqugnnnipyniip whwp L Gplow dh pwbh
hiwuwmbtpny: Lwh utijytighnt ponyph Jwupdnid
nLOkgnn muubpnid wpwjtpump whwp E jpwhh b
wuwhwwtth Hlutnuwyht nhpdwwyuwmbkpp:
Gunuwbiuuwghtt  Ggpuhuwlpiwd  uwbwlnipinih
niitignn  wwluwbpnid  /Gpp gpjwd GO phy
pwlwlnipjudp hbgnibbtp/ wpwltipmp wbwp k
mbtinunph junpnp mbnnnignibitpp: Qunnwbwbp
fpti, np phpdwynpmid snibbgnn  mwlubtpnid
gnunywd £ dhuyd htynibbbiph pupapnigmiap: i
Yupdhpny  4-pp L 5-pyp puuwpubitiph

wywtipmbtinht wpntlt Jupiyh £ hwbabwpunty
wynuhuh wnwewnpubpitinh Juunwpnidp:

Uh pwlih punup nignid td wuly wpwltipunh
nitbwlnipynibtiph L juumupud  whumwbph
ghwhwndiwd ulygpniliph dwuhti: bd Jupdhpny
wytih tyumujuhwupdwp £ jhpunt; 20 pugub
ghwhwniwd vwbnnuyp: Pwjuyhtt suthwithytiiph
Juunbtignphwbitipp wmpynid G0 pun 4 hhtgpuygub
uwhdwinidtitph:  8nipwpwliynip  hhtgpuyub
tipuuwinmup dipuenyd L Juwm, pujupup, juy,
2w qu, glipuquitlg swthwbihybiipp: bulj pupuht
tndhtughwittipp snpub GO

1. tpudymujubnieynih

2. tpudymuljub hhpynnnipnih

3. tpudymujubt dnmudnnnieinih

4. wbuwhwmhy Ytipnronipeynib

Gqpulugnipynii. Wuyhuny, wjupnbnyg
nuy  ghnwdbpnpujubt  nunidbwuhpnipgnibp
Swmunpnid Gl wylt hwuwp, np nbujut Guwpwiyjh
dlwynpnidp,  hbumnbwghntt 0 dhwnpunhpdhly
junnnipjutt L hhpnnnipyut . qupqugnidp
hwdwwwpthwly  gnpdplpug L, npp - whwp £
hwdwygyud  Yhpunyh, ny dhuwyb «Unpdbony»
wnwpuyh  puutipht,  wle Gpggwjudph,
wihwnmwul  wuwpuuwdnibpbbph  mupbundniph,
onipwlh, pwbnbh, tpghgnmmput L wy
duubwghmuub ninnyudnipyub
nuuwpuibbtpnuy/ dudwbwl:Wyn niypnid nupngp
Juuwnpuwuwnh ghunwy b gpugbin pgwitiuwipumbtp:
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Abstract

This article discusses methods of analytic of a choral work. The aim of this work is to prepare students for
independent chorister activity, which requires a comprehensive knowledge of choral music.

Maximum approximation to a correct interpretation and choice of choir master's techniques to overcome
vocal choral difficulties. The student studies choral work in class under the control of a teacher and alone, at home
this working in this way should be done systematically and according to a plan. It implies a trough study of the
work, its comprehensive analysis and implementation in conducting. If musical analysis is focused on which mu-
sical and expressive and for native means are used to create a certain content, than the performing analysis must
answer the question of how to deliver it to a listener, how to perform the work. The choral work is built according
to a certain scheme analysis of a musical-theoretical means, general executive analysis (temp, agogy, dynamic
tones, phrase, means of achievement and distribution of a clumsiest, analysis of a conductor of expression, analysis
of technical difficulties (ways of consideration of vocal, intonation, rhythmic, ensemble, difficulties with diction
and other. Musical- theoretical analysis includes the breakdown of genre features, musical form, master control,
harmonic language, texture (the way the letters are), elements of polyphony of a choral score.

AHHOTAIHSA

B craThe paccMaTpuBarOTCsA METO/IBI aHAJIM3a XOPOBOTO Ipou3BeaeHUs. Llenpro Takoi paboThI SBISETCS MOJ-
rOTOBKA CTYACHTOB K CaMOCTOSATEIbHOMN XOpMeﬁCTepCKOﬁ JACATCIBHOCTH, NJIA UETO HGO6XOI[I/IM HaBBIK BCECTOPOH-
HEr0 M3YYCHHUS XOPOBOW MapTHTYphl. MakCHMaNbHOE MPHUOIMKCHHUE K BEPHOW HCIIOJHUTEIILCKOW TPAKTOBKE H
BEIOOp XOpMEHCTEPCKHUX MMPUEMOB TI0 MPEOJIOICHUIO BOKaJIHHO-XOPOBBIX TPYIHOCTEH.

I/IBYT{GHI/IeM XOpPOBOI'0 MPOU3BEACHUA CTYACHT 3aHUMACTCA B KJIACCC MMOA PYKOBOACTBOM Ii€garora u B J10-
MalIHUX YCIOBUAX CAMOCTOATCIBHO. Pa6Gora B 5TOM HalpaBJICHUHU TOJI’KHA IPOBOJAUTHCA CUCTEMHO U IO OIIPE/ic-
JICHHOMY IlJIaHY. Ona MNOoAPa3yMeBaCT TIIATCIBbHOC U3YUCHUC IPOU3BCICHH, €TO BC€CTOp0HHPII>'I aHaJIu3 U BOILJIO-
HICHHUE B JUPUKUPOBAHHWH. Ecmu B MY3bIKaJIbHOM aHAJIU3¢ OCHOBHOI yYHop AeiiaeTCAa Ha TO, IIPHU NOMOIIN KAKHUX
MY3BIKaJTbHO-BBIPA3UTENFHBIX U OPMOOOPA3YIOMINX CPEACTB CO3JaH TOT HIIM MHOU Xy I0’KECTBEHHBIN 00pa3, Ire-
peaacTCsa TO NIk NHOE COJICPIKAHUE, TO HWCIOJIHUTEILCKUH aHaJIN3 JOJKEH OTBETUTH HAa BOIIPOC, KaK JIOHECTU €T0
J10 ciymaTesis, Kak CJICAYCT UCIIOJIHATh COUMHEHUE. Ananus XOpOBOI'0 IMPOU3BEACHUA CTPOUTCH 11O onpe):[eneHHoﬁ
CXEMCE: aHaJIN3 MY3bIKaJIbHO-TCOPETUYCCKUX CPEACTB, HMCHOJHUTENbCKUHN aHAJIN3 (TCMH, aroruka, IMHaMHu4cCKue
OTTEHKH, (pa3HpOBKa, CPEACTBA JOCTIDKEHHS M paclpeleNeHus] KyJIbMUHAIMKA U T.1.), aHaJIH3 JUPHKEPCKUX
CPEJCTB BBIPA3UTENBHOCTH, aHAJIN3 TEXHUUECKUX TPYIHOCTEH (PacCCMOTPEHNE BOKAIBHBIX, HHTOHAI[HOHHBIX, PUT-
MHYECKUX, aHCAMOJIEBBIX, TUKIIMOHHBIX U APYTHX TPYIHOCTEH). My3bIKaIbHO-TEOPETHYECKUI aHAIN3 BKIIOYAeT
pa30op KaHPOBBIX 0COOECHHOCTEH, MYy3BIKATBHOW (POPMBI, JaJ0OTOHATbHEIE 0COOCHHOCTH, TAPMOHIYECKUH SA3BIK,
(hakTypa (CKiIaj] MUChMa), SIEMEHTHI TONH()OHIH XOPOBOH MAPTUTYPHI.

Keywords: conductor, academic folk choirs, style of presentation, tempo, harmony, voice leading, agogy.
KiaoueBble ciioBa: JAUPUIKEP, HAPOJAHBIC , AKAACMHUYCCKUC XOpbI, CTWJIb H3JIOKCHUSA, TEMII, aroruka,
TOJIOCOBEJICHUE, TAPMOHUA

BBenenune. My3bIKaJbHO-UCIIOJHUTEIBCKOE HC- B passble BpeMmeHa K AUPHKUPOBAHUIO HEPEIKO

KYCCTBO BCEerga HaXOoIMUJIOCh B ueHTpe BHHUMAaAHHUA KaK
MY3bIKOBE/IOB, TaK U menaroros. B aToit cdepe ocoboe
MECTO 3aHHUMACT JII/IpI/I)KI/IpOBaHI/Ie KaK OJHa U3 CaMbIX
CJIOKHBIX U B TO JKE€ BpeMsl YCIIOBHBIX 00JIaCTEH MCIION-
HUTEIBCKOTO MCKycCTBa. JIaHHBIA BHJ MCHIOTHHUTEINb-
CTBa HE MMEET CBOETO «COOCTBEHHOT'O MHCTPYMEHTAY,
C KOTOPBIM MOXHO BECTH €XKEIHEBHYIO pabOTy: HOCH-
TEJIEM €ro HMCKYCCTBa SIBJSICTCS BOKAIBHBIA I HH-
CTPYMEHTAIBHBIN KOJUIEKTHB. YTOOBI B3aMMO/ICHCTBO-
BaTh CO CBOMM «HHCTPYMEHTOMY», TUPHKED MOJDKEH
BBIPA0OTaTh COOCTBEHHBIN «SA3BIK HKECTOBY», KOTOPHIA U
CTAHOBHUTCS OCHOBOM €T'0 HCIIOJTHUTEIHCKON TCXHUKH.

oOpamranich OyecTsue My3bIKaHTBl APYTUX CIEIH-
aJIbHOCTEH, OHAKO pe3yJbTaT HE BCET/a ObLI yAOBIIE-
TBOpUTEIbHBIM. V3BECTHBIN pycckuil nupuxép Esre-
Hui CBETIaHOB YTBEPXKIAJ, UTO OBITH OJIECTSAIINM MY-
3bIKAHTOM emé He 3Ha4uT ObITh  OnecTsmmm
qupmxképom. A Cepreil PaxMaHMHOB cuMTal, 4TO «AH-
PYKHPOBAaHHE — 3TO WHIMBHIYAIBHBIN Jlap, TalaHT,
KOTOPBIN HE MOKET OBITh IPHOOPETER.

CroBo diriger — (paHITy3cKOTO MPOMCXOKICHUS
1 03HA4YaeT HAIPABIATH», «PYKOBOAWUTH». CremoBa-
TENBHO, AUPWKEP KaK UCTIOIHHUTENh PYKOBOIUT IPYTI-
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MOH MY3BIKAHTOB — OPKECTPOM, BOKAJIbHBIM HJIH HH-
CTPYMEHTAJILHBIM aHcaMOJieM, ONEPHON TPYIOH u
T.1. 'pedeckoe ciaoBo Y0pdg («xop»), O3HAUAIOMIee
«TONMA», B apMSHCKOM S3bIKE IOJIYYHIO 3HAYCHHUE
«mepyeckuid kosektuB» (hpgswipuniip) — rpymma
MEBIOB-UCMIOJIHUTENEH, T Kaxkaas MapTHs, COCTOs-
masg Kak MUHUMYM U3 TPEX 4YeNIOBEK, UCIOJIHIET OAHY
U Ty Xe Menoauro. PykoBoguTenb Xopa Ha3bIBaeTCs
JUPHKEPOM MIIH XOpPMEHCTEPOM, a pYKOBOIUTENH LIEp-
KOBHOT'O XOpa — PETeHTOM.

[lo ucnonHUTENECKON MaHEPE XOPBI MOAPA3ENSI-
I0TCS Ha aKaJeMUYeCKHe U HapolHble. McTopuueckuit
U NIPaKTUYECKHUI OMBIT, @ TAK)KE HOBEHILNE HAay4HbIE
HCCIIEIOBaHMS TOATBEPXKIAIOT, YTO KOJUIEKTUBHOE TIe-
HHE OKa3bIBacT OOJBIIOE BIMSHUE HE TOJIBKO HA IMO-
IIMOHAJIbHO-3CTETUUECKOE COCTOSIHUE PeOEHKA, HO U Ha
€ro UHTEJUIEKTyaJdbHOE pa3BUTHE. XOp — 3TO YHH-
KaJIbHBIN <GKUBOW» MY3bIKaJbHBIN HHCTPYMEHT, OCHO-
BOW 3BydYaHHs KOTOPOTO SIBJISETCS aHCaMOJIb BOKallb-
HBIX YHHCOHOB.

MaTtepuanbsl U MeToAbl. VICTOKH XOpPOBOTO HC-
KyccTBa BocxomaT Kk JpeBHemy Erunty, Basunony,
Hpesneit I'penun. Hmenno B Erunrte BO3HMKIA
«XeHpPOHOMHMSD» — CBOEOOpa3Hasl CHCTEMa yIIPABICHUS
MEBIAMH C TTOMOIIBIO IBWXECHUH PYyK, MaJIbIEB, MHU-
MHKH H TOJOBBI. XOPOBOE HCKYCCTBO HOCHIIO KYJIBTO-
BBII XapakTep.

B [IpeBneii ['petnu hopmupoBanue XopoBoro uc-
KycCTBa OBIJIO CBSI3aHO C TeaTpoM, OCOOEHHO ¢ Tpare-
quei. OCHOBHOE JieiicTBHE Pa3BOPAaYMBAJIOCH Ha CIie-
I[HaJIFHOMN IUTOIake — CKeHe (Ipoobpa3 COBpEeMEH-
HOH CIIGHBI), a XOp paclojarajics BIEpeau, Ha
opxecTpe. X0op BBICTyNaJI MO0 OT IMEHH aBTOPa, THO0
Kak JieicTBytoliee auuo. B anTuuHbli nepuon Apu-
CTOKCEH T'OBOPHJI, YTO MEIUIIMHA OYHIIAET TEJIO, & My-
3bIKa — Jylnry. X0poBoe IeHHe ObIII0 00s3aTeNbHBIM,
a CJIIOBO «HE0OPa30BaHHBII» TOIKOBAJIOCHh KaK «HECHO-
COOHBI ETh B XOpe».

XopoBoe HCKYCCTBO MpOIIO OTPOMHBIM IyTh
Pa3BUTHA, JOCTUTJIO BBICOKMX IOCTIKCHMH M CTalo
y4eOHOIl AMCIUIUIMHON B KOJUIEIPKaX, KOHCEpBaTO-
PHSX U My3bIKQJIBHO-TIEJTaTOTUYECKUX By3ax. BaxkHBIM
TpeOOBaHHEM B IIOATOTOBKE CIIEIHAJIICTa-XOpMeii-
cTepa SIBIISIETCS] CaMOCTOATENIbHBIN aHATIN3 POHU3BeEIe-
HUS ¥ COCTaBJICHNE TUCbMEHHON aHHOTALIMH.

Taxast paboTta JOIDKHA HMETh CIIEIYIOIIYIO0 CTPYK-
Typy:

1. BBegenue

* Mcropuko-cTuneBoil aHaau3 Npou3BeACHUS

» CeneHust 06 aBTOpax (KOMIIO3UTOPE U IT03TE)

* JIuTepaTypHsIil TEKCT

2. OcHOBHafA YacTh

* My3bIKOBEUECKUH aHAIN3

* BokasibHO-XOpOBO# aHaIN3

* BokabHO-XOpOBBIE TPYAHOCTH M IyTH KX IIpe-
OJI0JICHUS

» cnonnurensckuii aHamu3

3. 3aki0ueHHe

* 3HayeHHEe M3y4aeMOro IPOU3BEICHUS C TOUKU
3pEHHs1 COBPEMEHHOTO UCKYCCTBA

» CMCcoK IUTepaTyphl

B BcTOpHKO-CTHIIEBOM aHAIN3E MPEACTABISIIOTCS
KOHKPETHBIC OOIIECTBEHHO-UCTOPUIECKUE yCIOBHS, B

KOTOPBIX TIPOTEKaJIa XU3Hb W TBOPYECTBO KOMIIO3H-
TOpa ¥ T103Ta, (OPMHUPOBAIHCH HX ICTETUUECKUE
B3TJIIIBI 1 OCHOBHBIC TBOPUECKUE ITPHHITUTIEL.

CTuip B HCKYCCTBE OTIPENENIeTCs KaK HCTOpHUe-
CKH CIIOKHBIIAsACs OOLIHOCTh OOpasHOH CHUCTEMBI,
CPEIICTB XYJI0’)KECTBEHHOM BBIPA3UTEILHOCTH U MPUE-
MOB, OOYCIIOBJICHHas €AMHCTBOM WUAEHHO-UCTOpUYE-
ckoro conepxkanusi. lloHATHe «XyH0XKECTBEHHBIN
CTHJIb» UCTIOJb3yETCs B JIBYX 3HAYCHHSIX:

1. CoBOKYNHOCTH OTJIHYUTENBHBIX IPHU3HAKOB
MIPOU3BEACHNH HCKYCCTBA, ApXUTEKTYPHI, MY3bIKH, TO-
930U, TUTEPATYPHI, HAIIPABICHHUS WIIH SIIOXH.

2. Meron, mpuéM, MaHepa pabOTHL

B ucropun My3bIKaabHOW HayKU CIOXUIACH Iie-
JIOCTHAsl CUCTEMA MOHATHI U TEOpUH, pa3IeIEHHBIX Ha
stanbl: AHTHUHOCTh, CpenHeBekoBbe, Bo3poxaenue,
0apokko, KiaccuiusM, pomantusm. B XIV-XV Bekax
TEPMUH «CTHJIbY» MPUMEHSIICS UCKIFOUUTEIBHO B U300-
pa3uTeIbHOM UCKYCCTBE. B My3bIKe OH cTal HCIIOJIB30-
BaTbCsl B 910Xy Bo3poxnenwus, xorma chopMupoBa-
much munepnanackas (K. Hempe), pumckas ([x. Ila-
nectpuHa), BeHenmaHcKas (A. ['abpumeny) MKOJIBI C
TOCIOJCTBYIOMIEH BOKaidbHOH momudonueir. B XVIII
Beke JK.-JK. Pycco manm Goxnee TouHOe ompeneicHUE
CTHJIS KaK OTJIMYATEIHHOTO XapaKTepa KOMIO3HINH U
HCTIOTHECHUS.

B smoxy pomaHTH3Ma BBIIEIAIOTCS TPH dTalla:

e Pannmit — 10-20-e roxpr XIX Beka couera-
HHE KJIACCULIM3MA U POMAHTU3Ma, C KJIACCUYECKOH JI0-
TUKOH, HO HAMOJIHEHHBII HOBBIM cojiepkanueM (K. M.
Bebep, ®. 1lly6epr, H. [Taranunu, ®. MeHaeabcon).

o Cpemuuit — 30-40-e roasr XIX Beka mepuo
paciBera, XapakTepu3yOLIHiics mpeodiafaHueM Ipo-
TPaMMHOCTH, SIPKOH 3MOIMOHAIBHOCTBIO, Pa3BUTHEM
BHPTYO3HOCTH U cuHTe30M HuckycctB (I'. Bepmmos, P.
lyman, ®. Jlucr, ®. lllonen, Ix. Bepau u ap.).

e [lozauuii — BTOpas nojaoBuHa 19-ro — Havano
20-ro Beka, XapaKTepHU3yeTCs TCUXOIOTHIECKOH TITy-
OWMHOM, IMOIMOHAIBLHON JKcHpeccuel, (popmuposa-
HUEM HOBBIX CTWIEBBIX TeHaeHuuid (P. Barmep, A.
Bpyxuep, I'. Manep u np.). [2]

B XX Beke BO3HUKIJIO MHOXKECTBO HOBBIX HaIlpaB-
JIEHUH W CTUJIEBBIX TEUYEHUW: UMIPECCUOHU3M, JKC-
MIPECCUOHU3M, HEOKJIACCHUIIM3M, aTOHAIBHAS MY3BIKA,
KpaifHHe pOSBIICHHUS MOJICpHU3MA U aBaHTapIi3Ma.

e 3HaHNE HUCTOPHYECCKH CIOKHBIIUXCS HUCIIOJN-
HUTEJNbCKUX TPAAULMA U CTHIS KOMIIO3UTOPa MO3BO-
JISIET BBICTPOUTH METOAbI UCCIIEJOBAHUS

e (O3HakOMJIEHHE C TPOU3BEICHHUSIMU OJHOTO
KOMIIO3UTOPA Pa3HBIX XKAHPOB (XOPOBBIX, GOpTEMHAH-
HBIX, CAM(OHUYECKNX, KAMEPHBIX, BOKAJILHBIX ).

e lI3yueHne OCOOEHHOCTEH €ro CTWIS, MY3BI-
KaJIbHOTO $SI3bIKa, HOTHOTO TEKCTa, (aKTypsl M aBTOP-
CKHX yKa3aHUM.

O0s13aTeIbHO YKA3bIBACTCS TOJHOE HAa3BAHHE XO-
POBOTO ITPOMU3BEAEHUS, €T0 JKaHp (HapoJHast MecHs, 00-
paboTka HapoJIHOH INECHH, XOPOBOM pOMaHC, I103Ma,
4acThb XOPOBOI'O LMKJA, CIOMTHI, KAHTAThl, OPaTOPUU
win ¢GparMeHT W3 OHepbl) M THIl HCIOJIHEHHS (a
cappella i ¢ conpoBoxaenueM). BaxHo paccmor-
PeThb PoJb ¥ 3HaYCHHUE JAHHOTO MPOM3BEICHUS B TBOP-
YecTBE KOMITO3UTOPA, €TO MPEAIOYTUTEIBHBIC T03TH-
YeCKHe WCTOYHWKH W WHAWBHIYAIEHOE OTHOIIECHHUE K
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JIUTEPATypPHOMY TEKCTY — M3MEHEH OH WJIM COXPaHEH
TOYHO.

e Ecnu aHanu3upyeMblil Xop SBISETCS 4acThbIO
KPYITHOTO TIPOU3BEICHHS, HEOOXOIMMO 0XapaKTEepPH30-
BaTh BECH I[MKJI U €[0 OCHOBHYIO HJICIO.

e Ecmu ananusupyemoe Npou3BelIeHHE INpen-
CTaBIIAET 000 0OPabOTKY HAPOIHOW MECHH, CICAYET
0XapaKTepHU30BaTh IEPBOMCTOUHUK U NMPEJCTABUTH U3-
MEHCHUS, BHECEHHBIC B TIpoIlecce 00pabOTKH.

e FEcmm CymecTByIOT NpPOW3BENEHUS APYTHX
KOMIIO3UTOPOB Ha TOT XK€ TEKCT, MOXXHO IIPOBECTH
CPaBHUTEIHHBIN aHANN3 C TOYKH 3PEHUS MHTEPIIpETa-
IIUH.

B ananmm3e mo3TH4eCKOro TeKCTa PacKphIBAIOTCS
0CcoOeHHOCTH pU(MBI W MHTOHAINH, (popMa H3II0XKe-
HHS, KOJIMYECTBO CTPO(), YETBEPOCTHUIINH, CTPOK U T.1I.
Kaxxapif KoMIO3UTOp MO-CBOEMY UHTEPIPETUPYET CO-
Jiep KaHHe MOITHYECKOro TeKCTa, Mo14EpKUBasi Hanbo-
Jee OJIM3KUE eMy MBICIIH, YTO MPOSIBISIETCSI B 0COOCH-
HOCTSIX MEJIOJMYECKOr0 M XOPOBOTO M3JI0XKeHus. Ms3-
BECTHBI MHOTOUYHWCIICHHBIC CITydau, KOT[a IpeKpacHas
My3BIKa CO3/IaBAJIaCh Ha OCHOBE HE CIHIIKOM I[CHHOTO
TEKCTa, W HAOOOPOT. AHANH3 IMO3THYECKOTO TEKCTa
JOJDKEH CIIOCOOCTBOBATH BCECTOPOHHEMY PACKPBITHIO
KOMITO3UTOPCKOTO 3aMbIcia. [2]

B My3bIkOBeqUeCKOM aHAJIU3€E MIPEICTABISIOTCS
’KaHPOBBIE OCOOCHHOCTH NPOU3BEICHUS:

e Cruib H3T0XKEHHS — TOMO(POHHO-TAPMOHH-
YEeCKUH, MOMTNGPOHNICCKUIN, CMEIITaHHBIN

e TonanpHpl IUIAH, OPUEMBI FapMOHU3ALUU®
I'onocosencnue

e Merp, pazMep, pUTMUUECKHUI PUCYHOK, TEMII,
aroruka

YkazaHHBIE TapaMeTPBI My3bIKATbHON (OPMEI SIB-
JISFOTCS CPEICTBAMHE PACKPBITHS XY I0KECTBEHHOTO 00-
pa3a Mpou3BeACHUS.

B ToHanbHOM mi1aHe 0053aTETFHO OTMEYAIOTCS:

e TonampHas YCTOMYMBOCTH WJIHM HEYCTONYHU-
BOCTh

e OTKJIOHEHUS — K JOMUHAHTOBBIM TOHAJIBHO-
CTSIM KaK CPEACTBO YCHJICHHUS TUHAMUYECKOTO Hamps-
JKSHUsI WM K CyOIOMUHAHTOBOW cepe Kak NposBie-
HHe 00Jiee MATKOTO HaIPSDKEHUS

e [lepemenHslii naj

e Pa3sHOBHIHOCTH Ma)kopa M MUHOPA

e Jlagpl, XapaKTepHBIC JUI HAIIMOHATHHBIX TPa-
TULANA

I'apMonnYeckuii aHaamu3 1enecooOpa3HO HAYH-
HaTh C OOIIeH XapaKTepPUCTHKU INPOU3BEICHHS, IIO-
CKOJIBKY KOJIOPHCTHYECKasi CTOPOHA TapMOHHH SIBIIS-
eTCsI BAKHEHIITNM BBIPAa3UTENBHBIM cpencTBoM. Cpenu
0COOEHHOCTEH TapMOHHYECKOTO S3bIKa CIIEAYeT IOJI-
YEpPKHYTh:

e [IpocToTy H3MOXEHUsS, MPO3PAYHOCTH WIIN
HaCHIIEHHOCTb (aKTyphl

e Knaccuueckyro, pOMaHTUYECKYIO WU COBpe-
MEHHY0 YCJIO0KHEHHYIO TaPMOHHIO

e Tunbl U poab KaaeHUUH

B pasnene roJjiocoBeieHHs BBIICIAIOTCS:

e Menoauyeckoe pa3BUTHE OCHOBHOTO TOJIOCA,
THT U3JI0KEHUS — TIOCTYTCHHBIN, CKauKOOOpa3HBIH,
MJIaBHBIN, IPEPBIBUCTHIN U Ap.

e ['apMOHMYECKU-aKKOPIOBOE

e MenoauKo-rapMOHHYECKOe (MENIOJIUS U CO-
MPOBOX/IAIOIIKE T0JI0CA UMEIOT OJAMHAKOBBIA PUTMHU-
YEeCKUH PUCYHOK)

e T['omo¢oHHO-TapMOHUUECKOE (MeoIus 00a-
JIAET PUTMHUYECKON CaMOCTOSTENbHOCTBIO, OCTaJIbHbIE
roJjoca CO34al0T TapMOHIYECKIHA (HOH)

o [lomudormyeckoe M3IOKEHHE — KOHTPACT-
HOE, TOATOJIOCOYHOE, MMHUTAIMOHHOE (KaHOH, (yra,
¢yraTo u 1p.)

e KomMmOuHHMpOBaHHOE, KOT/Ia B OTHOM ITPOU3Be-
JIEHUN 00bEeIMHEHBI PA3IMUHbIE BUABI XOPOBOI'O HU3JI0-
JKEHUS

o [Ipu ananuze TeXHMYECKUX TPYAHOCTENH pac-
CMaTpPUBAIOTCSI CIEAYIOUINE BaXKHBIE MOMEHTHI:

e OrmpeneneHue AUana3oHa U TECCUTYPHI Kax-
JIOM mapTUu

Bun BepTHKANBEHOTO W TOPU3OHTAILHOTO HATPS-
KCHHS

e AHamN3 TEXHUYECKUX H HCIIOTHUTEIbCKUX
TPYAHOCTEH Ka)XIOH MapTHH U IPOU3BEACHUS B IIETIOM.
[1]

3akaiouenue. B pe3ynprare aHanm3a pa3IHIHBIX
CPEIICTB MY3BIKAJILHOW BBIPA3UTEILHOCTU OTMpPEAesi-
I0TCS KYJIbMUHAIIUU TIPOU3BEICHUS U €r0 OTACIbHBIX
pa3aenoB, BBISBISIOTCS CHOKONHBIE M HaIpsKEHHbBIC
Y4aCTKM C TOYKH 3PEHUS IUHAMHUKH MY3bIKaIbHON
¢dbopmel. Ha 3TOM 3Tame paccMaTpHBarOTCsS BCe Cpell-
CTBa, CIIOCOOCTBYIOIIHE IOCTHKCHHIO KYJIbMHIHAITUN
— TOHANIbHBIC, TEMOPOBEIC, PUTMUYCCKHE.

Kaxnprii pa3men aHATUTHIECKOH pabOThHI TOJHKEH
OBITh TIOJKPEIUIEH MpUMepaMu. Upe3BhIYaiiHO BajkeH
aHaJIN3 UCTIOTHUTENECKUX MPUEMOB, BKIFOUAIOIIHI BO-
KaJbHBIC, HHTOHAITNOHHBIC, pUTMHYCCKIE, aHCaMOIre-
BbI€, TUKIMOHHBIE U APYTHE TPYAHOCTH, CBI3aHHBIE CO
cenn(uKoi Xopa Kak «HHCTpyMEHTay. IJTy paboTy
clielyeT HaunHATh CO BCECTOPOHHETO M3YUYeHUsI TapTh-
TYpBbI, 4TOOBI CTaNO SICHO COJAEpkKAHHUE, HACTPOCHHE U
XapakTep MpOU3BEICHUS.

Llens maHHOW METOAWYECKON CTaThbu — IMOMOYb
CTYACHTaM TPaBIIHHO BBICTPOUTH CBOKO aHAIATHYE-
ckyro paboty. [y 00ydaromuxcs Mo CIeUaTbHOCTH
«XOpOBOE IHPIKUPOBAHKEY 00sS3aTeIbHA TICEMEHHAS
AHHOTALMS MPOU3BEACHUN pa3IMYHBIX CTUIEH W JKaH-
pOB.
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F. Klein [5-6] and his students generalize the Lamé functions and consider them in a completely new way.
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1. History of the issue

The functions introduced by Gabriel Lamé in con-
nection with the distribution of heat in a homogeneous
ellipsoid [1-2], which have since been named after
Lamé, have become the subject of a large number of
studies. The works of Liouville and Heine [4, 3], inde-
pendent but simultaneous, are the first in history and
among the most important. Then come the excellent
studies of Charles Hermite, continued by various au-
thors on the integration of the differential equation sat-
isfied by these functions. Closer to them are two sepa-
rate groups of significant works: F. Klein [5-6] and his
students generalize Lamé's functions and examine them
in a completely new way.

Following the remarkable introduction of a short
treatise by Carl Neumann, a follower of Heine in po-
tential theory, "On the Expansion of a Function with
Imaginary Argument” (1862) [7], German mathemati-
cians in the late 19th century developed an interest in
Lamé functions for solving conformal problems. In his
work "Development of Functions of a Complex Varia-
ble from Lamé Functions for Given Spherical Func-
tions" (1882) [8], F. Lindemann laid the foundations for
a simple solution of "conformal” problems by means of
a transition from Lamé functions to spherical functions,
without resorting to complex theoretical calculations.
His student O.T. Volk (1925) proved the validity of us-
ing the Lame function (21) for an imaginary quantity
for a conformal mapping [9,10] (in the formula of Lin-
demann and Volk, ¢ was replaced by a; since at that
time due attention was not paid to the precise interpre-
tation of quantities and their belonging to the generally
accepted quantities in the calculus of an ellipse) and the
research was continued by Volk’s student O.E. Stanai-
tis (1937, 1939), who studied the integral properties of
the Lame functions [11].

Based on the above, we can study in detail the
mechanism of circulating vortex flows on layered (on
different layers) surfaces of an ellipsoidal vortex using
Lame ellipsoidal coordinates.

Therefore, there is very little information left in
modern mathematics about such special Lamé func-
tions; we can further very briefly dwell on some proofs
of well-known Lamé functions, which can be found in

this article.
2. Spherical Laplace function (3R).
We have a differential equation:
1 d?f 1 d

. af _
+ﬁg(5‘ln9 E) + TL(Tl + 1)f = 0,

Sin 6 dg?
1)

where n is a positive integer. Solutions regular on
the surface of a sphere are called spherical Laplace
functions [8]. For each value of n, as is known, there
exist 2n + 1 functions f,,(m=1,2,3,...,2n+ 1),
which are expressed as follows:

By (CosO) Cos me, By, (CosO) Sinme , (2)

where m = 0,1, 2, ...,n, and B, (Cos8) are Le-
gendre functions of the n-th order. Next, we assume
that in the region —7 < ¢ < m, 0 < 6 < m these func-
tions are orthogonal and generally unrelated.

Introducing elliptic coordinates [11]:

x = CosO = %

s _ JuEpz bz
y = Sinf Cosp = W~ €)
s , _ NeZ-p?yce?-v?
z =Sin 6Sing = B
Then equation (1) changes to another form:
af L & 2 _ o 2vF
du2+duz+n(n+1)(/x va)f =0, (4)

Where the values of u and v denote:

— du _ (¢ dv
u=Jp [uZ—b2,[c2— 2 U= fb Tb2—v2c2—v2 (5)
Here u and v vary within the interval:
b<su<c,-b<v<b0<b<c
3. The "lemniscatic kernel" of the Lamé func-
tion of the first kind and its harmonic analysis
When searching for solutions to the differential
equation (1), we will use a special Lamé formula that
connects two Lame functions E; (1) and E, (v) of two
arguments g and v :

f=EWE,() (6)
And we find the Lamé functions
E; (1) and E,(v) of the quantities

z,4Jz% — b?%,Vz? — c? satisfy the same differential
equation E,4(z) — Lamé functions of the first kind of
degreenatz=u=v
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2 _ p2y(,2 _ 2y Enm 2 _ p2 _ .2\ %Enm
(z* = b?)(z% — c?) T z(2z% — b* —c?) -t
+(B2+ ) vl — n(n+ 1)2?)Eym =0, (7)
where v is the root of some algebraic equation:
vP~an?+ pin+y, = a;(n+ 0.5)% +
+(Br—a)) +y—025ay,(8)
where 0 < a; < 1,b,care real numbers. From
here we have that for odd n = n -» ¢ =n/2, for
evenn = n->o=Mn-1)/2.

Where the notations p, g, K mean:

p=b?+c? q= b3 K =v"(11)

Eliminating the coefficients a,, a,, ..., a, from the
system of equations (10), we obtain an algebraic equa-
tion of degree ¢ + 1, which defines K. It has been
proven that this algebraic equation has s + 1 distinct
real roots. From this and therefore follows that there ex-
ist o + 1 functions K (z), that are not linearly related.
Therefore, each individual case will always have its
own formula, which may not be applicable to another
case. Lamé functions possess this unique property, so
they cannot be precisely defined for use as a general
formula for other cases.

Then, upon substitution, we have
22 +c2)a;—z2
¢ (z2-b2)(z2-c2) b2+ a,—2z2
then equation (7), which will have the form

t= dz,y = (12)

d?u 1\2 = z2+44B(B1+y1) , z*-b2c?
F+[(n+5) + 44 + 242
_ 522(z%-b?)(z%-c*)| . _
— s = 0, (13)

where B = b2 + ¢%, A = ((b? + cH)a, — z2).
So we have a final solution
b

/
x

'yvv-;'?

Thus, the function (7) has s = o + 1 functions,
Ko(2) = apz™ + a2z 2 + -+ (9)
As a solution, where the coefficients a4, a,, ... are
determined by integration using the infinite series
method. To determine the coefficients of the class
K,.(z) of functions E,, we first find them from the
system:

2(2n — Da,; = p(K — n?)a,,
2m(2n+1-2m)a, =p [K - ((n+2-2m)) ] Am_q +
] +qn+4-2m)(n+3—-2m)a,_,,

. aﬁl : 0 : [K_ ((n_za))z] a0+ e
qn+4—-20)(n+1-20)a,_,,(10)

it z  z—z2—a;B _
et = Ceps (fc Wdz) = { eps S (14)
from here we obtain the “lemniscatic kernel” func-
tion for the Lamé integral:
Vz2-b2—/z2—c2 zdz

T e P8 (-7 (zZ—bZ)(zz—cZ)) (15)

In the conformal mapping, function (15) for |{| =
p (0 <p<lorl <p< o) yields a system of
curves that are very similar in system to the sofocal
curves of the lemniscate and the sofocal curves of the
Cassini ovals [8-10, 18]. Formula (15) gives a system
of annular rings connected through the center, as shown
in Fig.1.1 and 1.2.

From Fig.1.1a, it is clear that at the conformal
mapping of function (15) there are two cuts here, and
the semi-hyperbolas pass from one quadrant through
the cuts to the other quadrant strictly according to the
inversion law. Here we see a focal point C,, which is
connected through the cuts to another focal point C,.

We can denote this visual imaginary connection
by a special function that will connect both the confor-
mal relation and the spherical one through the center of
coordinates.

Fig.1.1 @) Conformal mapping of a function (26) [1,18]; b) The & function is surrounded by a blue circle in the
center. This function is described in more detail in the paper [18].

f(x,y,2z) = EQW)E®?),
where
A,F =0 (17)

(16)

And since function (15) has two discontinuities,
we will assume that in the Riemann variation we are
dealing with a two-sheeted Riemann surface, and this
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surface is doubly connected, as shown in Fig. 1.2 from
the work [18].

From this it is clear that the curves |e’*| = p can-
not intersect with the curves |{| = p, since the function

© has a non-zero real part (Fig. 1.2) and it affects other
isogonal lines that fall within the region of the kernel of
the function &.

Fig.1.2 Doubly connected Riemann surface of function (15) according to Lindemann [18].

4. Lamé functions of the second kind.

We obtain, as usual, by Euler's method, the second
solution of the Lamé equation: this function, known as
the Lamé function of the second kind and important in
potential theory, is defined by the expression

second kind: the regions of convergence of these vari-
ous series are, in general, bounded by curves of the
fourth order.

The fundamental role played in the problem of
equilibrium of a rotating fluid by equations involving
the product R™E™ has prompted authors studying the
problem to seek a form for the function E that is char-
acteristic of a numerical solution. Lyapunov [12-14]

E"(p)
=(2n
o pdp
+ 1)R"(p)
f_w [R"(p)]2/(0? — ah)(p? ~ b)) (7 —
(18)
or with a variable u
E"(z) = (2n+ 1)R"(2) fou[li’:l(# 1)

When z— 0or p — oo, principal value E™ =
p~ "1 and the value R™ = p".

The introduction and study of this second solution
are due to Liouville and Heine [3-4]. Various authors
have also dealt with it; F. Lindemann [8] developed the
quantity (z; — z)~1, where z and z, are any two real
quantities successively occurring in products of the
type R™(z)E™(z,); he also studies other expansions of
the same kind in series of Lamé functions of the first or

cz)presents expressions involving symmetric functions of

the roots of the functions R, or more precisely, the pol-
ynomial f(p?) adjacent to these functions: these for-
mulas are still quite complex.

But if we take into account the principle of orthog-
onality and the principle of chirality, then the formula
of orthogonal identity (formula (20) from work [18]) is
solved using the law of mapping of an ellipsoidal vor-
tex (see Chapter 6 from work [18]) or using the law of
symmetry of the lemniscatic strip.

X+ r+_Z = Z = Const (20)
r-Z X-iY

Thanks to this law of symmetry and the mapping
of the lemniscatic strip, the problem is solved more eas-
il

Fig. 1.3 Mirror and inversion symmetry with respect to the OX and OY axes of the simply connected Riemann
model (helical spiral)

Riemann's two-sheet geometry (see Fig. 2.3 from
work [18] and Fig.1.3). With such an inversion map-
ping, the flow direction along the lemniscatic strip is
preserved; this is even more clearly seen in conformal
geometry.

This phenomenon must often be taken into ac-
count when describing the distribution of "discharged"
matter in the interior of an ellipsoidal closed vortex.
Here, in this case, we can easily transition from spheri-
cal (elliptical) trigonometry to hyperbolic geometry by
equating the spherical radius to the imaginary unit [15-
16, 18].

Each function E(z) can also be used as an entire
function E({), where from the system of equations (22-
28) we can find the function for the “lemniscatic core”

for ellipsoidal vortex:
S @D

5. The relationship of Lamé homofocal surfaces
with elliptical coordinates of field potentials in the
3R system and their characteristics.

Heine himself noted that it was very difficult to
solve spatial physical problems of heat and potential in
three dimensions without a suitable coordinate system.
It was only after Lamé introduced special constructions
that simplified the approach to studying three known
geometric figures simultaneously: the ellipsoid, the hy-
perboloid of one sheet, and the hyperboloid of two
sheets. Before Lamé, scientists used polar coordinates
on a spherical (ellipsoidal) surface, which at the time
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was computationally cumbersome.

Let us rewrite the system of these figures “accord-
ing to Lame” in the words of Heine [3]:

Let there be a system of surfaces subject to the
conditions

mx? +ny? + 1z> =1, (22)

1 1 1
where m = Z =g =g
andA>c,c>A>bb>21>0
than

2 2 2
%+ﬁ%ﬂ7£ﬁ=1amwm

2 2 2
:7 :ﬁ - sz_—ﬂz = 1 One-sheet (23)
hyperboloid
xZ yZ ZZ
2z m — 2oz = 1 Two-sheeted
hyperboloid

Such surfaces are usually called confocal in Ger-
man works, and Lame called them homofocal (Lame,
p. 156) [2].

From system (23) we find the values for x, y, z for
elliptical coordinates:

_pwv
/ bc
_\/p2_b2\/”2_b2 b2 _y2
y - b\/cz—bz (24)
\/pz — cz\/cz — ez —v?
zZ =
cVc? — b?

From here we find expressions for the quantities:
§=x—Vx2-1(25)
_ EEp? i
And additional formulas for finding the relation-
ship between two independent coordinate systems:

{Nuz — b =V — B (7t + )
2y -2 =V b (7' — 1)
{2\/[12 — b2 =+/c2—b2Cos ¢

2ct —p? = Je2 — b2 Sing

from the system of equations (27) we find

(27) = n=Cos @ —iSin ¢ (28)

The most striking thing is that Lamé anticipated
the ease of calculating such complex three-dimensional
structures. At the time Lamé published his work on
isogonal lines and surfaces, few scientists paid attention
to the importance of Lamé's work, but I note that Kelvin
took these works with him to England in order to un-
derstand the mathematical formulas that he later ap-
plied in developing the stability of the rotation of the
ellipsoid and in order to be able to apply these conical
coordinates. His two-volume treatise on philosophy (on
physics) [17], jointly with Tait, had a great influence on
the direction of theoretical physics at that time in Eu-
rope and in Russia as a whole. Chebyshev himself re-
peatedly spoke about the problem of the stability of the
ellipsoid (a problem raised by Kelvin) [12]. In my case,
the ellipsoidal vortex, due to its unique core structure
(Fig. 5.2 from [18]), allows its emerging internal vortex
domains (flows) to rotate according to the geropoloid
(herpoloid) law. These vortex flows in the closed sys-
tem of the ellipsoidal vortex are characterized by a very
high level of self-organization and a clear hierarchy in
motion. Here, the vortex motion (not to be confused

(27)

with the rotational type of solenoidal motion) has many
analogs in nature of manifestations with semi-lemnis-
cate motions, which are clearly observed in some cases
when equations (29) and (30) are satisfied.

_ Jx2—p2 _ JaZ—p2
f - \/az—bz N = \/az—bz (29)
w=u+iv= e (30)

For b = 2 and ¢ = 1, clear signs of a doubly
connected three-field (six-field) lemniscate are ob-
served [18]

6. Conclusions

Based on the above, we can conclude that the the-
ory of Lamé functions forms a comprehensive mathe-
matical foundation for studying problems of potential,
heat conduction, and spatial conformal transformations
in ellipsoidal coordinates. Historical development, be-
ginning with the work of Gabriel Lamé and continued
by Joseph Liouville and Eduard Heine, then Neumann,
Lindemann, and his successor, Otto Volk, has shown
that these functions possess unique analytical proper-
ties and require an individual approach in each specific
case.

The relationship between the spherical Laplace
functions and Lamé's ellipsoidal coordinates allows us
to move from the standard spherical description to a
system of second-order homofocal surfaces - the ellip-
soid and hyperboloids. This representation significantly
simplifies the solution of spatial problems and reveals
the internal structure of solutions through the separa-
tion of variables and the construction of functions - in-
tegrals of the first and second kind. The introduction of
a "lemniscatic kernel" and analysis of the correspond-
ing conformal mappings demonstrate that solutions to
the Lamé equation are naturally interpreted in the ge-
ometry of lemniscatic strips [18], significantly simpli-
fying the study of the mathematical model of a two-
sheeted Riemann surface. This emphasizes the im-
portance of the principles of orthogonality, symmetry,
and analytic continuation in the study of these func-
tions.

Geometric interpretation through homofocal sur-
faces and ellipsoidal coordinates makes it possible to
apply the obtained results to the modeling of complex
domain-like closed vortex structures, where ordered
and hierarchical dynamics of internal flows are ob-
served.

Thus, Lamé functions act as a link between ana-
lytical methods, geometric constructions, and physical
vortex models, providing a universal framework for de-
scribing complex spatial closed vortex processes.
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Abstract

As we know the universe is 13.8 billion years old and that emerging from a hot, dense singularity in the Big
Bang and has been expanding ever since. The majority of physics theories about the universe's formation and
development are based on General Relativity (GR). Humanity's viewpoint has gradually changed from one of a
deterministic, predictable cosmoses to one of probabilistic outcomes and inherent uncertainty due to the successive
development of physics theories. This change is mostly caused by the transition from classical to contemporary
physics, which has a significant impact on hypotheses regarding the universe's formation and future predictions.
The generally accepted Big Bang hypothesis resulted from the integration of relativity with astronomical evidence,
including as Edwin Hubble's discovery of an expanding cosmos and the detection of cosmic microwave back-
ground radiation. The cosmic microwave background's small quantum fluctuations from the early cosmos may be
studied to find "fingerprints of creation" that eventually developed into the large-scale structures we see today.
The Big Bang, Cosmic Inflation, and Quantum Foam are all included in the universe's genesis framework. How-
ever, things like the exact form and behavior of dark energy, which is speeding up the universe's expansion, make
the future mostly uncertain. The Big Freeze, Big Bounce, Big Crunch, and Big Rip ideas of the universe's end do
not fully account for the replies of the future. The future is therefore still uncertain and mostly unpredictable. This
voyage through uncertainty reveals physics as an ever-evolving subject that has transitioned from the pursuit of
flawless prediction to an embrace of probability and the dynamic, open-ended character of cosmic research. Based
on contemporary concept of physics and ideas of scientists, this research investigates the universe's genesis and
future. With the chronological development of physics theories, an attempt has been made to educate and analyses

the universe's formation and consequences as well in a story.

Keyords: Big bang, black hole, GR, QR, JWST, LQG, CCC, CMB, Theory of Everything

1. Introduction

The scientific narrative of the universe is a dy-
namic, constantly evolving story rooted in evidence-
based, testable hypotheses (cosmology), as opposed to
mythical or static narratives. Casement of scientific dis-
covery is unparalleled, whether one is seeing a novel
phenomenon or unravelling a long-standing riddle.
Physicists have continuously investigated the cosmos
to discover because physics offers the basic rules that
control all matter and energy, from the smallest suba-
tomic particles to the greatest cosmic structures, it is
crucial to comprehend the future of life and the uni-
verse. The principles of physics govern how life itself
functions. One of humanity's most noble pursuits is the
quest to comprehend the cosmos and our environment.
The most basic science, physics, is essential to these
endeavors. Scientists like Einstein, Max Planck, Niels
Bohr, Newton, and Archimedes have led challenges
and achieved ground-breaking discoveries throughout
history. These groundbreaking discoveries and cutting-
edge hypotheses are what give physics its excitement.!
The exert scientific mysteries, using their creativity and
logic to unearth basic and unexpected hypotheses about
nature.? Improving our comprehension of the cosmos is

L https://physics.wvu.edu/undergraduate-students/major-in-
physics/why-study-physics, accessed on 13 Jan 2026

2 https://www.linkedin.com/pulse/importance-physics-man-
society-dr-muhammad-attique-khan-shahid, accessed on 13
Jan 2026

8 https://cehsweb.health.umt.edu/sites/default/files/web-
form/steer/transcripts/Importance-of-Physics.pdf#:~:text=,
accessed on 13 Jan 2026

one of physics' most important accomplishments. Sci-
entists have investigated the beginnings of the universe,
the formation of stars and galaxies, and the fundamen-
tal characteristics of space and time by using physical
principles.® Regardless of their level of notoriety, all
physicists play a vital role in advancing our knowledge
by presenting and answering these fundamental ques-
tions about creation, life, the cosmos, and the future.
Physics has roots in ancient civilizations and is differ-
ent from current understanding, even though it was for-
merly limited to astronomy.

The stars in the universe were well understood by
the ancient Greeks, Egyptians, Mesopotamians, and
new world cultures like the Maya and Aztecs.* Each of
them studied the sky to observe and forecast the path of
the sun, moon, and stars in order to track the seasons
and gain a basic grasp of the universe.® Their mathe-
matics was occasionally amazing and accurate, despite
the fact that they lacked the tools and understanding of
the sky to fully comprehend these concepts. Every ma-
jor civilization practiced some form of sun worship or
devotion, and some of these practices were strikingly
similar despite their lack of contact with contemporary
technology. ® In a few of instances, their math’s was

4 http://blog.nmai.si.edu/main/2017/08/indian-beliefs-
eclipse.html, accessed on 13 Jan 2026

5 http://galileoandeinstein.physics.virginia.edu/lectures/tha-
les.html, accessed on 13 Jan 2026

6 https://explorable.com/ancient-physics, accessed on 13 Jan
2026
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amazing and accurate, but they lacked the tools and the
knowledge necessary to fully understand these con-
cepts. Surprisingly, some of the customs of sun worship
and devotion were quite similar across all major civili-
zations, even in the absence of contemporary technol-
ogy.’ Particularly with theories like general relativity
and quantum mechanics, modern physics has ques-
tioned traditional ideas of reality and determinism, rais-
ing the possibility that the universe is considerably
more complicated and bizarre than previously thought.?
The attempt to combine quantum mechanics, which
governs particle behavior at the smallest scales, with
general relativity, which explains gravity and the uni-
verse's large-scale structure, is one of physics' biggest
unsolved problems.®

One of the most fascinating areas of physics is still
the search for a Theory of Everything (ToE). If success-
ful, it would provide a cohesive framework for compre-
hending all physical phenomenon, from particle inter-
actions to the behavior of galaxies. This research exam-
ines the relationship between Einstein's theory of
relativity and quantum mechanics to investigate the na-
ture of time, reality, and the future.'® Relativity implies
a deterministic universe by introducing the idea of a
four-dimensional space-time continuum and the "block
universe,” where all events—past, present, and future
exist simultaneously. However, the probabilistic be-
havior of particles and the notion that results only be-
come certain upon measurement in quantum mechanics
cast doubt on this determinism. Different interpreta-
tions of this quantum indeterminacy exist: the Many-
Worlds interpretation restores determinism by propos-
ing branching realities for every potential result,
whereas the Copenhagen interpretation proposes a fun-
damentally random reality. The discussion is further
enhanced by other ideas like decoherence, entangle-
ment, and the shortcomings of rival theories like pilot-
wave mechanics. Therefore, the history of physics is
fascinating and fascinating, and the future of human
civilization is yet unknown. Nearly a century ago, it
was established that the universe is expanding. How-
ever, it wasn't until the 1990s, with the advent of pow-
erful telescopes, particularly orbital ones, and the era of
precise cosmology, that scientists realized exactly how
this happened.™*

Nonetheless, the most widely accepted account of
human civilization and the modern world is the Big
Bang theory. The universe began with the Big Bang,
which happened around 13.8 billion years ago. From a

7 http://www.desy.de/user/projects/Physics/Relativ-
ity/SR/light_mass.html, accessed on 17 Jan 2026
8 http://nyperphysics.phy-

astr.gsu.edu/hbase/Forces/ged.html, accessed on 17 Jan 2026
9 https://cehsweb.health.umt.edu/sites/default/files/web-
form/steer/transcripts/Importance-of-Physics.pdf, accessed
on 17 Jan 2026

10 Hossain K A, (2026), Evaluation of Creation and Future of
Universe on the Basis of Contemporary Theories of Physics,
Journal of Liberal Arts and Humanities (JLAH) Issue: Vol. 7;
No. 1; January 2026 (pp. 1-93) ISSN 2690-070X (Print)
2690-0718, Doi: 10.48150/jlah.v7nol. 2026.al, accessed on
30 Jan 2026

1 https://scitechdaily.com/astrophysicists-developed-a-new-
theory-to-explain-dark-energy/, accessed on 03 Nov 2025

very heated and dense condition, it began to expand and
grow. Fundamental particles emerged as the cosmos
cooled, giving rise to hydrogen and helium. Gravita-
tional forces brought these gases together into stars and
galaxies over millions of years, sparking nuclear fu-
sion. This process produced heavier elements, which
are briefly described in the cosmic calendar and even-
tually helped build planets and life. The idea that sen-
tient life originated from something random may be a
fundamental flaw in the big bang theory. Similarly,
Einstein's well-known formula, E=mc?, may be called
into doubt since, provided it is matter or has mass, trash
may likewise be used in place of radioactive material to
create atom bombs. Some people also wonder how the
big bang came to be in the first place. And everything
that is or will ever be came from nothing. The study
also examines how our perception of the "present” is
complicated by awareness and the relativity of simulta-
neity, posing profound queries about whether the future
is fixed or still developing. Spacetime is not smooth at
Planck scales (very tiny), but rather a chaotic, fluctuat-
ing "foam" where virtual particles appear and disap-
pear, implying that everything has a quantum origin.
According to the Big Bang theory, the universe began
to expand from a very hot, dense singularity around
13.8 billion years ago, as shown by CMB, element
abundances, and expansion. Stretching quantum fluctu-
ations into cosmic seeds for structure and resolving Big
Bang paradoxes (such as flatness/horizon difficulties)
is a fast, exponential growth phase that occurs shortly
after the Planck period (about 10732 to 103! seconds).
Consequently, three dominant theories of physics that
are compatible emerge. First, String Theory suggests
that basic particles are vibrating strings, which might
unite gravity with other forces, need more dimensions,
and provide methods for characterizing the quantum
gravity regime close to the Big Bang/Singularity.*?
The anti-de Sitter/conformal field theory connec-
tion (AdS/CFT correspondence), which links string
theory to another kind of physical theory known as a
quantum field theory, was discovered by theorists in
late 1997.%3 The fact that the complete theory lacks a
proper definition in every situation is one of the diffi-
culties with string theory.* Second, the singularity
problem is resolved by Loop Quantum Gravity (LQG),
which quantizes spacetime into discrete "loops," imply-
ing that the Big Bang was a "Big Bounce" from an ear-
lier contracting universe rather than a singularity.'® By
arguing that spacetime is quantized—that is, composed

12 puff, Michael (1998). "The theory formerly known as
strings". Scientific American. 278 (2): 64—
9. Bibcode:1998SciAm.278b..64D. doi:10.1038/scientificam
erican0298-64, accessed on 30 Jan 2026

13 Maldacena, Juan (2005)."The lllusion of Grav-
ity" (PDF). Scientific American. 293 (5): 56—
63. Bibcode:2005SciAm.293e..56M. doi:10.1038/scientifica
merican1105-56. PMID 16318027, accessed on 17 Jan 2026
14 Smolin, Lee (2006). The Trouble with Physics: The Rise of
String Theory, the Fall of a Science, and What Comes Next.
New York: Houghton Mifflin Co. ISBN 978-0-618-55105-7,
accessed on 17 Jan 2026

15 Rovelli, Carlo (August 2008). "Loop Quantum Grav-
ity" (PDF). Living Reviews in Relativity. 11 (1)
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of discrete units—rather than continuous, LQG theory
integrates quantum mechanics with general relativity.®
Instead of being indefinitely split, it suggests that time
and space are composed of fundamental, discrete units,
such as pixels on a screen.” Conformal Cyclic Cosmol-
ogy (CCC) comes in third. This hypothesis, proposed
by Nobel laureate scientist Roger Penrose, holds that
the cosmos continuously cycles through "aeons" in
which a conformal change that effectively "squashes"
spacetime connects the Big Bang of one aeon. This con-
cept suggests that matter (photons principally) from a
prior aeon develops the seeds for the new one, perhaps
leaving "Hawking points" (circular patterns) in the Cos-
mic Microwave Background (CMB) as evidence,
avoiding a traditional Big Bang singularity and the ne-
cessity for beginning conditions.*® These ideas fit into
the inflationary Big Bang story by attempting to con-
nect General Relativity (GR) on a large scale with
Quantum Mechanics (QM) on a tiny scale to explain
the early moments of the universe.®

The enigmas surrounding the universe's begin-
nings have long piqued human interest and provoked
thought throughout history. Humanity has attempted to
solve the many mysteries of the universe that surrounds
us, whether via the transmission of stories, space explo-
ration, or the development of contemporary scientific
theories. From at least Democritus and classical Greek
philosophy to Newton and Bentley's discussions and
the 21st century, the universe and its origin has been a
philosophical topic that has led to advances in philoso-
phy of science and physics. It has also inspired highly
sophisticated technology, clever engineers, and a wide
range of devices. Since Einstein offered both his well-
known General Relativity theory and empirical and
Gedanken experiments (thought experiments and con-
ceptual scenarios, frequently in physics, used to explore
theories, principles, or hypotheses by imagining out-
comes, especially when real experiments are impossi-
ble or impractical, famously used by Einstein to de-
velop relativity by envisioning riding light beams or
falling freely, illuminating concepts like gravity, light
speed, and quantum mechanics), pointing towards QM
properties, the Standard Model and main theories have
been deemed stuck or even gone astray due to incom-
patibilities between GR and QM, particularly with re-
gard to the unification of the universe and its origin,
such as galaxy formation and the CCP, Dark Matter and
Dark Energy. Based on data-driven discovery and sym-
bolic-regression, a state-of-the-art framework was pro-
posed to address these problems that were made worse

5, d0i:10.12942/Irr-2008-

5. PMC 5256093. PMID 28179822, accessed on 17 Jan 2026
16 Muxin, H. (2011). "Cosmological constant in loop quantum
gravity vertex amplitude”. Physical Review D. 84 (6)
064010. arXiv:1105.2212,
doi:10.1103/PhysRevD.84.064010, accessed on 17 Jan 2026
17 Smolin, Lee (2006). "The Case for Background Independ-
ence". In Rickles, D.; French, S.; Saatsi, J. T. (eds.). The
Structural Foundations of Quantum Gravity. Clarendon
Press. pp. 196ff. arXiv:hep-
th/0507235. Bibcode:2005hep.th....7235S. ISBN 978-0-19-
926969-3, accessed on 17 Jan 2026

by JWST 2020-2025 results, the CCP, and naturally the
other concerns, such as the unification between QM and
GR. The findings led to three compatible leading hy-
potheses and a modest multiverse approach link with
entropic formation of a unique, unstipulated or time-
wise universe within a quantum foam, Big Bang, and
inflation-based primaeval framework. String Theory,
Loop Quantum Gravity, and Conformal Cyclic Cos-
mology are three complementary theories that investi-
gate this and provide routes to a Theory of Everything
(ToE). In order to explain and evaluate the sequential
evolution of concepts and theories of physics in order
to forecast and correlate the birth of the universe and its
ultimate future, this analytical study has based on cur-
rent concept of scientific theories and ideas of scien-
tists.

2. Methodology and Literature Review

2.1. Basic Scientific Concept. Many cul-
tures throughout the world created elaborate myths to
explain how the cosmos came into being long before
scientific investigation took the stage. These symbolic
and metaphorical tales gave communities a framework
for understanding the intricacies of their environment
and their own importance. According to Egyptian the-
ology, the cosmos originated from the primordial wa-
ters of Nun, the creator God, and these waters created
an abyss with infinite possibilities. Atum, the sun god,
was credited with using his creative abilities to give the
universe shape and order. Similarly, ancient Greek cos-
mogeny describes how the cosmos was created by the
primordial God Chaos, from which the gods Gaia
(Earth), Uranus (Sky), and other primordial divinities
emerged. These ancient myths provide cultural tales
that reflect social values, beliefs, dreams, and ideas, but
they don't provide an intelligible explanation for any of
the natural happenings in our universe.

Through contemporary cosmology, the 20th cen-
tury saw a shift in our comprehension of the universe's
origins. Edwin Hubble's revolutionary finding of an ex-
panding universe in the 1920s served as the foundation
for the Big Bang Theory, which has fundamentally
changed how we think about the evolution of the cos-
mos. According to the Center for Astrophysics, the Big
Bang Theory suggests that the universe started from a
dense, highly hot single place around 13.8 billion years
ago. The "singularity,” as it is called, is the point at
which space, time, and matter as we know them now
began.?® Subatomic particles combined to become at-
oms as space cooled and expanded over time, and these
atoms then developed into far-off galaxies, stars, and

18 Roger Penrose (2006). "Before the Big Bang: An Outra-
geous New Perspective and its Implications for Particle Phys-
ics" (PDF). Proceedings of the EPAC 2006, Edinburgh, Scot-
land: 2759-2762. Bibcode:2006epac.conf.2759R, accessed
on 04 Nov 2025

19 DeAbreu, A.; et al. (2015). "Searching for concentric low
variance circles in the cosmic microwave background”. Jour-
nal of Cosmology and Astroparticle Physics. 2015 (12):
031, doi:10.1088/1475-7516/2015/12/031, accessed on 17
Jan 2026

20 Wollack, Edward J. (10 December 2010). "Cosmology:
The Study of the Universe". Universe 101: Big Bang The-
ory. NASA. Archived from the original on 14 May 2011, ac-
cessed on 04 Nov 2025
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planets.?! In the end, it influenced the current structure
of the cosmos including our own solar system. The Big
Bang Theory has become the dominant model in cos-
mology due to its capacity to explain a wide range of
data, including the distribution of galaxies and cosmic
microwave background (CMB) radiation. However, the
Big Bang Theory has its own drawbacks, just like any
other theory, and has spurred continuous debates and
investigations into other hypotheses of cosmic develop-
ment.??

An astronomer by the name of Georges Lemaitre
had a brilliant notion in 1927. According to him, the
cosmos began as a single point a very long time ago.
He claimed that the cosmos may continue to grow and
extend until it reached its current size. Edwin Hubble,
an astronomer, discovered that other galaxies were
eclipsing us only two years later. And that's not all. Gal-
axies that were further away were traveling more
quickly than those that were nearer to us. This implied
that, as Lemaitre believed, the cosmos is continually
expanding. Everything had been closed together a long
time ago if things were drifting apart. The cosmos
started out as a mixture of light and energy and hot, tiny
particles. It was very different from what we see now.
Everything cooled as it grew larger and occupied more
space. The little particles clustered. They created at-
oms. These atoms then formed a group. Stars and gal-
axies are the result of atoms coming together over a
very long period of time.?® Larger atoms and clusters of
atoms were produced by the earliest stars. More stars
were born as a result. Galaxies were clumping together
and colliding at the same moment. Asteroids, comets,
planets, and black holes originated as a result of the
birth and death of new stars. They refer to it as the "Big
Bang." The cosmos is 13,800,000,000 years old, or 13.8
billion years old, according to current knowledge.
That's a lengthy period.?

The Big Bang hypothesis is compelling and shows
that, according to popular belief, the cosmos did not
originate from a "primordial atom explosion," but ra-
ther from an extraordinarily hot and dense starting con-
dition. Even However, the scientific community's
widespread acceptance of it does not ensure that it has
the last word about the universe's distant beginnings.
Science has regarded this hypothesis as a legitimate
paradigm for more than a century. However, a number
of historical gaps remain, and as the idea spreads across
academic and educational settings worldwide, fresh
questions are raised. Its widespread acceptance does
not prove that it is infallible or that the cosmos began
precisely as it was suggested. A scientific hypothesis
should also be backed up by the actual data that sup-
ports it. New ideas, like the "dead universe" notion cov-
ered in this article, may now be supported by the same

2L Stone, M. (1977). "Semiclassical methods for unstable
states". Phys. Lett. B. 67 (2): 186—
188. Bibcode:1977PhLB...67.186S. doi:10.1016/0370-
2693(77)90099-5, accessed on 03 Nov 2025

22 Caldwell, Robert R.; Kamionkowski, Marc; Weinberg,
Nevin N. (2003). "Phantom Energy and Cosmic Dooms-
day". Physical Review Letters. 91 (7) 071301,

data that originally supported the Big Bang. Unques-
tionably, the Big Bang hypothesis is a widely recog-
nized model, yet the cosmological model of the dead
universe theory could end up being the most likely.
Technological developments and mathematical compu-
tations in the field of quantum computing may provide
a clearer proof of this new theory's validity than the ef-
forts of astrophysicists seeking accuracy to support the
theory alone.

However, Alexander Friedmann and Georges Le-
maitre had already established the theoretical founda-
tion that would challenge conventional wisdom about
the universe before Edwin Hubble solidified his place
in the study of the cosmos. A Russian mathematician
named Friedmann was the first to use the theory of rel-
ativity's equations to forecast an expanding universe in
1922. At first, this hypothesis was viewed with suspi-
cion. Simultaneously, in 1927, the Belgian astronomer
and priest Georges Lemaitre separately put out a similar
concept that contained the idea of a "primeval atom"
and the theoretical forerunner of the Big Bang. Edwin
Hubble became a transformational figure in the envi-
ronment that these creative minds had constructed. He
devoted his professional life to the study of galaxies'
redshifts, a phenomenon he himself brought to light via
careful studies. Hubble presented his findings in 1929,
supporting and extending Friedmann and Lemaitre's
hypotheses by demonstrating a direct correlation be-
tween a galaxy's apparent brightness and redshift.

The idea of the universe's expansion was elevated
from a mathematical abstraction to an experimentally
provable fact by this finding, which is now known as
Hubble's Law. In addition to supporting the work of his
forebears, Hubble's contribution marked the beginning
of a new era in cosmology, when the notion of a dy-
namic and expanding cosmos became a fundamental
component of the contemporary understanding of space
and time. Hawking hypothesized in 1988 that Hubble's
measurements suggested the cosmos was infinitely
dense and infinitely tiny at a point known as the Big
Bang. All scientific rules and, hence, any ability to fore-
cast the future would be ineffective under such circum-
stances. Events that occurred before now might not
have an impact on what is happening now. Since there
would be no observable ramifications, their presence
might be disregarded. According to Hawking (1988), it
is possible to argue that time started at the Big Bang
since there would have been no definition for prior pe-
riods.?

According to a scientific theory known as the
"heat death of the universe" (also known as the "Big
Chill" or "Big Freeze"), the universe will eventually
reach a point where it has no more thermodynamic free
energy and, having reached maximum entropy, will no

doi:10.1103/PhysRevLett.91.071301, accessed on 03 Nov
2025

2 https://spaceplace.nasa.gov/dark-matter/en/, accessed on
17 Jan 2026

2 https://spaceplace.nasa.gov/big-bang/en/#:~:text=, ac-
cessed on 17 Jan 2026

% Hawking, S. (1988) A Brief History of Time. Bantam
Books, accessed on 17 Jan 2026


https://en.wikipedia.org/wiki/Bibcode_(identifier)
https://ui.adsabs.harvard.edu/abs/1977PhLB...67..186S
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1016%2F0370-2693%2877%2990099-5
https://doi.org/10.1016%2F0370-2693%2877%2990099-5
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1103%2FPhysRevLett.91.071301

Norwegian Journal of development of the International Science No 175/2026 77

longer be able to support any more thermodynamic pro-
cesses.?8,2” Heat death simply means that temperature
variations or other processes may no longer be used to
do work; it does not indicate any specific absolute tem-
perature. This is the point at which the cosmos enters
thermodynamic equilibrium in the terminology of sci-
ence. The universe will continue to expand indefinitely
if its curvature is hyperbolic or flat, or if dark energy is
a positive cosmological constant. After a long time, a
heat death is predicted, in which the cosmos cools to
near equilibrium at a very low temperature.?® Discus-
sion of the application of the first two principles of ther-
modynamics to universal processes is where the con-
cept of the universe's heat death originates. Based on
previous studies on the dynamical theory of heat, Lord
Kelvin presented the idea in 1851 that "heat is not a
substance, but a dynamical form of mechanical effect,
we perceive that there must be an equivalency between
mechanical work and heat, as between cause and ef-
fect."?° It should be anticipated, nonetheless, that an iso-
lated system broken up into subsystems would not al-
ways reach thermodynamic equilibrium and will in-
stead stay in a non-equilibrium steady state. The second
rule of thermodynamics is not violated since entropy
will be transferred from one subsystem to another but
its generation will be zero.%,3

According to the "dead universe™ idea, there once
was an ancient universe that "died" and produced pri-
mordial black holes. This universe may have been more
than a trillion times bigger than the cosmos as it is now.
According to this view, the construction of our universe
was not initiated by the first black holes after the colli-
sion. Rather, it suggests that only the finest particles of
a dead cosmos make up the visible universe. In contrast
to the Big Bang hypothesis, it proposes a novel model
for the expansion process and a revolutionary cosmo-
logical model that provides a more thorough account of
the universe's beginnings. Unlike the theory of univer-
sal expansion, which suggests an aggressive expansion
that results in the breakdown of matter and the end of
the universe, this theory really explains a simple sepa-
ration of galaxies.

Astrophysicists cannot afford to be unfair about
the universe-size views put out in this study, nor can
they be trivial about the possibilities this technique of-
fers with reference to the ancient universe's moribund
state. This particular treatise retains the right to reject
the notion of the cosmos as an information processor
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and multiverse theories, should the criticisms be sarcas-
tic. According to this idea, our visible universe is influ-
enced by the rules of a dead array of star bodies and
other elements. Within the context of the "dead uni-
verse" idea, two theories are proposed. First, the word
"dead" is reinterpreted to refer to a cosmos whose pri-
mary feature from the beginning is the inherent lack of
light, going beyond the conventional idea of star extinc-
tion. According to this idea, light is a cosmic abnormal-
ity that results from supermassive bodies fusing and
colliding in the vastness of a primordially black cos-
mos. Furthermore, according to this idea, the world in
which we live was not created by fusions or black holes.
According to the first theory, the fundamental elements
of this primordial cosmos include things like supermas-
sive black holes, dark energy, and dark matter. Interest-
ingly, under some conditions, light appears—ypossibly
as a result of intricate gravitational interactions—acting
as a trigger for the shift to a lighted universe similar to
what we see today. According to the second theory, the
death that destroyed all galaxies and put out the light of
a once-bright universe was caused by an ancestral uni-
verse that was far bigger than the universe as we know
it now. Important proof of cosmic processes ending in
the universe's present observable condition may be
found in this previous universe.

The observable universe is thought to have been in
a state of death trillions of years prior to the Big Bang.
In the framework of known physics, the appearance of
light, spurred by high activity in this dead world, would
be comparable to the oddity of black holes. As a result,
the cosmos and galaxies lived in the absence of light,
immersed in the gloom of the dead universe yet kept
organized by the rules of physics. According to this
viewpoint, the cosmos has always existed, although in-
itially in a condition of darkness, rather than just emerg-
ing. This idea describes a lengthy time after the Big
Bang, but before the first stars formed, when the uni-
verse was engulfed in darkness. It draws comparisons
to the "cosmic dark ages" postulated by the Big Bang
theory. Galaxies and the cosmos therefore existed in the
absence of light, immersed in the darkness of the dead
universe, but maintained in a condition structured by
the rules of physics. According to this viewpoint, the
cosmos has always been in a condition of death, having
previously existed in complete darkness, rather than
having just emerged. This idea compares the Big Bang
theory's "cosmic dark ages,” which describe a pro-
tracted time following the Big Bang but before the first
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stars formed, during which the universe was dominated
by darkness. The light as a cosmic anomaly: what about
it? A second hypothesis may be taken into considera-
tion, which goes beyond the traditional perspective that
upholds the natural paradigm of the cosmos in its pre-
sent condition.

This second viewpoint offers a different explana-
tion for celestial phenomena, such as star activity, and
is based on the idea of the "Dead Universe." It's difficult
to avoid thinking about the oddity of the Sun's and other
stars' deceiving frenetic activity when we gaze at them.
It may seem impossible to reconcile the idea of a dead
and lifeless cosmos with the powerful light and radia-
tion emissions from these celestial bodies. But if we ac-
cept the Dead Universe idea, we may see this activity
as an aberration that led to the creation of the universe
as we know it. There are two theories that dominate the
Dead Universe idea. According to the first hypothesis,
light would be seen as an extraterrestrial presence in the
otherwise inert universe, which is in its natural state of
death. The second hypothesis presents a more ambi-
tious idea: a universe that is billions of times bigger
than our own and has progressively descended into an
eternal state of death. The whole nature of existence
was changed in this vast galaxy of light and regular
stars, resulting in a world where light and stellar occur-
rences were every-day.®> We are forced to reevaluate
our comprehension of cosmic occurrences by exploring
these theories. They transform from simple anomalies
into mysterious hints that allude to the deep complexi-
ties of the universe's creation and its death.

2.2 Dead Universe Theory. According to the
Dead Universe idea, there would be no brilliant stars,
solar flares, or any radiant energy in the universe, and
it would be completely inactive. According to this par-
adigm, starlight and the energetic events that accom-
pany it would be seen as anomalous disruptions in a
cosmos that would otherwise continue to exist in an
eternally peaceful state. We would view stellar events
such as coronal mass ejections and solar flares as tran-
sient departures from the inert equilibrium that defines
the Dead Universe. In this ostensibly unchanging cos-
mos, these expressions of tremendous energy activity
would be seen as oddities that resulted from extraordi-
nary circumstances or catastrophic occurrences. As a
result, adopting the Dead Universe idea forces us to re-
consider how we interpret starlight and other celestial
phenomena. They become indicators of a fundamental
rupture that gave origin to the universe as we know it,
rather than being seen as natural features of the cosmos.
This alternate viewpoint calls into question our precon-
ceived notions and encourages us to investigate fresh
approaches to comprehending the nature and genesis of
the universe.

»  Anomaly of Light: A key component of the
physics of the world as we know it is light, a basic kind
of electromagnetic energy. Invoking complexity is not
all that is required to suggest that light is an aberration
in this theory; rather, it provides solutions to some of
the most important concerns in classical physics. This

32 Hossain K A, (2025), Emotional and Atrtificial Intelligence:
Narrative of Human and Machine Relation, Transactions on

method offers a fresh perspective on the nature of the
cosmos in addition to reinterpreting well-known physi-
cal ideas. Thermonuclear events in the cores of stars are
the main source of light in this complicated process.

»  Nuclear Fusion: Nuclear fusion is the main
process by which stars produce light. Nuclear fusion is
the process by which hydrogen atoms combine to gen-
erate helium in the stellar core, particularly in stars like
the Sun. A little portion of the atoms' mass is trans-
formed into energy during this fusion in accordance
with Einstein's well-known equation, E = mc2. Heat
and light are the products of this energy's release.

> Pressure of Radiation and Gravitational Pres-
sure: Within a star, nuclear fusion generates massive
quantities of energy in the form of radiation and high-
energy particles. This radiation exerts an outward push
in all directions. At the same time, the massive mass of
the star creates a powerful gravitational attraction that
attempts to compress it into the core. Hydrostatic equi-
librium is established when these two forces—gravity
inward and radiation pressure outward—balance each
other.

»  Fusion Cycle: The proton-proton cycle, which
releases photons (light particles) when four hydrogen
nuclei unite to produce a helium nucleus, is the main
fusion mechanism in the sun and other stars of compa-
rable size.

»  Gravitational Pressure: Only in stars can nu-
clear fusion take place because of the tremendous grav-
itational pressure in their cores, which pushes the hy-
drogen nuclei closer together until they can overcome
their electrical repulsion and fuse.

»  Hydrostatic equilibrium: The force of gravity
that is attempting to squeeze the star is balanced by the
outward pressure created by the light produced by nu-
clear fusion. The star remains stable and in its present
state because of this hydrostatic equilibrium.

»  Pressure of radiation and gravitational pres-
sure: Nuclear fusion produces enormous amounts of
energy in the form of high-energy particles and radia-
tion within a star. There is an outward pressure from
this radiation in every direction. Concurrently, the star's
enormous mass creates a strong gravitational pull that
tries to compress it in the direction of the core. When
these two forces—gravity inward and radiation pres-
sure outward—>balance one another, hydrostatic equi-
librium is reached.

»  Stellar stability: The star stabilizes when hy-
drostatic equilibrium is reached. The stellar structure
will alter in response to any perturbation that results in
an imbalance between radiation pressure and gravity.
For instance, gravity will start to crush the star if radia-
tion pressure drops, raising the core's warmth and pres-
sure. In order to reestablish balance, this may cause the
rate of nuclear fusion to accelerate. However, if radia-
tion pressure is too high, it might overcome gravity and
cause the star to expand, which could lead to an explo-
sion or the ejection of stellar material.

»  Stellar lifecycle: Understanding hydrostatic
equilibrium is essential to comprehending the star's life
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cycle. Stars maintain this balance for the most of their
lifespan, staying steady and producing energy via nu-
clear fusion. But once nuclear fuel is used up, radiation
pressure drops and gravity takes over. This may lead to
a variety of outcomes, including transformation into a
red giant, explosion, or even a black hole, depending on
the star's mass.

»  Dynamic equilibrium: It is crucial to remem-
ber that hydrostatic equilibrium is a dynamic balance
rather than a static condition. Energy generation, stellar
material migration, and other physical interactions
cause conditions within a star to change continuously.
To guarantee that these changes take place in a bal-
anced and regulated way and maintain the star's relative
stability across its lifetime, hydrostatic equilibrium is
necessary. the idea that light did not exist at the begin-
ning of the cosmos and was generated later. It is indis-
putable that darkness came before light, regardless of
whether one supports the creationist theory—which
holds that the cosmos was covered in darkness before
God declared, "Let there be light"—or the scientific un-
derstanding of these early occurrences.

»  Primitive Elements: Despite being well-estab-
lished ideas in contemporary cosmology, black holes,
dark matter, and dark energy are often seen as emerging
phenomena rather than necessarily as the universe's
original constituents. The dead universe idea, however,
offers a tenable account for their genesis, identifying
them as essential components of an earlier inactive uni-
verse. This hypothesis offers one of the first logical at-
tempts to explain these mysterious phenomena, despite
the fact that dark matter and dark energy are topics of
great study and controversy, with their origins still up
for question.

»  Expansion of Cosmic Understanding: These
concepts test our cosmic imagination and provide a rich
environment for scholarly debates and imaginative fic-
tion. These theoretical ideas aim to deepen our under-
standing of the universe's potential states and the un-
derlying processes that shape its development and
eventual finality, even if they are still far from the pre-
sent consensus in science. Therefore, these claims per-
mit speculative investigation based on alternative theo-
ries and hypotheses while acknowledging the limits of
accepted scientific knowledge.

According to the Dead Universe hypothesis, the
idea of star birth is flipped to universal death, and the
universe as we know it is the remnant of a vastness that
has long since vanished. According to this theory, black
holes are the last resting place of a cosmos that has run
out of energy rather than the sources of creation. These
primordial black holes are the last gravitational light-
houses of a vanished universe, not generating singular-
ities. Despite their seeming freshness, the galaxies and
stars we see are really the remnants of a long-extin-
guished cosmic fire. The mysterious components of our
cosmos, dark matter and dark energy, might be seen as
a faint echo of this last catastrophic catastrophe. The
ideas of the "Big Freeze," "Big Rip," "Big Crunch," and
"Big Slurp" provide dramatic scenarios based on the
ongoing expansion, contraction, or phase transitions of
space-time, among other theories explaining the ulti-
mate destiny of the universe. On the other hand, the

"Dead Universe" idea offers a more tranquil and essen-
tially different conclusion for the universe.

There is no explosive or catastrophic event that
signifies the end of the universe, according to the Dead
Universe idea. The cosmos just reverts to its normal
state, which is devoid of the oddities that define the vis-
ible universe, in its place. According to this idea, light
is an aberration that needs nuclear fusions and other en-
ergy processes to emerge rather than emerging on its
own. According to this interpretation, the universe's
primordial and perpetually black condition is momen-
tarily disturbed by the presence of light. According to
this viewpoint, if there were living things in this early
cosmos, they would see light as odd, fascinating, or an
invader in the eternal state of darkness. According to
the hypothesis, the cosmos ends with a quiet and una-
voidable return to darkness rather than a dramatic ex-
plosion, as is the case with star death. According to sci-
ence, life as we know it may have originated from this
aberration, from a sequence of mishaps and strong mer-
gers in the early universe that would eventually pull the
universe back to its original state. According to the hy-
pothesis, the universe would eventually reabsorb eve-
rything back into its original form, devoid of light and
life, where prevailing gravitational forces will enable
this return to the primitive and dark state, just as light
and life evolved from remarkable occurrences.

The Big Bang and other cosmological theories'
common idea of continuous expansion is challenged by
this hypothesis. It foretells a slow descent into a quiet
equilibrium, when the universe gradually disappears
into the shadowy backdrop of its primordial existence,
eternally trapped in a cycle of fleeting brightness and
ultimate darkness, rather than a violent or catastrophic
end. Galaxies are moving apart at a pace proportionate
to their distance from one another, as shown by the ex-
pansion of the cosmos, a phenomenon that has been
seen and explained by Hubble's Law. This fundamental
aspect of contemporary cosmology is consistent with
the "Dead Universe" idea; however, the ramifications
of this expansion are interpreted quite differently. Ac-
cording to the theory of the Dead Universe, the ob-
served expansion is not the consequence of an initial
impulse from an explosion, as in the Big Bang, but ra-
ther a straightforward separation of galaxies brought
about by gravity and other as-yet-undiscovered laws
arising from the Dead Universe's very nature. It is be-
lieved that this movement is an expression of the inher-
ent and lingering characteristics of a universe that is no
longer functioning in the conventional mind.

In other words, the idea of the Dead Universe aims
to explain why we perceive things, while Hubble's Law
explains what we see. It implies that the dynamics of
the visible world are now governed by the unidentified
rules of the Dead world, which might be remnants or
echoes of a past cosmic reality. Galaxies may continue
to separate long after the initial energy of the Big Bang
should have dissipated due to factors that vary from the
well-known classical gravity. The expansion would
thus represent a slow return to the basic and quiescent
condition of the Dead world, a final state of rest after
the end of anomalies like light and the intricate struc-
tures that define our current world, rather than a sign of
ongoing development or birth. As a result, the Dead
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Universe idea provides an interesting alternative to ac-
cepted cosmological theories and sheds light on the ul-
timate destiny of the universe. Newton's law of univer-
sal gravitation, which states that mass-containing bod-
ies attract one another gravitationally and that this force
is directly proportional to the masses of the bodies and
inversely proportional to the square of the distance be-
tween their centers, appears to be applied in this de-
scription. Gravity would be a key factor in determining
how the observable world moves, according to the idea
of the Dead world we are investigating. Taking this
view, we can hypothesize that our visible universe is
being pulled back to a more uniform and peaceful state
by the gravitational pull of a Dead Universe that con-
tains bodies of immeasurable mass. This would suggest
that the gravity of such cosmic superstructures may ul-
timately oppose or even defeat the forces causing the
universe's expansion, such as dark energy.

This idea differs from previous cosmological
models and is incompatible with cyclic models of crea-
tion and rebirth, the Big Bang, and multiverse theories.
In sharp contrast to the multiverse theory, it promotes
the notion of a perpetually dying cosmos that produces
smaller galaxies and sometimes some bigger ones as it
dies. According to the many hypotheses, the universe
will end dramatically in the future—possibly 200 bil-
lion years from now. The dead universe hypothesis, on
the other hand, holds that this catastrophe has already
happened and that the universe is just continuing on its
path to complete extinction. These theories may be
challenging because of how they approach the study of
space and time. This new hypothesis is more in line
with Penrose's theories (Penrose, 2004).3% "Let us start
by exploring the arena within which all the phenomena
of the physical universe appear to take place:
spacetime," said Penrose. For the most of the remainder
of this book, Penrose's explanation of this idea is cru-
cial. Spacetime was not Einstein's original concept, and
he was not especially excited about it when he first
heard of it, despite what seems to be the popular belief
and his excellent use of it in his formulation of the gen-
eral theory of relativity. First, we need to know why
"spacetime" exists. What is wrong with seeing space
and time as distinct concepts instead of trying to com-
bine these apparently disparate ideas into a single one?
Furthermore, when we reflect on the great earlier rela-
tivistic discoveries of Galileo and Newton, we see that
they, too, may have benefited greatly from the
spacetime viewpoint.

2.3 Additional Significant Concept. According
to the theory of the Dead Universe, there is a vast and
singular universe in which the process of death contin-
ues to have an impact on the observable universe. These
particles can be thought of as the last remnants of the
once-vigorous dead universe's energy, which continue
to create galaxies as memories of death. But despite the
formation of new galaxies, the universe is contracting
rather than expanding, as suggested by the Big Bang
and other accepted hypotheses. One analogy for our ob-
servable universe is a big balloon that is progressively

33 Penrose, R. (2004) The Road to Reality: A Complete Guide
to the Laws of the Universe. AbeBooks, accessed on 07 Nov
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losing its stellar vibrancy. The observable cosmos to-
day only makes up a tiny portion of the once-active uni-
verse—roughly 0.001%—and is essentially nothing in
comparison to its former splendor. Furthermore, the
Dead Universe idea suggests that galaxies gradually
shrink in size as a result of this fatal decay process. It is
improbable that a galaxy bigger than the biggest ones
we are aware of will appear in front of our sight. The
Big Bang theory and the data that the James Webb Tel-
escope will evaluate in the future stand in sharp contrast
to this. On the edge of time, galaxies will undergo a pe-
riod of complete and silent death. The Big Rip, Big
Crunch, Big Freeze, and Big Bounce hypotheses of the
universe's conclusion stand in stark contrast to this
viewpoint.

» Big Rip: This theory suggests a catastrophic
expansion that tears everything apart, from galaxies to
atoms.

» Big Crunch: Proposes a scenario where the
universe’s expansion reverses, leading to a collapse
into a singularity.

> Big Freeze: Predicts a universe that expands
forever, becoming increasingly cold and dark as stars
burn out.

> Big Bounce: Suggests that the universe goes
through infinite cycles of expansion and contraction.

However, the Dead Universe concept does not
foreshadow a violent ending. Instead, it implies that the
gradual and silent drifting away of galaxies is caused
by the gravitational remnants of the dead universe. This
delayed separation lacks the violent dynamics sug-
gested by other hypotheses. The concepts of cosmic in-
flation and conventional expansion are replaced with
the idea of a silent, steady detachment of galaxies, in-
fluenced by the decaying forces of a much larger, now
mostly dead universe. Because it does not have the cat-
astrophic elements that other models indicate, this
smooth separation highlights a more tranquil finish. A
gradual winding down of cosmic activity is also im-
plied by the fading universe effect, leading to galaxies
that becoming smaller and less active until complete
cosmic silence is reached. The gravitational and crea-
tive remnants of the dead universe are thought to influ-
ence the formation of new galaxies inside our observa-
ble universe.

The unique aspect of the Dead cosmos hypothesis
is that it rejects the conventional expansionist and in-
flationary theories in favor of a concept in which the
fading leftovers of a much bigger cosmos control cos-
mic events and galaxy formation. As opposed to the vi-
olent or cyclic finishes suggested by other cosmologi-
cal theories, this results in a slow, silent spread of mat-
ter and energy. Thus, this hypothesis offers a distinctive
viewpoint on cosmic development, highlighting a grad-
ual, tranquil fall and the birth of galaxies as a reminder
of a once-living, now mostly destroyed world. This hy-
pothesis proposes a cosmos that gradually disappears
rather than terminating in a cataclysmic catastrophe,
providing a fresh framework that contrasts with the
more dramatic cosmological theories. To further this
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theory, it may additionally include the idea of a mem-
brane (brane). As a kind of cosmic memory, the dead
cosmos produces new galaxies as it decays. These gal-
axies are not random; rather, they are impacted by grav-
itational forces and the residual architecture of the col-
lapsing universe. This mechanism promotes the ongo-
ing production of galaxies inside a single universe
rather than the creation of numerous universes.

Our world is neither growing, inflating, or going
through cycles of rebirth, according to the Dead world
idea. Rather, it has been in a state of deterioration for
perhaps trillions of years and is progressively declining.
According to this scenario, galaxies are constantly de-
veloping and then vanishing as a result of the dead uni-
verse's leftovers, indicating that the cosmos is gradually
approaching complete death. Our universe is gradually
winding down, heading toward a quiet and total end of
cosmic activity, rather than expanding or renewing. It's
possible that the whole visible universe is contained in-
side a unique brane floating in a higher-dimensional re-
gion. A portion of the dead cosmos that is approaching
death is symbolized by this brane. Nonetheless, new
galaxies may emerge inside this brane as a result of the
creative leftovers of the dead universe. These galaxies
arise when the leftovers of the dead cosmos continue to
impact the formation of smaller and smaller galaxies.
These new galaxies are formed in part by cosmic events
like as explosions that occur during this fading phase
(Randall, 2005).3* "The universe may be governed by
hidden dimensions, beyond the familiar three of space
and one of time, opening up new avenues for explora-
tion and understanding," said Randall.

Therefore, it is possible to hypothesize that our
dead world is contained inside a brane that floats in a
higher-level realm. Our world enters a condition of
death inside this region, existing as a membrane sepa-
rate from other possible realities. The physical princi-
ples and remains of the dead universe may have an im-
pact on this brane, causing galaxies to continue to form.
The interactions and residual energy of the dead uni-
verse's structures produce these galaxies, which are a
component of the cosmic memory of the dead universe.
According to this idea, the physics of the dead universe
impacting the visible world is what causes the gravita-
tional anomalies and the curvature of time and space
that are seen in our universe. The structure and behavior
of our visible universe are significantly shaped by the
fading relics of the Dead Universe, especially super-
massive bodies and dark energy. It would be fair to cite
a number of established physical concepts and findings
in order to support Dead Universe hypothesis:

» The foundation for comprehending gravity on
a broad scale is Newton's Law of Universal Gravitation.
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» The concept of gravity as the curvature of
space-time was revised by Einstein's General Relativ-
ity. The "Dead Universe" might be used to examine the
function of singularities and event horizons in black
holes.

» The Hubble Space Telescope's observations
and Hubble's Laws provide factual proof of the uni-
verse's expansion, which may be explained by the al-
lure of a vast "Dead Universe."

» Quantum Cosmology: By examining the ef-
fects of quantum mechanics on cosmic scales, this field
may provide light on how matter and energy in our uni-
verse may be affected by a "Dead Universe."

» Investigations into Dark Energy and Dark
Matter: Research on these enigmatic elements of the
cosmos may help us comprehend the forces that interact
or compete with gravity in the "Dead Universe."

» The following notable scientists might be
cited: Stephen Hawking: For his research on singulari-
ties and black hole characteristics.

» Alongside Hawking, Roger Penrose explored
hypotheses on the nature of space-time.

» Three astronomers, Saul Perlmutter, Brian P.
Schmidt, and Adam G. Riess, received the Nobel Prize
for their discovery on the acceleration of the universe's
expansion.

» Kip Thorne was a theoretical physicist who
made important advances to our knowledge of gravity
and gravitational waves.

2.4 Difficulties of Exicting Theories. When sci-
entists look at the constancy and homogeneity of cos-
mic microwave background radiation, the horizon issue
becomes clear. The thermal radiation from the creation
of our universe, about 380,000 years ago, is known as
CMB radiation. Soon after the Big Bang, when visible
light was first able to travel freely and unhindered, this
radiation took place.®® The furthest regions of space
were previously in thermal equilibrium, according to
the apparent uniformity of CMB, which represents tem-
perature fluctuations at a scale of one part in 100,000.
Put another way, the temperature of the universe's far-
thest regions used to be the same, indicating that heat
was dispersed equally in all directions. These areas are
separated by great distances, nevertheless. Given the
antiquity of the universe and the speed of light, which
is around 186,000 miles per second, it should be phys-
ically impossible for these places to have ever been near
enough to directly interact and equilibrate since the Big
Bang. In other words, the horizon issue poses the intri-
guing question of how the far-flung regions of the cos-
mos may possibly have such identical temperatures and
properties.3®

The form and general curvature of the cosmos,
however, are the subject of the flatness issue. Omega
(), a measure of curvature, describes how mass and

% Wang, Yun; Kratochvil, Jan Michael; Linde, Andrei;
Shmakova, Marina (2004). "Current observational constraints
on cosmic doomsday". Journal of Cosmology and Astro-Par-
ticle Physics. 2004 (12): 006. arXiv:astro-
ph/0409264. Bibcode:2004JCAP...12.006W. doi:10.1088/14
75-7516/2004/12/006, accessed on 17 Jan 2026
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energy affect the form of the cosmos in accordance with
Einstein's Theory of Relativity. A universe with "Q =
1" is flat, meaning it has no curvature and satisfies the
critical density condition, which states that the expan-
sion rate of the universe should ultimately slow down
and get closer to zero without ever achieving it. It indi-
cates that the universe's expansion is always slowing
down. According to the original Big Bang Theory, the
universe should have been extremely near to critical
density (Q = 1/flat in form) just after the Big Bang.
However, if the universe expanded, even a little depar-
ture from the critical density would become more pro-
nounced over time, creating a highly curved cosmos
that is either "open" (Q < 1) or "closed" (© > 1). How-
ever, the cosmos as we now see it via scientific tools is
flat. The issue then becomes: How is it even possible?
Modern cosmologists have proposed a number of
hypotheses to better explain the characteristics and phe-
nomena of the cosmos in order to address these types
of issues.>” The cosmic inflation idea, initially put out
by physicist Alan Guth in the 1980s, is among the most
sobering and scientifically supported hypotheses. A
fraction of a second after the Big Bang, an exponential
expansion occurred, in accordance with Guth's cosmic
inflation hypothesis. The observable structure and com-
position of the cosmos that we see today were made
possible by this inflationary phase. There is visible sci-
entific data that supports Guth's idea. Additionally, it
addresses a number of long-standing cosmological puz-
zles, like as the flatness and horizon problems. Accord-
ing to cosmic inflation theory, the universe expanded
exponentially in the first fraction of a second after the
Big Bang, which addresses the horizon issue. The cos-
mos was expanded beyond its observable horizon dur-
ing this inflationary phase, which allowed far-off areas
to reach thermal equilibrium and make causal touch.
According to this hypothesis, the expansion made it
possible for the far-flung regions of the cosmos to in-
teract and affect one another, bringing them all to the
same temperature. Stated differently, the current uni-
verse might have expanded faster than the speed of light
during this early inflationary phase based on the phys-
ics explained by the cosmic inflation hypothesis.3®
The issues of time and distance impeding thermal
equilibrium would have been resolved. The scale factor
of the universe, which establishes the relative sizes of
spatial dimensions (the size of space itself), increased
during the time of fast and massive expansion, accord-
ing to cosmic inflation theory, which addresses the flat-
ness issue. Therefore, during this inflationary phase,
any little departures from a flat geometry in the early
cosmos would have been significantly stretched out and
weakened. Put differently, the universe would have
been more evenly flat as a result of the fast expansion,

87 Kirshner, Robert P. (13 April 1999). "Supernovae, an ac-
celerating universe and the cosmological constant”. Proceed-
ings of the National Academy of Sciences. 96 (8): 4224—
4227. Bibcode:1999PNAS...96.4224K. doi:10.1073/pnas.96.
8.4224, accessed on 07 Nov 2025

38 Caldwell, Robert R.; Kamionkowski, Marc (2009). "The
Physics of Cosmic Acceleration”. Annu. Rev. Nucl. Part.
Sci. 59 (1): 397—

429. arXiv:0903.0866. Bibcode:2009ARNPS.

which would have smoothed out these discrepancies.
The energy density associated with the inflation field
overtook other types of energy, like as radiation and
matter, during the expansion of the universe. The ge-
ometry of the whole cosmos would have been leveled
by this supremacy, approaching a flat shape. Therefore,
inflationary cosmology since the 1980s offers convinc-
ing answers to these types of issues about the universe's
formation. It establishes the groundwork for contempo-
rary cosmological ideas and transforms our understand-
ing of early dynamics. Researchers believe that quan-
tum fluctuations in the space-time fabric, which are pre-
dicted by quantum physics, are what caused this
inflation.®® Tiny variations at these quantum levels are
thought to have been amplified during inflation, intro-
ducing anomalies and differences that ultimately gave
rise to the earliest galaxies, galaxy clusters, and macro-
level cosmic structures.

The idea that our universe may just be one of many
in a vast "multiverse" is being explored by scientists
due to developments in cosmology. According to this
hypothesis, there may be an endless number of uni-
verses, each with unique physical rules, constants, and
traits. The multiverse theory offers an intriguing expla-
nation for some of the most perplexing characteristics
of the world, even if it is still theoretical and outside the
scope of current empirical investigation. For instance,
a multiverse scenario where each area has distinct fea-
tures might justify the exact tuning of constants and pa-
rameters in our world to sustain life. In such scenario,
life as we know it would not be supported by the design
of our own universe, but would instead be the result of
chance and happenstance.*® Numerous other worlds in
the multiverse may not be able to sustain this kind of
life. After discussing the universe's early beginnings,
you may be wondering, "How will it end?" Although
scientists have some suggestions, there is no way to tell
for sure. The Big Rip hypothesis, the Big Freeze theory,
and the idea of rapid expansion all provide clues about
the possible futures of the universe.

Researchers hypothesized that gravity will even-
tually halt the universe's expansion when all of the uni-
verse's stuff pulls on itself to rejoin once the Big Bang
Theory for the universe's origin was solidly confirmed.
They thought the expansion would finally be halted by
gravity. After then, there would be a recoil, which
would lead everything to gradually come back to-
gether—possibly all the way back to a single point.
This notion was dubbed the Big Crunch by researchers.
It even sparked the idea that the cosmos may undergo a
recurring cycle of rebounds as it repeatedly expands
and shrinks due to conflicting forces vying for suprem-
acy. However, the pace of expansion of the cosmos is
not slowing down, according to scientific observations.
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Rather, it is really rising. This surprising discovery,
which came from researching supernovae in the late
1990s, implies that a mysterious force known as dark
energy is driving the expansion of the universe and re-
sisting gravity on a cosmic scale. This fast expansion is
driven by dark energy, which has important ramifica-
tions for the future of our universe. It implies that gal-
axies will keep separating at an accelerating rate.

The Big Rip Theory paints a striking and dramatic
image of one possible outcome for our cosmos by fol-
lowing the universe's accelerated expansion to its ulti-
mate end. According to this idea, the repelling force of
dark energy intensifies with time and has the capacity
to overcome all other forces, including the gravitational
pull of stars, galaxies, and subatomic particles.** The
Big Rip hypothesis predicts that galaxies will move
apart as the universe expands at an ever-increasing rate,
which is actually occurring now.*? Dark energy may
eventually overwhelm the gravitational forces that hold
galaxies, stars, planets, and atoms together. Cosmic
structures would be destroyed, matter would disinte-
grate into its constituent elements, and spacetime itself
would be torn apart at the most fundamental level as a
consequence of this cataclysmic catastrophe. In other
words, everything in the cosmos would be "ripped” to
bits by dark energy.

The Big Freeze Theory, often called the Heat
Death Theory, predicts a slower and more muted end
for the cosmos. The Big Freeze postulates that matter
and energy will progressively thin out over eons while
the cosmos continues to expand at an accelerating rate
owing to dark energy. Existing stars will gradually burn
out and new stars will cease to emerge as galaxies sep-
arate and the cosmos becomes colder and more arid.
The cosmos will eventually attain a maximum entropy
state, in which there is no possibility of matter interac-
tion and all energy is evenly distributed.*® The cosmos
would turn into a chilly, black emptiness in this condi-
tion, which some physicists refer to as Heat Death. Life,
light, and any distinguishable structure or activity
would be absent.*

Cosmology still faces challenges, doubts, and un-
answered questions despite advances in understanding
the universe's beginnings and development. For in-
stance, dark matter and dark energy together make up
around 95% of the universe's total mass energy, yet cur-
rent astrophysics and cosmology still don't fully under-
stand these aspects of our world. We know very little
about them, despite the fact that we can deduce their
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presence and even quantify them to some extent.*® Re-
searchers are also still perplexed by the singularity's en-
igmatic genesis, which is the apparent beginning point
from whence the cosmos formed. In an effort to de-
velop a cohesive description of the cosmos, modern sci-
entific theories like loop quantum gravity and string
theory have tried to combine Einstein's relativity with
quantum mechanics. At best, this work is still unfin-
ished.

One of humanity's riddles that has fascinated
myths, philosophies, and scientific investigations is the
origin of our universe. Our understanding of the origins
of the universe has changed throughout time, moving
from cosmological tales that portray primordial chaos
to modern cosmological theories developed via com-
plex mathematical analysis and computation. Our curi-
osity, inventiveness, and will to solve the puzzles of our
own existence in the great universe are reflected in this
development. The grandeur, complexity, and magnifi-
cence that characterize our ever-growing comprehen-
sion of the universe humble us as we dig further into
cosmic dynamics via scientific investigation.*® Every
cosmological theory offers an intriguing view of the
universe's creation and development, whether it is
about the Big Bang, Cosmic Inflation, or the notion of
a multiverse full of realities. Curiosity, awe, and a pro-
found sense of interconnectedness with the universe
and one another on Earth are all sparked by it. There-
fore, we should keep trying to comprehend the cosmos
and see where the truth takes us.*’

According to the Dead Universe idea, our under-
standing of the universe is based on the remnants of an
ancient reality whose splendor has long since vanished
into the abyss. It's possible that the cosmos we live in is
like a cosmic afterglow, a muted remnant of a once-
bright and vast cosmic past. The black holes that fill our
night sky are assumed to represent the remains of a past
cosmic end, the cemeteries of galaxies and stars that
have long ago died, rather than the initiators of genesis.
Every star system and nebula that we can see with our
telescopes may be an expression of cosmic memory, a
faint echo from a cosmos that has passed its peak. Ac-
cording to this perspective, dark energy and dark matter
are reinterpreted as the lingering characteristics of this
ancient era, perhaps the last remnants of a once vibrant
cosmic framework. The remnants of an earlier structure
in a condition of stately and methodical breakdown are
what give rise to the young galaxies that we see, rather
than a vacuum. Our universe may have been partly
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sculpted by the debris left by its predecessor, just how
stars are born from dense cosmic nurseries.

In their billions of years of existence, the brilliant
stars and galaxies we see may very likely represent the
last products of a previous universe. Nearing its conclu-
sion, it still had the potential to produce new stars, sug-
gesting that the end of one cosmic cycle and the begin-
ning of another are inextricably linked, culminating in
a final event estimated to occur in about 200 billion
years. The unchangeable rules of conservation and
transmutation that govern all of natural reality are fol-
lowed by these occurrences that are visible in our cur-
rent cosmos. These young galaxies might be seen as the
last remnants or shining memories of a no longer-exist-
ing universe. The final whisper of a cosmos that once
flourished in size and energy riches, they are pieces of
a huge star legacy. As a result, we are living in the twi-
light of a magnificent cosmic history, seeing what may
be called the "last dance™" of matter and light from a
vanished cosmos. What we see as our starry reality is
just the remnant—a little but still vibrant part of an ex-
istence that is far larger than we can comprehend and
that transcends both space and time. In essence, all that
exists, everything we see, and everything we may learn
is nothing more than the surviving remnants of time and
space, the eternal mark of the dead cosmos. "Matter
tells space how to curve, and space tells matter how to
move." In "The Fabric of the Cosmos: Space, Time, and
the Texture of Reality," Brian Greene states.”®

The cosmos becomes less dense and complicated
as this process progresses. Dense groupings of matter
and energy have given way to increasingly large, empty
areas interspersed with solitary islands of star activity.
Thus, the James Webb Space Telescope's observations
of newborn galaxies provide a window into this process
of decline, illuminating the latter phases of a universe
we are just starting to comprehend. In this image, the
ancestral universe's demise was a protracted phenome-
non rather than an instantaneous catastrophe, allowing
new structures to gradually rise from its rubble. Black
holes store the history of everything that previously
been in their gravitational abysses, acting as the last de-
fenders of the cosmic memory of the previous universe
rather than the initiators of a new beginning. Black
holes do have mass. Depending on the kind of black
hole, its mass may be far larger than that of the Earth or
the Sun. Supermassive black holes may have masses
that are millions or billions of times that of the Sun,
whereas stellar black holes typically have masses be-
tween a few and tens of times that of the Sun.

These objects are known as "black holes" because
they are areas of space with such strong gravity that
nothing can escape from them, not even light. This
"trapping" characteristic is referred to as a "hole," even
though it is not a hole in the conventional sense of an
entrance or hollow. The term "black" is employed be-
cause a black hole is entirely dark and neither emits nor
reflects light, making it seem "black™ to any observer
as light cannot escape from it. A phenomenon known
as gravitational collapse may occur when certain stars,

48 Greene, B. (1999) The Fabric of the Cosmos: Space, Time,
and the Texture of Reality. Vintage Books, accessed on 07
Nov 2025

which are much more massive than the Sun, approach
the end of their lifetimes. The pressure holding the star
against gravity vanishes when they run out of nuclear
fuel, and the star falls in on itself. A supernova may be
produced by this collapse, and the surviving core may
generate a stellar black hole, depending on the star's in-
itial mass. This is an illustration of a black hole that
comes from a ""dead star." We become closer to the idea
of a dead universe with dimensions larger than our vis-
ible universe in this manner.

The orbits of the planets in the solar system, in-
cluding Earth, would initially stay intact, at least for a
while, but the repercussions would be severe if the Sun
abruptly ceased providing heat and light. This is due to
the fact that the planets' orbit around the Sun is main-
tained by gravity rather than light. Light is a kind of
energy that an object emits, and gravity is a result of its
mass. The Sun's mass would still be there, so its gravity
would still affect the planets even if it abruptly ceased
generating light, which would indicate that nuclear pro-
cesses are no longer occurring in its core. On the other
hand, life on Earth and the planet's climate would suffer
greatly in the absence of heat and light. The planets' or-
bits may change over time if the Sun underwent a pro-
cess that drastically changed its mass, such as turning
into a white dwarf. The trajectory of celestial bodies
circling the Sun would be impacted by changes in the
Sun's mass, which would also change its gravitational
pull.

The idea of a universe that is made up of galaxies,
supermassive black holes, dark matter, dark energy,
and where the rules of physics are still in effect despite
the absence of light emission is not out of the ordinary.
Based on the presented theoretical reasoning, | can as-
sert that such a world exists and that scientific
knowledge may soon expose it. However, from a scien-
tific perspective, the assertion that a basic fact, such a
"dead universe," exists requires a considerable body of
theoretical and empirical data that can be independently
confirmed by testing and observations. Like many ideas
and hypotheses that have come before it, this one is now
in the realm of theoretical conjecture and should be
treated cautiously until such proof is presented and con-
firmed by the scientific community's examination.
Nearly all massive galaxies, including the Milky Way,
have these black holes at their cores. Their masses are
between millions and billions of times greater than the
Sun's. Although their precise genesis is still unknown,
it is thought that they expand over time by gathering
materials and other black holes. Although they are an
essential component of the dynamics and development
of galaxies, they are not regarded as "dead galaxies."

Usually, a galaxy that has stopped producing stars
is referred to as a "dead galaxy." Galaxies may "die" in
terms of producing stars for a variety of reasons, includ-
ing interactions with neighboring galaxies or the loss of
gas, which is the fuel for star formation. These galaxies
may contain supermassive black holes at their cores,
but they do not turn into black holes. In contrast to the
idea of multiverses proposed by numerous speculative
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theories, the "dead universe" hypothesis suggests that
the aggregate deaths of celestial bodies converge in the
construction of a single preceding world, which justi-
fies and merits further investigation. These views often
diverge from mathematical models and the scientific
data that has been thoroughly examined and validated.
The dead universe idea, on the other hand, provides a
viewpoint that fits within the current knowledge of the
world while also offering a possible foundation for fur-
ther research since it is consistent with known findings
and physics principles.

While the Dead Universe theory not only complies
with the physical laws already in place but also offers
substitute explanations that are easily verified through
observation and experimentation, the consensus sur-
rounding the Big Bang theory currently seems to be
waning. Therefore, the "expansion of the universe"
might be seen as a progressive separation from a previ-
ous universe, a remnant still impacting the present cos-
mos, driven by the rules of gravity rather than as a sign
of dynamic development. One may think of this occur-
rence as the universe's last sigh as it progressively re-
leases its energy. We are seeing a cooling and quiescent
process in which space-time expands, matter and en-
ergy are gradually redistributed, and a condition of last-
ing tranquility is sought. A cosmos full of thoughtful
calm and the genuine quiet that follows the bright inter-
mission of the stars would come from this process,
which tends to reduce and finally stop the development
of new galaxies. The observable universe, its progeny,
will expire just as its parent universe did.

2.5 Experimental Indication from the James
Webb Space Telescope. The Big Bang hypothesis
has long served as the foundation of cosmology, giving
us a picture of a universe that was created from a sin-
gularity and expanded for around 13.5 billion years.
But as more information emerges, it is becoming more
and more obvious that this story has serious problems,
opening the door for a different viewpoint—the "dead
universe" idea that | put out. A completely new strategy
is suggested by the Dead Universe idea. It suggests that
the cosmos is a huge and potentially everlasting contin-
uum where notions of origin and end are relativized, ra-
ther than being the product of an explosion. The find-
ings of the James Webb provide hard data that casts
doubt on the central idea of the Big Bang; therefore,
this is more than simply a theoretical theory. The aston-
ishing preservation of ancient galaxies that should ex-
hibit interactions and mergers, as expected by the con-
ventional model, points to a much more intricate and
nonlinear cosmic past.

A major obstacle to modern cosmology is the ob-
servation of celestial objects that seem to be older than
the universe's age as determined by the Big Bang con-
cept. How can a universe that is now estimated to be
13.5 billion years old be reconciled with the presence
of these mature structures? In an attempt to resolve this
discrepancy, the Dead cosmos theory suggests that
these galaxies are not only anomalies but are indicators
of an ancient cosmos whose history goes beyond the
temporal scale defined by the Big Bang. According to
this hypothesis, traditional cosmological timelines
could need to be updated in light of fresh data, poten-
tially improving our comprehension of the universe's

past and present. Furthermore, new data cast doubt on
the Big Bang model's central tenet—the universe's al-
leged uniform expansion. The behavior of distant and
old galaxies does not support fast and continuous ex-
pansion. A fundamental issue is brought up by this:
what if the cosmos is not expanding evenly, or maybe
not at all? According to a new idea put out by scientists,
the universe may be in a more complicated, static, or
inverted state than previously thought, one in which
space and time are relative rather than absolute and in-
terwoven in a manner that we are still learning about.

This is an opportunity to fundamentally reconsider
our conception of the universe, not just a challenge to
the prevailing story. Since the primordial nature of the
Dead Universe was not light but rather the darkness of
dark matter and supermassive bodies, the theory sug-
gests a "timeless" universe or one that creates its own
strange body, light. Beginning and end are human con-
cepts rather than universal realities. From the stand-
point of the dead universe, the fusing of black holes and
the ensuing formation of stars can be seen as inexplica-
ble occurrences for the creatures who inhabit this
world. Imagine a society developing in the middle of
unending darkness, where light is a concept that is ab-
stract and almost legendary. The abrupt appearance of
brilliant spots in the sky would be incomprehensible to
them, an abnormality in an otherwise gloomy setting.
It's possible that the UNO matter equation is similar to
awindow tint or solar control screen in that we see light
while we are inside, but when we gaze from the outside
in, we see no light at all and everything appears to be
black and lightless. Therefore, because of the existence
of a substance that | characterize as neutral, a world that
is enmeshed in death inside a black fabric may show a
reality of glorious brightness that we cannot perceive.

This is not just a challenge to the dominant narra-
tive, but also a chance to radically reevaluate how we
think about the cosmos. The idea proposes a "timeless"
world or one that generates its own peculiar body, light,
as the fundamental nature of the Dead world was not
light but rather the blackness of dark matter and super-
massive bodies. Rather of being universal truths, begin-
ning and end are human notions. The merging of black
holes and the subsequent creation of stars may be seen
from the perspective of the dead universe as unexplain-
able events for the animals who live here. Imagine a
culture growing up in the midst of endless darkness,
where light is an almost mythical and abstract idea.
They would not understand the sudden apparition of
bright spots in the sky, an anomaly in a generally dreary
scene. It's likely that the UNO matter equation func-
tions similarly to a solar control screen or window tint
in that, from the outside, everything seems black and
lightless, but when we look in, we see light. Therefore,
a world entangled in death within a black fabric may
reveal a reality of glorious brightness that we are unable
to perceive due to the existence of a substance that |
describe as neutral.

Theories of cosmology that suggest different kinds
of "barriers" or areas of transition in the cosmos. A
black hole's event horizon, for instance, functions as a
point of no return when gravitational pull is so powerful
that not even light can escape, rendering it invisible
from the outside. This is similar to looking at a dark
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window from the outside; you can't see through it,
which gives the impression that there isn't any light or
activity inside, yet there is really hidden treasure. Ex-
tending this to our concept, if there were a "UNO mat-
ter" that functioned as this type of cosmic hue, it might
be a hypothetical substance or field that exists within
the universe's structure and interacts with light and
other forms of energy in a way that, when viewed from
a particular angle, obscures the activity or underlying
structure of the cosmos. Theoretically, such material
may be in charge of the events we see, like as the im-
pacts of dark matter, which affects galaxy motion but
doesn't produce any observable light or radiation, mak-
ing it "UNOIL," or "invisible," to our existing observa-
tional techniques.

In cosmology, the term "domain wall" refers to a
hypothesized structure that may serve as a partition be-
tween several vacuum state types or phases in the uni-
verse, analogous to the interface between two bubbles.
Similar to our idea of "UNO matter" film, it's a theoret-
ical idea that may help explain cosmic separation or
transition regions. Though they may be helpful in ex-
plaining ideas, analogies are usually used sparingly and
are always supported by sound reasoning and actual
data in scientific papers. Furthermore, the basic princi-
ples of this dead cosmos may be called into question by
the sheer absence of light as a primal constituent. Even
though they live in a world where darkness is king, light
may be seen as an encroachment or even as a metaphys-
ical impossibility. These thoughts make us wonder
whether, given our constrained viewpoint as cosmic
watchers, we can indeed understand the whole of the
universe. It's possible that the dead cosmos represents a
spectrum of existence that is beyond our complete com-
prehension, and that what we take for granted are just a
tiny portion of cosmic reality.

Perhaps the core of the dead world is in fact in op-
position to the fundamental nature of light. Light, an
object alien to its existence, was created by the mergers
of black holes and supermassive entities, which consti-
tuted the universe's primordial essence. This cosmos
will endure indefinitely, with light shining in contrast
to its own endless darkness. This does not, however,
imply that the substance of this dead world is our visi-
ble reality. Strange bodies like the galaxies we see are
the result of particle unions and irregular behaviors that
changed the universe's initial order. In this way, unless
there is a creator entity for the dead universe, we are
only encroaching on this reality by accident. Light is a
peculiar aspect of the dead world's existence, if we may
say so, because it will always exist with its own rules
and nature. This peculiar universe contains light as a
fundamental component of its essence and nature. In
this way, the existence of humans and life as we know
it is not debatable. According to the Abrahamic faiths,
"no one can deny that the universe is more for darkness,
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chaos, and obscure mystery than for a reality of light."4°
This is an exciting time to investigate, ask questions,
and perhaps learn more about the real nature of the uni-
verse. Since we are in the eternal time of the dead cos-
mos, the present will always be our time (Thorne,
1994). All of the old issues and many new ones would
be raised by a single knowledge that integrates the
quantum and classical worlds, which would answer
some but leave the majority unsolved.”°

The dark matter conundrum is a problem in phys-
ics. Such stuff is thought to be made up of hypothetical,
indescribable particles called sterile neutrinos or com-
pact, supermassive objects like primordial black holes.
But the fundamental idea that is thought to explain dark
matter resonates more in the context of the Dead Uni-
verse hypothesis than it does in the Big Bang frame-
work. The idea that this process produced energy, like
the mysterious cosmic mystery of dark energy, is sup-
ported by the presence of a previous and extinct world
that was completely dark. This hypothesis holds that
the rules of the previous universe are still in force and
that dark energy is not the cause of cosmic expansion
(Lee Smolin 2006). The Dead Universe Theory consid-
ers particle behavior, radio waves, and dark matter.
However, for strictly scientific reasons, a creative
agency does not disprove the Dead Universe idea. The
goal of science is not to prove that the divine exists. It
simply looks at natural things and uses empiricism to
explain them. It also doesn't exist in order to reject the
divine. Therefore, let's focus on what can be explained
in the Theory of the Dead Universe and put aside what
cannot be explained (Carroll, 2010). "Consider a world
where any one of these figures was different. A world
devoid of atoms, stars, planets, humans, and all other
forms of life as we know them would exist. It would be
a history-free universe. But the rules of physics as we
know them would be perfectly compatible with such a
reality. So why do we live in a world that is perfect for
us?”%!

2.6 Clarification for the Cold Spot in the Uni-
verse. A gigantic, under-dense area known as a su-
per-void that CMB photons pass through and lose en-
ergy (integrated Sachs-Wolfe effect) is the best expla-
nation for the "Cold Spot" in the cosmos, which is a
sizable, abnormally chilly patch in the Cosmic Micro-
wave Background (CMB), the afterglow of the Big
Bang.* Although the dominant theory is a super-void,
the spot's enormous size and depth defy conventional
theories; some even speculate on unusual origins, such
as the imprint of another universe, yet the majority of
the data suggests a massive emptiness. The WMAP
(Wilkinson Microwave Anisotropy Probe) satellite
made the discovery in 2004, and data from the ESA's
Planck mission subsequently verified it. This location
defies the conventional explanation based on the Big
Bang theory's prediction of the universe's homogeneity

52 Wright, E.L. (2004). "Theoretical Overview of Cosmic Mi-
crowave Background Anisotropy”. In W. L. Freedman
(ed.). Measuring and Modeling the Universe. Carnegie Ob-
servatories Astrophysics Series. Cambridge University Press.
p. 291, ISBN 978-0-521-75576-4, accessed on 07 Nov 2025


https://en.wikipedia.org/wiki/Cambridge_University_Press
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-0-521-75576-4

Norwegian Journal of development of the International Science No 175/2026 87

since it is around 70 microkelvins cooler than the aver-
age CMB.%® According to this viewpoint, anomalies
like as the Cold Spot are direct representations of the
harsh circumstances and rules of the previous universe
rather than just random fluctuations or the result of un-
identified cosmic superstructures. The temperature
fluctuations seen in the cosmic background radiation
might be caused by gravitational pull or other lingering
factors from this dead cosmos. Because of its state of
cosmic death, temperature is a property of the dead uni-
verse rather than the visible cosmos. The idea that mul-
tiverses are colliding with this universe seems unlikely
given its billion-year history; undoubtedly, other cold
spots would have been encountered, but they do not ex-
ist because, for trillions of years, this cold spot served
as the connection between this universe and the mother
universe.

2.7 Constraint of Big Bang Theory. Aniso-
tropies like the Cold Spot are difficult for the Big Bang
theory to adequately explain, despite its effectiveness
in describing the majority of the universe's known prop-
erties, such as cosmic expansion and the preponderance
of light elements. The standard model predicts that cos-
mic inflation would cause temperature variations in the
CMB to be comparatively consistent across vast scales.
Because of its size and depth, the Cold Spot is difficult
to incorporate into this model without the need for more
intricate explanations, such as uncommon statistical
fluctuations or massive, undiscovered cosmic super-
structures. Thus, the Horizon Problem (uniform CMB
temperature) is one of the main drawbacks of the Big
Bang hypothesis, which explains a large portion of cos-
mology.>*, Flatness Problem (universe's geometry)®,
and Monopole Problem (lack of magnetic mono-
poles)®®, which are addressed by the Inflation theory,
but this introduces its own issues like explaining the in-
itial conditions and the nature of dark matter/energy.%’
Additionally, the theory has trouble explaining the mat-
ter-antimatter imbalance and the first singularity
(Planck Epoch). According to the Inflation Theory, the
cosmos expanded very quickly (exponentially) in its
early stages. It was created in the 1980s to address a
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number of issues with the conventional Big Bang hy-
pothesis, which holds that the universe expands over
time somewhat slowly.%® It is uncertain what specific
particle physics process causes inflation. A number of
inflation model predictions were verified by observa-
tion in 1992. For instance, temperature anisotropies
seen by the COBE satellite reveal almost scale-invari-
ant spectra, as anticipated by the inflationary paradigm,
and WMAP data also provide compelling support for
inflation.>® However, some scientists dissent from this
position.° 6

Determining why the cosmos seems statistically
homogenous and isotropic in line with the cosmologi-
cal principle is known as the "horizon problem."%? For
instance, since the molecules in a gas canister are in
thermal equilibrium, they are dispersed uniformly and
isotopically. This is because the gas has had enough
time to interact with one another to dissipate aniso-
tropies and inhomogeneities.®® Regions are too rapidly
separated by gravitational expansion in the Big Bang
scenario without inflation. Thus, there is not enough
time for the early cosmos to reach equilibrium. Two
widely distant parts of the visible universe cannot have
equilibrated in a Big Bang with just the matter and ra-
diation described in the Standard Model since they
travel apart faster than the speed of light and have never
had causal touch.®* A cosmological fine-tuning issue
with the Big Bang model of the universe is the flatness
problem, often referred to as the oldness problem. The
Universe is flat to within a few percent, according to
observations of the cosmic microwave back-
ground.® Flatness rises as the universe expands. The
early universe must therefore have been remarkably
near to flat. The density of matter and energy in the uni-
verse influences the curvature of space-time in tradi-
tional cosmology, which is based on the Friedmann
equations. A flat universe necessitates a very particular
critical number.% It is found that the universe's present
density is really near to this crucial number. Given that
the overall density would rise quickly over cosmic time
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if it deviated from the crucial value,’” The density of
the early cosmos must have been even nearer the criti-
cal density, deviating from it by no more than one part
in 1062. Cosmologists wonder how the original density
was so precisely tailored to this "special" number.%®

2.8 Disagreement with Cosmic Radiation The-
ory. The Cold Spot indicates anisotropies that
could call for novel physics or modifications to existing
cosmogonic theories, even if cosmic background radi-
ation typically supports a uniform and homogeneous
cosmos as anticipated by inflation. Given this, the Big
Bang hypothesis is unable to directly explain this
anomaly, which begs the issue of whether the model
should be modified or expanded. An alternate explana-
tion for the Cold Spot is provided by the Dead cosmos
idea, which proposes that it is a "umbilical cord" from
a previously collapsed cosmos. According to this idea,
our visible world is only a residue of both the dead uni-
verse and a much bigger, older cosmos. Irregularities
like the Cold Spot might be caused by gravity and ef-
fects from this former cosmos, which is currently only
partly present. By adding the concepts of a multiverse
or cosmic cycles of death and rebirth, this method not
only provides an explanation for the anomaly but also
advances our knowledge of the cosmos. An interesting
explanation for the genesis of anomalies such as the
Cold Spot in the cosmic microwave background radia-
tion is offered by the Dead Universe idea. According to
this view, the Cold Spot is a direct result of the temper-
ature condition of a now-extinct predecessor universe
rather than just a random fluctuation. Consider a mas-
sive, aged universe that gradually cools down to a large
area with little thermal energy, similar to a cold cham-
ber in space.

This comparison may be compared to opening a
little door between a warmer space, like a kitchen, and
an excessively cold one, like a freezer. The influence of
the dead universe on the surrounding space, particularly
at locations where the interaction is most strong, is
comparable to the instantaneous heat exchange that
takes place. In the context of the visible cosmos, this
thermal exchange produces a region that is considera-
bly colder, which we identify as the Cold Spot. Like the
way cold air from a freezer mixes with warmer air in a
kitchen, this equation aims to measure the direct impact
of the dead universe's severe cold on the visible uni-
verse. This comparison, together with the equation that
goes with it, offers a vivid and scientifically sound ex-
planation of how the temperature of the cosmos as it
exists now may be affected by an old and cold universe.
Thorough observations and a thorough examination of
the cosmic microwave background radiation's aniso-
tropies, searching for particular patterns that would
support this thermal interaction on a cosmic scale, are
necessary for the validation of this idea.

According to the hypothesis of the previous uni-
verse's enormous gravitational magnitude, space-time
may naturally distort; this phenomenon is referred to as
a "gravitational well" in astrophysics and is what bends

67 Peacock, J. A. (1998). Cosmological Physics. Cambridge:
Cambridge University Press. ISBN 978-0-521-42270-3,

light, for instance. What astrophysics has failed to ex-
plain may be explained by the theory that the visible
universe lies within the womb of a deceased mother
universe that perished trillions of years ago, the same
destiny as our world, which came from the womb of the
previous mother. The cosmos's fabric may have been
bent by the gravitational pull of the old universe, caus-
ing a "slippery" to advance across space without really
moving. Despite being acknowledged as the explana-
tion for the universe's beginning, the Big Bang hypoth-
esis contains flaws, such as the inability to account for
the universe's ongoing expansion. This alternate theory
may be supported by studies linking particle accelera-
tors that show micro-explosion-like occurrences. The
presence and behavior of black holes, which provide
indirect evidence of this process, could be interpreted
as an expansion driven by the residual action of the
gravity of a previous universe, if the observable uni-
verse originated from a "dead universe." The persis-
tence of gravitational rules, which seem to have gov-
erned unchanged since the primordial state, might be
evidence of the close relationship between the present
universe and its potential antecedent in a more expan-
sive setting.

The fact that expansions brought on by explosive
events often include a degree of unpredictability in the
motion of the associated particles is a relevant point of
contention in the Big Bang hypothesis. But the uni-
Vverse's expansion points to a more regular and orderly
development, perhaps driven by ideas that modern
physics hasn't yet completely clarified. In reference to
the description of the “Explosion” of the Big Bang it-
self, the phrase can be considered unsuitable if seen in
the context of typical explosions. What physical pro-
cesses would support such a concept if such an event
did not fall within the conventional definition of an ex-
plosion? A source of energy that can support the Big
Bang theory, which postulates the expansion of
spacetime itself, is necessary. Furthermore, the Big
Bang process refers to the expansion of spacetime itself
rather than an explosion inside an existing place. The
Big Bang model, which sometimes appears to waver in
its explanations about the precise nature of the original
event, leaves gaps that may be filled by the alternative
explanation offered by the "Great Dead Universe" idea,
which could provide a thorough account of cosmic ex-
pansion.

Furthermore, a traditional explosion's claimed
chaotic and random beginning may appear incompati-
ble with the universe's regularity and ordered structure.
Explosive characteristics may be part of the universe's
nature, according to scientific research, especially those
based on quantum physics concepts. Therefore, the be-
ginning circumstances and physical rules of this earlier
universe may be the governing keys of the expansion
we see today if the visible world is impacted by a pre-
vious cosmic heritage (Rees 2000). "The theory of eve-
rything is a bold attempt in theoretical physics to bring
together the weak nuclear force, strong nuclear force,
electromagnetism, and gravity—the four fundamental
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forces of the universe." Sean Carroll said this in "From
Eternity to Here: The Quest for the Ultimate Theory of
Time."® “Each and every atom in your body originated
from an exploding star. Furthermore, your left hand's
atoms most likely originated from a different star than
your right. You are all stardust, which is the most beau-
tiful thing I've ever heard about physics. According to
Lawrence M. Krauss, "A Universe from Nothing: Why
There Is Something Rather than Nothing" (Krauss,
2012).7° Every every atom in your body came from a
star that exploded. Moreover, the atoms in your left
hand most likely came from a different star than those
in your right. The most exquisite thing I've ever heard
about physics is that you are all stardust. As stated in
"A Universe from Nothing: Why There Is Something
Rather than Nothing" by Lawrence M. Krauss.

2.9 Contemporary Cosmology. Theoreti-
cal and experimental efforts interact dynamically in
modern cosmology, which is always changing to over-
come new obstacles. In order to reconcile theory with
new empirical evidence at every stage, the field re-
quires methodical reconstruction. The discovery of su-
pernova fading marked a turning point in this continu-
ing discussion,’™ a phenomenon that revealed the limi-
tations of the Friedmann—Lemaitre—Robertson-Walker
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steadfastness of the cosmological principle.®® On the
highest statistical scale accessible, the distribution of
galaxies in recent observations (or light) and simula-
tions of the distribution of dark matter (or matter) show
notable inhomogeneity.® The search for the cosmolog-
ical principle in the present visible light or matter dis-
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more inhomogeneous matter distribution.®? Recent
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axy sample utilizing the Sloan Digital Sky Survey's
Sixteenth Data Release (SDSS-1V DR16) revealed an
angular scale of cosmic homogeneity of 60-80 h—1
Mpc.2 A homogeneity test for the matter distribution
based on the Baryon Oscillation Spectroscopic Survey
Data Release 12 CMASS galaxy sample has contested
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modified standard redshift models,*** are expected to
address the cosmological constant problem.
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of the cosmos.1?° Again, in 2015 the parametric model
proposed by Bassett et al.*3 introduces modifications
to the traditional redshift paradigm, seeking to refine
our understanding of cosmic dynamics. By adding pa-
rameters that account for changes in the redshift space,
this model enables a more sophisticated interpretation
of observational data. By adding certain characteristics,
the model takes into account intricate features of cos-
mic processes and offers a more thorough and precise
depiction of findings connected to redshift. However,
the non-parametric model, developed by Wojtak and
Prada in 2017, adopts a different strategy by eschewing
predetermined parameters, enabling more freedom in
simulating cosmic occurrences.*® The non-parametric
model allows for a more flexible and data-driven exam-
ination of redshift-related phenomena since it does not
impose preset parameters as parametric models do.
When the underlying dynamics are complicated and
difficult to capture by preset parameters, this approach
is invaluable.

It offers a more flexible instrument for analyzing
data from observations.
The local cosmos has a diverse range of developed star
systems (Norris et al. 2014),*32 from globular clusters
(Brodie & Strader 2006; Kruijssen 2014; Renzini et
al. 2015)1%3,134 135 to compact elliptical galaxies (Fa-
ber 1973)1%, ultrafaint dwarfs (e.g., Simon &
Geha 2007)'%, and ultra-diffuse spheroids (van Dok-
kum et al. 2017)'%, each of which presumably has its
own characteristic formation pathway. In addition to
their ancient antiquity, several of these systems have
tremendous  star  concentrations  (Forbes and
Bridges 2010)**° suggest that at z = 1.5, when the uni-
verse's gas concentrations were generally much greater,
the bulk of their star formation took place. Getting a
sensitive, high-resolution image of the distant cosmos
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is one potentially viable avenue to explore the develop-
ment of these local systems. Fortunately, such discov-
eries may be made by combining the magnifying effect
of gravitational lensing with the capability of long ex-
posures with the Hubble Space Telescope, as recently
done in the ambitious Hubble Frontier Fields (HFF)
mission (Coe et al. 2015; Lotz et al. 2017)%°,4!, Since
many of the progenitors of local systems are probably
required, these sensitive observations enable us to
probe to extremely low luminosities. Numerous galax-
ies may be analyzed at extremely high spatial resolution
because of the strong lensing magnifications from huge
galaxy clusters, which stretch them by significant fac-
tors. As it has discussed in Bouwens et al. (2021b) 142,
this stretching can reliably be estimated up to linear
magnifications of ~30x (or total magnification factors
of ~50x). It is also available in Bouwens et al. 20174,
c143 144 where similar though smaller limits were pre-
sented with the then-current models, and Meneghetti et
al. 2017)1. Given the small inferred sizes of the fainter
lensed sources identified by Kawamata et al. (2018)14¢
and Bouwens et al. (2021b).*7 It is intriguing to con-
sider these sources in relation to other tiny star-forming
systems, such as star clusters or cluster complexes, as
well as other stellar systems that they may develop into
today. An initial look at such comparisons was already
executed in an earlier unpublished study by our group
(Bouwens et al. 2017b)!48 and also by Kikuchihara et
al. (2020)*°. One significant early conclusion from
these investigations was that, in size/mass space, lensed
z = 6-8 galaxies seem to fall between ultracompact
dwarfs/globular clusters and compact elliptical galax-
ies, with masses and diameters that fall between 107
and 108 M(©® and around 50-500 pc. Over the last ten
years, significant advancements have been made in the
discovery of galaxies that formed within a billion years
of the Big Bang, at z > 6. It is fantastic, mostly because
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to confirmation spectra from huge ground-based ob-
servatories and photos from the Hubble Space Tele-
scope. The James Webb Space Telescope (JWST) and
ground-based Extremely Large Telescopes (ELTs) will
push the "high redshift frontier" even further during the
next years.’® The Nancy Grace Roman Space Tele-
scope, also known as the Roman Space Telescope, Ro-
man, or RST, is an infrared space telescope being de-
veloped by NASA that is expected to launch into a Sun-
Earth L2 orbit by May 2027.1% The narrow field of
view of these facilities, particularly JWST, and the Ro-
man Space Telescope's (previously WFIRST) sensitiv-
ity confined to the near-infrared (near-IR, A < 2um)!%?
and EUCLID wide-field imaging space missions, and
which mean that a crucial piece of the jigsaw remains
missing. That is a wide-field imaging survey,'>® Find-
ing the rarest most massive and bright galaxies at the
greatest redshifts—whose progenitors are probably the
earliest galactic structures to form—requires research
at near and mid-IR wavelengths (necessarily from
space). For galaxies at z > 10, NIR spectroscopy at A >
2um (corresponding to the rest-frame optical frame) is
also required to get comprehensive information (metal-
licity, star mass).%*

With the completion of the JWST mission, which
is projected to uncover a multitude of faint galaxies at
high redshift and address the function of these early gal-
axies in the reionization of the inter-galactic medium,
the astrophysics landscape is anticipated to be very rich
between 2035 and 2050. The most powerful radio tele-
scope on the planet right now is the Millimeter/submil-
limeter Array (ALMA). An international intergovern-
mental radio telescope project called the Square Kilo-
metre Array (SKA) is being constructed in South Africa
(mid-frequency) and Australia (low-frequency). By
then, SKA will have investigated the molecular emis-
sion and dust re-emission from several of these objects,
and ALMA will be a well-developed facility.'* It was
low luminosity sources that caused the Universe to re-
ionize.1%6,157 158 Only in groups or proto clusters will
these low brightness sources be detectable. Given that
the early galaxies were quite faint, this is probably the
case. Finding proto clusters between z~6 and z~15
would thus reveal the re-ionization history of the Uni-
verse.'® At wavelengths less than 2 microns, the Rubin
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Observatory (formerly LSST) on Earth and EUCLID
and the Roman Space Telescope in space will investi-
gate rare and brilliant sources at high redshift as well as
transients like distant supernovae.®® After many dec-
ades, new facilities like Athena will enable AGN to
reach previously unheard-of distances in the X-ray.
However, a wide-field IR survey mission with spectros-
copy and imaging operating beyond 2 microns has to
be addressed in the future, since there is a significant
gap in the parameter space that is yet unexplored.t®
This incomplete voyage into the enigmatic cosmos will
continue. However, in order to inform the formation
and origin of the universe based on the current devel-
opment of the notion of physics, this analytical study
effort will assess and explain the chronological evolu-
tion of concepts and theories of physics. The author will
also make an attempt to research, describe, and evaluate
the universe's genesis and future.

3. Progress of Modern Theory of Science

The foundation of all natural sciences is physics.
Our knowledge of chemistry, biology, astronomy, and
geology is based on its principles. Using universal rules
to describe a wide range of events is one of physics'
greatest achievements. From commonplace items like
lightbulbs, cell phones, and can openers to biological
systems like muscles, lungs, and brains; from artistic
endeavors like paints, piccolos, and pirouettes to tech-
nological innovations like cameras, cars, and cathe-
drals; from natural disasters like hurricanes, tsunamis,
and earthquakes to subatomic particles like quarks,
DNA, and black holes, it aids in our understanding of
how the world functions. By showing relationships be-
tween apparently unconnected occurrences, physics
helps us make sense of the cosmos. It offers strong re-
sources to stimulate innovation, broaden our horizons,
and cultivate creativity. Physics serves as the basis for
the majority of contemporary technology, including the
equipment and techniques utilized in scientific, tech-
nical, and medical research and development. Technol-
ogy based on physics is crucial to manufacturing.'6? En-
ergy solutions (nuclear, solar power), medical imaging
(MRI, X-ray, ultrasonogram, etc.), and quantum com-
puting are all products of applied physics and are en-
twined with the future of human existence. Modelling
the Earth's climate system requires physics because it
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enables scientists to forecast changes in atmospheric
conditions, sea levels, and weather patterns—all of
which are vital for the survival and adaption of life on
Earth in the future.

The Copernican mathematician, astronomer, and
physicist Galileo Galilei (1564-1642) was an Italian
who made several contributions. He modified the tele-
scope, carried out empirical research, and found new
celestial phenomena. At the period, the primary disci-
plines of law, medicine, and theology—all of which
were intimately related to philosophy—overshadowed
his function as a mathematician at the university. Gali-
leo discovered that bodies do not fall with weight-pro-
portional velocities. Even though the legend of him
throwing weights from the Leaning Tower of Pisa is
probably untrue, he did prove that a projectile's trajec-
tory is a parabola and discovered inertia, which fore-
shadowed Newton's laws of motion.'%® Among them is
what is now called Galilean relativity, which was the
first precise explanation of space and time's character-
istics outside of three-dimensional geometry. Galileo is
sometimes considered to be the "father of modern ob-
servational" approaches in astronomy,*®* the "father of
modern physics", the "father of science”,*%%and "the fa-
ther of modern science”. "Galileo, perhaps more than
any other single person, was responsible for the birth of
modern science,” according to Stephen Hawk-
ing.1%® Galileo's support for heliocentrism caused con-
troversy since religious orthodoxy maintained a geo-
centric or Tychonic understanding of the Solar system,
which resulted in his prosecution by the Inquisition. His
discovery of the Jovian moons, which he published in
1610, helped him get a position at the Medici court as
a mathematician and philosopher.’®” In addition to
drawing a sizable readership for his own writings, such
as the Discourses and Mathematical Demonstrations
Concerning Two New Sciences, he was expected to en-
gage in discussions with Aristotelian thinkers. Follow-
ing his detention, his writings, including the Dialogue
Concerning the Two Chief World Systems, were pub-
lished all over the world.'%81%° Galileo's emphasis on
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conducting experiments and creating mathematical ex-
planations of motion made experimentation a corner-
stone of natural science philosophy.1™

The British mathematician and physicist Sir Isaac
Newton (1642-1727), a member of the Royal Society
of England, developed a single framework for explain-
ing how the cosmos functions. In 1672, he was made a
Fellow of the Royal Society of England. Later, from
1703 until his death in 1727, he served as President of
the Society.*™ The link between objects and their mo-
tion is described by Newton's three laws of motion. Ad-
ditionally, he developed the law of universal gravita-
tion, which explains how planets and other heavenly
objects move as well as how things fall on Earth.’2 In
order to accomplish his goals, Newton created calculus,
a new area of mathematics that Gottfried Leibniz also
independently created. This branch turned into a crucial
instrument for later developments in several branches
of physics. In the *Philosophiae Naturalis Principia
Mathematica*, also known as the *Mathematical Prin-
ciples of Natural Philosophy*, Newton described his
findings in full. Its publication in 1687 signaled the be-
ginning of the modern age in astronomy and mechan-
ics.t”® The Cartesian mechanical theory, which holds
that all movements are caused by instantaneous forces
from corpuscles, was contested by Newton. He re-
placed the notion that things follow preset natural
courses with the knowledge that all future movements
can be mathematically predicted using present motion,
mass, and the forces at work by using his three laws of
motion and the rule of universal gravitation.'” Never-
theless, the observed celestial movements did not quite
fit a Newtonian viewpoint, and Newton—who was also
deeply interested in theology—thought that God's in-
volvement was required to preserve the stability of the
solar system.'’

Continental thinkers disagreed with Newton's
ideas, with the exception of his mathematical tech-
niques, and deemed his lack of philosophical justifica-
tions for motion and gravity intolerable.t”® The Conti-
nental and British intellectual traditions began to
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sharply diverge about 1700. Intense, continuous, and
often personal disagreements between Newtonian and
Leibnizist adherents about who should have precedence
in the development of calculus's analytical methods—
which each had separately invented—were the main
source of this division.’” Leibnizian calculus notation
was widely used everywhere except Britain at first be-
cause the Cartesian and Leibnizian traditions predomi-
nated on the European continent. Although he made it
clear in his works that a philosophical explanation of
gravity was not necessary to deduce its effects in real-
ity, Newton himself was uncomfortable with the lack of
one.”® Throughout the 18th century, continental natu-
ral philosophers increasingly adopted the Newtonians'
strategy of eschewing ontological metaphysical expla-
nations in favor of mathematically specified move-
ments. 179,180

Newton developed a theory of color, which he de-
scribed in *Opticks*, and constructed the first func-
tional reflecting telescope. The fact that a prism divides
white light into the several colors that are visible to the
human eye spectrum served as the foundation for his
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hypothesis.!8! In 1690, Christiaan Huygens put up a ri-
val wave theory to explain the behavior of light, in con-
trast to Newton's description of light as consisting of
microscopic particles. However, the wave hypothesis
did not acquire much momentum until the 19th century
because of the great reputation of Newton and the gen-
eral trust in mechanical philosophy. In addition, New-
ton proved the generalized binomial theorem, investi-
gated power series, created an empirical rule of cooling,
and developed a technique for calculating the roots of
an equation function.*®? Simon Stevin's work on deci-
mals served as inspiration for his studies on infinite se-
ries.!® Most significantly, Newton showed that the
same natural laws—which are neither hazardous nor
unpredictable—control the movements of things on
Earth and in space. Newton removed any residual skep-
ticism about heliocentrism by demonstrating how his
theory of gravity and Kepler's rules of planetary motion
aligned.8* Newton successfully established the founda-
tion for contemporary mathematics and science by
combining the concepts put forward throughout the
Scientific Revolution, %
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Figure 1: A brief history of quantum mechanics'

After relocating to Bern, Switzerland, in 1905, a
26-year-old German physicist named Albert Einstein
proved how motion between the observer and the object
of observation impacts time and space measure-
ments.*®” Significant developments in quantum theory
were also made by Einstein. E=mc2, his mass-energy
equivalency formula derived from special relativity,
has been named "the world's most famous equa-
tion."188 His contributions to theoretical physics are
among the best intellectual works ever created. Even
though he did not develop the theory of relativity, Ein-
stein recognized that there is an absolute limit to speed
and that the speed of light in a vacuum is constant, or
the same for all observers. This has less impact on a
person's day-to-day activities since most objects travel
at far slower speeds than light. However, the theory of

relativity states that an object's length will decrease as
measured by an observer on Earth as it approaches the
speed of light because its connected clocks will operate
more slowly. Einstein also developed the equation
E=mc2, which asserts the equality of mass and en-
ergy.*® Einstein argued that electromagnetic principles
should be universally applicable, independent of refer-
ence frame, and that the speed of light is constant across
all inertial reference frames. In 1921, he was awarded
the Nobel Prize in Physics for his research on the pho-
toelectric effect. Science was drastically altered by Ein-
stein's groundbreaking theory of relativity. His theory
of relativity is still his most significant contribution, de-
spite the fact that he made several other significant con-
tributions.
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Figure 2: Journey of classical to modern physics %

Albert Einstein in 1905 develop "special theory of When the bright Einstein challenged it, he found it
relativity" and that made the ether "superfluous” to  to be deficient. Instead, two observers travelling in re-
physical theory and maintained that measurements of  lation to each other will have separate time scales, and
length and time changed according on the observer's  each "observer" must use their own time scale. This has
motion with regard to the object being observed.’®* Fur-  a comparable effect on position measurements. Space
thermore, the equation suggested that energy and mass  and time become concepts that are fundamentally de-
were equal quantities. In order to provide an accurate  pendent on the observer. Each observer controls their
explanation for the dispersion of blackbody radiation,  own space-time framework or coordinate system. Since
theoretical physicist Max Planck suggested a constant  there is no absolute frame of reference, each witness of
in 1900.22 In another publication the same year, Ein-  agiven event provides a unique measurement that is yet
stein asserted that electromagnetic radiation was trans-  equally legitimate (and reconcilable). According to
mitted in definite amounts, or quanta. The peculiarities  Einstein's relativity postulate, "the basic rules of phys-
of the photoelectric effect were explained by this prem- ics are same for two observers who have a constant rel-
ise. 19 The special theory of relativity explains the con-  ative velocity with regard to each other," which estab-
nection between the concepts of space and time and  lishes what is absolute. The discovery of "Poincaré
physical phenomena. The idea, which had a big impact ~ symmetry," a new symmetry law of nature that replaced
on both domains, was born out of the contradictions be-  "Galilean symmetry,” by special relativity had a pro-
tween electromagnetic and Newtonian physics. The  found effect on physics. It started off as a revision of
first historical concern was whether it was pertinent to  the electromagnetic theory.”*®® Another long-lasting
discuss motion in terms of the "ether" that carries elec-  impact on dynamics was special relativity.* It quickly
tromagnetic waves and if it was feasible to detect such  became evident that relativistic dynamics distinguishes
motion, as the Michelson—Morley experiment unsuc-  between rest mass, an invariant (observer-independent)
cessfully sought to do. Both of these questions and the  feature of a particle or system of particles, and the en-
concept of ether were refuted by Einstein in his special ~ ergy and momentum of a system, despite its original
theory of relativity. However, his basic formulation  credit for combining mass and energy. **” The latter two
does not incorporate entire electromagnetic theory. are not invariant between observers, although they are
"What is time?" is the first question it poses. "Absolute,  preserved independently in every situation. The defini-
true, and mathematical time, by itself and from its own  tion of "mass" in particle physics has changed over
nature, runs equably without connection to anything ex-  time; since the late 20th century, it almost always refers
ternal,” was Newton's straightforward and mathemati-  to rest mass. Therefore, the part of an object's or sys-
cal explanation in the Principia (1686).1% This defini-  tem's total mass that is unaffected by the system's over-
tion is basic to all classical physics. all motion is known as invariant mass, rest mass, intrin-

sic mass, proper mass, or simply mass in the context of
bound systems. In particular, it is a characteristic of the
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system's total momentum and energy that holds true for
all frames of reference connected by Lorentz transfor-
mations.*® The invariant mass is equal to the entire
mass in the "rest frame" if the system has a center-of-
momentum frame. In the end, the system's total or rel-
ativistic mass is more than the invariant mass, but the
invariant mass doesn't change.*®®

After expanding this to include all states of mo-
tion, including non-uniform acceleration, Einstein cre-
ated the general theory of relativity in 1916. The gravi-
tational force at every point in space was explained by
the curvature of space-time, a new concept that Einstein
presented in this theory. The curvature of space-time
replaced Newton's universal rule of gravity. Einstein
claimed that the manifestation of gravitational force in
the traditional sense is caused by the geometry of space.
The curvature of space-time caused by the existence of
a mass determines the space-time path that all freely
moving objects take.?® Additionally, experiments sup-
ported this theory's prediction that gravity would have
an impact on light. This aspect of relativity explained
the characteristics of the cosmic microwave back-
ground radiation, predicted black holes, and explained
the phenomena of light bending around the sun. This
discovery led to serious problems with the conventional
Steady-State paradigm.?®> For his contributions to
blackbody radiation, relativity, and the photoelectric ef-
fect, Einstein received the Nobel Prize in 1921. The ul-
timate acceptance of Niels Bohr's model of the atom,
Einstein's theories of relativity, and the quantized na-
ture of light transmission led to a thorough endeavor to
rebuild physics on new fundamental principles, which
created as many problems as they addressed.?%? Extend-
ing relativity to accelerating reference frames in the
1910s gave rise to the "general theory of relativity."?%
In order to conclude that space is curved and limited in
size, Einstein proposed an equivalence between the in-
ertial force of acceleration and the force of gravity. This
led to the prediction of phenomena like gravitational
lensing and the distortion of time in gravitational
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fields.?%* Therefore, anything that bends light from a
distant source as it moves towards an observer—such
as a point particle or a cluster of galaxies—is known as
a gravitational lens. Albert Einstein's general theory of
relativity describes the magnitude of gravitational
lensing.2%

A second theoretical issue was how to explain the
distribution of electromagnetic radiation emitted by a
black body, even though relativity resolved the conflict
between electromagnetic phenomena as shown by Mi-
chelson and Morley. Experiments revealed that at
shorter wavelengths, towards the ultraviolet end of the
spectrum, the energy approached zero, but classical
theory predicted it should become infinite. The new
theory of quantum mechanics resolved this stark dis-
parity, sometimes referred to as the ultraviolet disas-
ter.2% The theory of atoms and subatomic systems is
known as quantum mechanics. The idea was conceived
and developed over the first thirty years of the twentieth
century. By arguing that energy is released in discrete
packets known as "quanta" rather than continually,
Max Planck (1858-1947) presented the fundamental
concepts of quantum theory in 1900.%" This ground-
breaking research on black-body radiation established
the groundwork for contemporary quantum mechanics
and resolved a significant physics issue. For his discov-
ery, he received the 1918 Nobel Prize in Physics.
Planck's constant 4, a basic constant that connects a
quantum’s energy to its frequency (E=hv), was first pre-
sented by his work.2® When Louis de Broglie claimed
that matter may be seen as acting like a wave in a man-
ner similar to that of electromagnetic waves (wave—par-
ticle duality) and the Compton Effect demonstrated that
light has velocity and can scatter off particles, the quan-
tum theory gained acceptance.?%

The photoelectric phenomenon was explained by
Einstein in 1905 using the quantum theory, while the
stability of Rutherford's atom and the light frequencies
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emitted by hydrogen gas were explained by Danish sci-
entist Niels Bohr in 1913 using the same constant.? In
the 1920s, full-scale quantum mechanics replaced the
quantized theory of the atom. In 1925, Werner Heisen-
berg, Max Born, and Pascual Jordan developed new
principles of "quantum® rather than "classical" mechan-
ics in matrix form. These principles rejected the idea of
causality and were based on the probabilistic link be-
tween discrete "states".?!! Heisenberg, Wolfgang Pauli,
Paul Dirac, and Erwin Schrédinger developed quantum
mechanics in great detail. In 1926, Schrédinger pro-
posed an analogous theory based on waves.?2,2® Once
again, the "Copenhagen interpretation” and Heisen-
berg's 1927 "uncertainty principle," which states that it
is impossible to measure position and momentum ex-
actly and simultaneously 24 of quantum mechanics
(named after Bohr's hometown) persisted in rejecting
the idea of basic causality, despite the fact that detrac-
tors like Einstein would figuratively claim that "God
does not play dice with the universe."?'® In order to
study and explain atomic-level occurrences, the new
quantum mechanics became an essential instrument.
The research on photons conducted by Indian physicist
Satyendra Nath Bose in the 1920 !¢ Bose-Einstein sta-
tistics and the theory of the Bose-Einstein condensate
are based on quantum mechanics.?” Any particle in
quantum mechanics may be either a boson (statistically
Bose—Einstein) or a fermion (statistically Fermi-Di-
rac), according to the spin—statistics theorem.?® All
basic bosons, including the photon, which transmits
electromagnetism, were eventually discovered to trans-
fer forces. Particles "like electrons and nucleons™ are
called fermions, and they are often found in matter.
Later, Fermi-Dirac statistics were used in many other
fields, including as semiconductor design and astron-
omy.

210 Bohr, N. (1928). "The Quantum Postulate and the Recent
Development of Atomic Theory". Nature. 121 (3050): 580—
590. Bibcode:1928Natur. 121..580B. doi:10.1038/121580a0,
accessed on 03 Dec 2025

211 Herbert S. Green (1965). Matrix mechanics (P. Noordhoff
Ltd, Groningen, Netherlands) ASIN: BOOO6BMIP8,

22 Von Meyenn, Karl (1 February 2001). "Wolfgang
Pauli". Physics Today. 54 (2): 43-48,
d0i:10.1063/1.1359709, accessed on 03 Feb 2026

23 pauli, Wolfgang (1980-01-01). General principles of
quantum mechanics. Springer-Ver-
lag. ISBN 9783540098423, accessed on 03 Feb 2026

214 Buckley, Paul; Peat, F. David; Bohm; Dirac; Heisenberg;
Pattee; Penrose; Prigogine; Rosen; Rosenfeld; Somorjai;
Weizsdcker; Wheeler (1979). "Leon Rosenfeld". In Buckley,
Paul; Peat, F. David (eds.). A Question of Physics: Conversa-
tions in Physics and Biology. University of Toronto Press.
pp. 17-33. ISBN 978-1-4426-5166-1, accessed on 03 Dec
2025

215 Kragh, Helge (1999), Quantum Generations: A History of
Physics in the Twentieth Century, Princeton, New Jersey:
Princeton University Press, accessed on 03 Dec 2025

216 Wali, Kameshwar C (2009), Satyendra Nath Bose: his life
and times (selected works with commentary), Singapore:
World Scientific, ISBN 978-981-279-070-5, accessed on 03
Feb 2026

27| eggett, Anthony J. (2022). Quantum liquids: Bose con-
densation and Cooper pairing in condensed-matter sys-

Classical physics refers to the earlier sciences,
while "modern physics" refers to the work based on
quantum and relativity theories. This is because of the
conceptual differences between the physics theories
that were discussed in the 19th century and those that
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the 20th century. The split, which was first used to de-
scribe "classical mechanics™ in mechanics, ultimately
came to describe quantum and relativistic phenom-
ena.?!® Physicists like Max Planck and Hendrik Lo-
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first to push this characterization. This division was
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tion in and contributions at the 1911 Solvay Confer-
ence.??% The names of several physics textbooks reflect
this split. For instance, Goldstein's Classical mechanics
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cepts of contemporary Physics by defining contempo-
rary physics as follows: Max Planck's discovery of the
energy quantization component of blackbody radiation
in 1900 marked the beginning of modern physics. Al-
bert Einstein's equally groundbreaking theories of rela-
tivity and quantum theory of light came shortly after.??
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open Kenneth Krane's Modern Physics, a book on
quantum and relativity ideas.??® The Classical Theories
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of E.T. Whittaker's two-volume History of the Theories
of Aether and Electricity (1900-1926) are subtitled.??*

Paul Dirac's 1928 formulation of a relativistic
quantum theory was the first of many quantum theories
developed as the philosophically minded continued to
dispute the underlying nature of the cosmos.??> How-
ever, theoretical formulations that produced limitless
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energies hampered efforts to fully quantize electromag-
netic theory into the 1930s. Only after World War 11,
when Julian Schwinger, Richard Feynman, and Sin-
Itiro Tomonaga independently proposed the renormali-
zation approach, which made it possible to build a ro-
bust quantum electrodynamics (QED), was this issue
deemed sufficiently overcome.??® As the concept of the
quantization of fields through "exchange forces" gov-
erned by an exchange of transient "virtual” particles—
which were permitted to exist in accordance with the
laws governing the uncertainties inherent in the quan-
tum world—grew in popularity, new theories of funda-
mental particles proliferated.??” The uncertainty princi-
ple limits the existence of virtual particles, which are
theoretical transitory particles that have some of the
properties of conventional particles but may spontane-
ously originate from vacuum at short time and space
ranges.??® Notably, Hideki Yukawa postulated that a
particle with a mass between that of the electron and
the proton mediated a strong but short-range force that
held the nucleus' positive charges together.??® This par-
ticle, known as the "pion," was discovered in 1947 as
one of several particles that were found after World
War I1. These particles were first discovered to be ion-
ising radiation left by cosmic rays, but they are now in-
creasingly being created in more advanced and potent
particle accelerators.?%°

The development of the laser, which won the 1964
Nobel Prize in Physics, was one of the major break-
throughs of the era outside of particle physics.?! Addi-
tionally, the study of superconductivity both theoreti-
cally and experimentally, particularly the development
of a quantum theory of superconductivity by Vitaly
Ginzburg and Lev Landau, which won the 1962 Nobel
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Prize in Physics, and its subsequent explanation via
Cooper pairs (1972 Nobel Prize in Physics).?®2 One of
the first instances of quasiparticles was the Cooper pair.
According to Einstein, a single theory can account for
all of the basic interactions in nature.?*® Several efforts
to "merge" multiple interactions resulted in unified
field theories. A gauge theory, which is a generalization
of the concept of symmetry, is one of many formula-
tions of such theories.?* At last, the unification of
strong, weak, and electromagnetic interactions was
achieved by the Standard Model.?% Every effort to
combine gravity with another force was unsuccessful.
In her experiment, "Chien-Shiung Wu" shattered parity
in weak interactions,?% a series of discoveries were cre-
ated thereafter.?>” New basic quantum theories were
made possible by the interaction of these particles via
decay and scattering. These new particles were given
some order by Murray Gell-Mann and Yuval Ne'eman,
who categorized them based on a number of character-
istics, starting with what Gell-Mann called the "Eight-
fold Way."2%,2° While its further development,
the quark model, > at first seemed inadequate to de-
scribe strong nuclear forces,?* The development of
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made it possible to create a "standard model” based on
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gauge invariance mathematics that effectively ex-
plained all forces save gravitation and is still widely
used in its field.243 244

The Standard Model, based on the ‘Yang—Mills
theory’?® groups  the ‘electroweak interaction the-
ory’?*® and quantum chromodynamics into the "gauge
group” structure.?’” Abdus Salam, Steven Weinberg,
and Sheldon Glashow are credited for formulating the
standard model's unification of the electromagnetic and
weak interactions.?*® Neutral weak currents were sub-
sequently seen in experiments to validate the electro-
weak hypothesis,?*,2%° and distinguished by the 1979
Nobel Prize in Physics. Fundamental particle physics,
especially the Big Bang idea put out as a result of Ein-
stein's general theory of relativity, has shed light on the
early universe's cosmology since the 1970s.2°1,%52 But
since the 1990s, astronomical discoveries have also
presented new problems, such the need for fresh theo-
ries on galaxy stability, or "dark matter," and the appar-
ent acceleration of the universe's expansion, or "dark
energy."?%3,24 Though many theorists thought that su-
persymmetry and string theory would be a promising
path forward, no theory that reconciles general relativ-
ity with the Standard Model has yet been discovered,
despite the fact that accelerators have confirmed most
aspects of the Standard Model by detecting expected
particle interactions at various collision energies. The
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way these threads move across space and communicate
with one another is explained by string theory.?® A
string behaves as a particle on distance scales greater
than the string scale; its vibrating state determines its
mass, charge, and other characteristics. According to
string theory, the graviton, a quantum mechanical par-
ticle that conveys the gravitational pull, is one of the
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theory is a quantum gravity theory.?” However, since
it started running in 2008, the Large Hadron Collider
has not discovered any evidence in favour of supersym-
metry or string theory.2%8

After Einstein's General Theory of Relativity was
published in 1915, cosmology could be considered a se-
rious study subject, but it wasn't until the "Golden age
of general relativity" that it became widely accepted in
science.?® Edwin Hubble and Vesto Slipher discovered
the expansion of the universe in the 1920s by measur-
ing the redshifts of Doppler spectra from galactic neb-
ulae, around ten years later, during what was known as
the "Great Debate."?%°,%6! The Big Bang hypothesis was
developed by Georges Lemaitre and George Gamow
using Einstein's general relativity.?®®> Fred Hoyle,
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state theory.?5® In the 1960s, Robert Woodrow Wilson
and Arno Allan Penzias confirmed the existence of cos-
mic microwave background radiation, which supported
the big bang theory over the steady state theory.?*
Among others, George Smoot et al. (1989) used data
from the Cosmic Background Explorer (CoBE) in their
later work,?% and these findings were improved by the
Wilkinson Microwave Anisotropy Probe (WMAP) sat-
ellites.?®® Alan Guth proposed inflation theory in the
1980s, the same decade as the COBE data. Dark energy
and dark matter issues have recently taken center stage
on the cosmological agenda.?®”

On July 4, 2012, scientists at the Large Hadron
Collider at CERN 268 declared the discovery of a new
subatomic particle that closely resembles the Higgs
boson. This particle might be crucial to explaining the
existence of variety and life in the cosmos as well as the
reason why elementary particles have mass.? It is now
referred to by some physicists as a "Higgslike" particle.
"It's something that may, in the end, be one of the big-
gest observations of any new phenomena in our field in
the last 30 or 40 years, going way back to the discovery
of quarks, for example," said Joe Incandela of the Uni-
versity of California, Santa Barbara.?’® "This is a big
moment for particle physics and a crossroads — will this
be the high water mark or will it be the first of many
discoveries that point us towards solving the really big
questions that we have posed," stated Michael Turner,
a cosmologist at the University of Chicago and chair-
man of the physics center board.’?"* The concept of the
Higgs field (also known as "cosmic molasses') was cre-
ated in 1964 by six scientists, including Peter Higgs,
who worked in three separate groups. Higgslike fields
are crucial to string theory and universe theories, de-
spite the fact that they have never been seen.?’? They
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may get infused with energy that exerts an antigravita-
tional force under certain circumstances, according to
the peculiar accounting of Einsteinian physics. These
fields have been suggested as the origin of the uni-
verse's early inflation, a massive expansion, and as the
source of the dark energy that seems to be speeding up
the universe's expansion today.?"3

The basic physical theory that explains how matter
and light behave is called quantum mechanics; its pe-
culiar properties usually arise at and below the size of
atoms.?’* A key component of the history of contempo-
rary physics is the development of quantum mechanics.
The creation of quantum concepts to describe specific
phenomena, such as solar emission spectra, blackbody
radiation, and the photoelectric effect, marks the begin-
ning of the main chapters of this history. This period is
known as the "old" or "older" quantum theories.?”> A
number of experimental discoveries of atoms that didn't
make intuitive sense within the framework of classical
physics gave rise to the discipline of quantum physics
in the late 1800s and early 1900s. The understanding
that matter and energy may be seen as discrete packets,
or quanta, having a minimum value attached to them
was one of the fundamental discoveries.?’® For in-
stance, energy is delivered by light with a defined fre-
quency in quanta known as "photons.” At this fre-
quency, the energy of each photon will be the same and
cannot be divided into smaller units.?’” Actually, the
Latin origin of the term "quantum" means "how much."
Understanding quantum principles changed how we
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thought about the atom, which is made up of an elec-
tron-surrounded nucleus.?”® According to early theo-
ries, electrons were particles that orbited the nucleus in
a manner similar to that of satellites orbiting the Earth.
Instead, electrons are understood by modern quantum
physics to be dispersed inside orbitals, which are math-
ematical representations of the likelihood that electrons
will reside in several locations within a particular range
at any given moment.2”® When an electron gains or
loses energy, it may move from one orbital to another,
but it cannot be located in between orbitals. A few key
ideas contributed to the development of quantum phys-
ics' foundations:

»  Wave-particle duality: Matter and energy, like
electrons and light, may have both particle-like and
wave-like characteristics. In processes like interference
and diffraction, light acts like a wave; but, in other sit-
uations, like the photoelectric effect, which includes
discrete energy packets, light behaves like a particle.?®
According to Louis de Broglie, the concept also applies
to matter, which has a wave character.?,282 This idea
has existed since the beginning of quantum research. It
explains the results of studies that demonstrated that
matter and light had either particle or wave characteris-
tics, depending on how they were measured. We now
know that these many types of energy are neither parti-
cles nor waves. They are unique quantum entities that
are difficult for us to imagine.

»  Superposition: Imagine touching a pond's sur-
face simultaneously at two distinct locations. From
each point, waves would radiate outward and eventu-
ally overlap to create a more intricate design. This is a
wave superposition. Similar to this, in quantum phys-
ics, particles with wavelike characteristics, like elec-
trons and photons, may combine to form what is known
as superposition. This phrase refers to an item that is
simultaneously a composite of many different states. A
ripple on a pond's surface, which is the result of two
waves overlapping, is comparable to a superposed item.
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218. Archived (PDF) from the original on 2019-09-24, ac-
cessed on 02 Dec 2025

In mathematics, an equation with several solutions or
outcomes may be used to describe an object in super-
position.?3

»  Uncertainty principle: A key idea in quantum
physics is the uncertainty principle, which asserts that
there is a limit to how accurately certain pairs of phys-
ical attributes, such as location and momentum, may be
known at the same time.?4 This implies that you can
determine a particle’s momentum less accurately the
more exactly you know its location, and vice versa.
This idea is not the product of faulty measuring instru-
ments, but rather an inherent characteristic of nature.?®®
It is a mathematical idea that shows a trade-off between
opposing viewpoints. This indicates that two character-
istics of an item, such its location and velocity, cannot
be accurately determined simultaneously in physics.?8
For instance, we can only determine an electron's speed
to a certain extent if we measure its location cor-
rectly.?®

Entanglement: refers to a quantum phenomenon in
which, independent of their distance from one another,
two or more particles become connected and have en-
tangled features.?®® Faster-than-light communication is
not possible, yet measuring one entangled particle's
property instantly affects the other's corresponding
property. In a broader context, "entanglement” may
also mean being fully immersed in a challenging or
complicated circumstance.?®® This phenomenon hap-
pens when two or more items, even if they are ex-
tremely far away, are linked in a manner that allows
them to be considered as a unified system. It is impos-
sible to properly explain the state of one item in that
system without knowing the state of the other.?*® Simi-
larly, discovering details about one item often reveals
something about another, and vice versa.?%

It is somewhat honest for a guy on Earth to deter-
mine the location and speed of a moving object. We can
instantly determine the location of items by measuring
an automobile moving at 100 km/h or a person strolling
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at 9 km/h. However, a basic mathematical property
known as the uncertainty principle makes these compu-
tations impossible in the quantum world of particles.
According to the widely accepted Copenhagen inter-
pretation, quantum systems live in a superposition of
possibilities until they are measured. Since just one re-
sult is chosen at random at the time of measurement,
the precise future is unclear.?®? Interestingly, German
physicist and Nobel laureate Werner Heisenberg
showed in 1927 that the inability to precisely know
some combinations of properties simultaneously, such
a particle's position and momentum, further limits over-
all prediction.?®® To put it another way, if a person were

reduced to the size of an electron, we could only accu-
rately ascertain its position or speed, not both at once.
Although the Heisenberg uncertainty principle is well
recognized in quantum physics, issues in pure mathe-
matics and conventional physics also follow a similar
concept. This idea basically applies to any object that
has wave-like properties. Because of the nature of
quantum mechanics theory, quantum objects are spe-
cial because they naturally exhibit wave-like character-
istics.2** The area of study that studies matter and en-
ergy at the most fundamental level is called quantum
physics. Its objective is to comprehend the characteris-
tics and actions of the basic components of the natural
world.?%

Figure 4: What will future navigation and reality look like296

Consider a ripple in a pond to understand the fun-
damental idea of the uncertainty principle. You would
follow a number of passing peaks and troughs to gauge
its pace. Your understanding of the wave's speed will
improve with the number of peaks and troughs you
track, but your ability to pinpoint its precise location
will diminish as it is scattered across those peaks and
troughs. On the other hand, you would only need to
watch a tiny portion of the wave in order to identify the
location of a single peak, giving up information about
its speed. The uncertainty principle essentially empha-
sizes a trade-off between two related qualities, such as
location and speed. Another comparison is a roller-
coaster: when the automobile reaches the top of a hill,
a picture can reveal its location but not its speed; as it
descends the hill, speed can be measured but its precise
location is less definite. The idea shows how to balance
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two complementing factors, such location and speed.?”
Because subatomic particles may behave like waves,
the basic law is applicable in the quantum domain. The
uncertainty principle in quantum physics is often mis-
understood to imply that our measurements are impre-
cise or uncertain.?® In actuality, every event exhibiting
wave-like behavior is fundamentally characterized by
uncertainty.?%®

4. Investigation of Different Concept of Mod-
ern Science and Uncertainty

4.1 Einstein’s Special Theory of Relativity and
the Block Universe. Two events that seem simul-
taneously to one observer may not occur simultane-
ously to another observer travelling at a different speed,
according to a fundamental tenet of special relativity.
This is due to the fact that, regardless of an observer's
motion, the speed of light remains constant. The theory
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unifies space and time into a single, four-dimensional
continuum known as spacetime in order to reconcile the
perspectives of many observers. By fusing space and
time into a single, four-dimensional entity known as
space-time, Einstein's special theory of relativity com-
pletely changed our understanding of both concepts.
The idea of the "block universe" resulted from this. Be-
cause of this, all earthly events—past, present, and fu-
ture—exist concurrently and forever as components of
a fixed continuum. According to this perspective, time
exists all at once, just like space, rather than flowing.3%
The relativity of simultaneity, which means that various
observers may disagree about what is occurring right
now based on their relative velocities, is a crucial con-
sequence. The philosophical concept of eternalization,
which holds that every instant in time is equally real, is
therefore supported by the collapse of the idea of a
globally shared "present."3% Determinism is implied by
the block universe as the future seems to be regulated
by the same unchangeable laws of physics as the
past.3%2 Determinism is implied by the block universe
as the future seems to be regulated by the same un-
changeable laws of physics as the past.3® This idea,
which implies a deterministic cosmos in which every
occurrence is already "there™ in spacetime, has signifi-
cant philosophical ramifications.

4.2 Determinism Versus Indeterminism in Rel-
ativity. If a theory can only have one conceivable fu-
ture conclusion given all beginning circumstances and
the rules of physics, it is said to be deterministic.3% Spe-
cial relativity theory is completely deterministic as it
deals with spacetime in an inertial (non-accelerating)
context. By guaranteeing that all witnesses agree on the
order of cause-and-effect occurrences, it supports the
notion of causality. In addition to being locally deter-
ministic—that is, given enough knowledge in a region
of spacetime, its immediate future is uniquely deter-
mined—General Relativity (GR) defines gravity as the
curvature of spacetime.®®® The fundamental equations
of the theory are deterministic Einstein Field Equations.
Accordingly, relativity proposes a deterministic cos-
mos in which the whole timeline—including the fu-
ture—is fixed and preset. But this raises a question: can
the future be really open if relativity reflects the large-
scale cosmos accurately? We must go to quantum me-
chanics, which adds true indeterminacy to physical law,
to overcome this conflict between determinism and an
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open future.® The theory predicts singularities, when
the equations break down and predictability is lost,
such those at the core of black holes or the Big Bang. It
is generally accepted that a theory of quantum gravity
must ultimately replace classical general relativity as it
is inaccurate in these extreme circumstances. A bound-
ary known as a Cauchy horizon may emerge in certain
particular, but potentially unphysical, solutions to the
equations (such as some charged black holes). A failure
of determinism is shown by the possibility of various
potential futures arising from the same basic circum-
stances beyond this horizon.®®” The spacetime must be
"globally hyperbolic" in order to provide global deter-
minism, in which a whole "now" slice of spacetime de-
termines the entire future of the universe. However, this
attribute is absent from many intriguing GR solutions,
suggesting that determinism could not be a universal
feature in all potential relativistic worlds.

4.3 Quantum Mechanics and the Indetermi-
nacy of Reality. In contrast to classical determinism,
quantum mechanics describes systems in terms of wave
functions, which store probability for every potential
event rather than specific values. Quantum systems ex-
ist in superposition—a composite of all conceivable
states—prior to measurement.3%® Measurement yields a
single result, but it is only possible to anticipate the out-
come probabilistically rather than deterministically.
Numerous experiments have confirmed this fundamen-
tal aspect of quantum physics.3 Wave function col-
lapse, the process by which the probabilistic wave func-
tion simplifies to a single conclusion, remains one of
the most enigmatic aspects of quantum theory. Deter-
mining whether the future is fixed or open requires an
understanding of whether this collapse is genuine and
what causes it. By claiming that a system's attributes
are not definite until measured and that results are dic-
tated by probability distributions rather than strict cau-
sality, quantum mechanics introduces the indetermi-
nacy of reality.3!° This idea, also referred to as the un-
certainty principle or quantum indeterminacy, states
that even with full knowledge of a quantum state (its
wavefunction), one can only forecast the probability of
various possibilities. This basic uncertainty casts doubt
on classical determinism and suggests that nature is
fundamentally probabilistic and subject to observation
at the subatomic level.
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Probabilities take the role of classical certainty in
guantum mechanics. For instance, the wavefunction
simply gives a chance for when a radioactive atom
could decay; the precise time is not known.®! The
measuring process is essential because it affects a par-
ticle's state by "collapsing™ its wavefunction from a su-
perposition of possibilities into a single, certain result.
Intrinsic uncertainty is a characteristic of quantum sys-
tems and is not caused by measurement mistake or ex-
ternal influence. For example, the Kochen-Specker the-
orem shows that all measurable attributes of a quantum
state cannot have sharp, definite values at the same
time. Classical determinism, which maintains that all
occurrences are foreseeable given sufficient knowledge
about the system's starting state, is essentially chal-
lenged by challenge to determinism theory. According

811 https://fiveable.me/key-terms/principles-of-physics-
iv/quantum-indeterminacy,

812 https://pmc.ncbi.nlm.nih.gov/articlessPMC7517274/, ac-
cessed on 02 Dec 2025

to quantum indeterminacy, reality is regulated by
chance within the confines of those probabilities rather
than being preset at its most basic level.3*2 Although
quantum indeterminacy is a fundamental idea, other in-
terpretations try to explain its meaning. One such inter-
pretation is that every quantum event splits the cosmos
into several branches, each of which exists in a distinct
reality.®'® Additionally, it implies that a kind of objec-
tive, spontaneous collapse takes place without the need
for observation. So, the exact nature of quantum inde-
terminacy and its metaphysical implications (whether it
represents a true indeterminacy in reality or is merely a
limitation of our knowledge) remains a topic of ongo-
ing discussion among physicists and philosophers.3*
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tion/232968685_Quantum_Mechanics_and_Metaphysi-
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Figure 5: Quntum physics and prove parallel is it fact or fiction315

4.4 The Copenhagen Interpretation and Non-
Determinism.  Quantum mechanics (QM), not rela-
tivity, is the primary cause of indeterminism in contem-
porary physics. The traditional Copenhagen interpreta-
tion of QM holds that the results of quantum measure-
ments are essentially random and independent of past
occurrences. In order to give a more comprehensive un-
derstanding of determinism in the cosmos, theoretical
physics is now working to unify these two pillars of
contemporary research into a single theory of quantum
gravity.36 The philosophical ramifications of this sci-
entific determinism on ideas like free will may be in-
vestigated.3!” One of the earliest and most extensively
taught interpretations of quantum physics is the Copen-

hagen interpretation. According to this theory, a quan-
tum system stays in superposition until a measurement
is conducted, at which time the wave function collapses
to a single, definitive result. This adds a basic element
of randomness to the cosmos, which means that even
with perfect knowledge of the present, it is impossible
to forecast the future with confidence. But when mixed
with relativity, this creates problems. Observers may
disagree on whether the wave function of a certain
event has already collapsed because they may perceive
simultaneity differently. This disparity shows how dif-
ficult it is to reconcile quantum collapse with relativ-
istic space-time and casts doubt on the notion of a uni-
versally accepted reality.3®
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COPENHAGEN
VS MANY WORLDS

Figure 6: Copenhagen vs Many Worlds Interpretation of Quantum Mechanics319

4.5 The Many-Worlds Interpretation and De-
terminism Restored. By suggesting that every poten-
tial result of a quantum event really takes place in dis-
tinct, parallel worlds, the Many-Worlds Interpretation
(MWI) restores determinism. The global wavefunction,
which develops deterministically in accordance with
the Austrian physicist Schrédinger equation, instead of
a single world collapsing into a single result,3?° just di-
vides into many separate, non-interacting branches
(worlds). The development of the multiverse as a whole
is completely predictable and deterministic, yet from
the viewpoint of an observer inside any one universe,
the result seems random. A probabilistic "collapse"” of
the wave function, which is essential to the Copenha-
gen interpretation of quantum mechanics, is avoided by
the MWI.%21 Once again, the wave function keeps
evolving rather than collapsing. The wave function
branches as a result of the observer being entangled
with the system during a measurement or interaction.
Each branch, however, stands for a distinct potential
measurement result. In Schrodinger's cat, for instance,
the world divides into two parts: one where the cat is
alive and the other where it is dead. The Schrodinger
equation governs the singular, deterministic process of
the multiverse's whole development.®?2 However, the

result seems random from the viewpoint of a single ob-
server inside one branch.®?® Because their own wave
function is entangled with the measurement result, an
observer can only ever perceive one of the possible out-
comes.??* Consequently, the MWI presents a bold but
sophisticated alternative: it completely rejects the wave
function's collapse. Instead, it suggests that all possible
outcomes of a quantum event occur, each in its own
parallel branch of the universe. The Schrodinger equa-
tion describes the deterministic evolution of the wave
function, and every potential outcome is realised in
some branch.®?> While all other versions of themselves
experience different results, observers get entangled
with these branches and encounter just one result. The
cosmos is completely deterministic from a global
standpoint, with all branches coexisting. Since the
branching respects causal bounds like the speed of
light, this interpretation is consistent with Einstein's rel-
ativity. However, since they only live in one branch,
spectators see randomness from a subjective perspec-
tive.326 Here, we have discovered that randomness is a
result of our constrained viewpoint inside a particular
branch rather than a basic aspect of reality.3*" Last but
not least, this deterministic perspective results from ac-
knowledging the universal wave function as physically
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real and letting it change in accordance with the basic
quantum mechanical equations without the need for
further, ad hoc restrictions like wave function col-
lapse.3?8

4.6 Relativity, Decoherence, and the Propaga-
tion of Branching. Our comprehension of physical re-
ality was completely transformed by the simultaneous
discovery of quantum theory and Einstein's general the-
ory of relativity. The concepts of spacetime and quan-
tum superposition are perhaps the most unique aspects
of each of these theories. Finding a coherent way to
unify quantum theory with general relativity is the big-
gest difficulty facing current physicists.3?® Any theory
that combines quantum mechanics and relativistic grav-
itation must unquestionably be able to characterize
spacetime as having quantum-mechanical degrees of
freedom, whose states exist in a complex Hilbert space
and can be arranged in quantum superpositions of vari-
ous configurations.3¥®, 33! Branching is not instantane-
ous across the universe under the Many-Worlds para-
digm. Rather, it propagates at or below the speed of
light in accordance with relativistic causality. Different
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realities are defined by entangled webs, which are made
up of interrelated quantum events. Here, decoherence is
essential because it explains how quantum branches ef-
fectively become separated from one another.3%? Each
branch exhibits classical behavior as quantum interfer-
ence between branches diminishes over time. A physi-
cal explanation for the change from quantum probabil-
ity to classical experiences is provided by decoher-
ence.® This results in an objective interpretation of the
present as the particular entanglement network of
which the observer is a member. However, because of
the relativity of simultaneity, how each observer per-
ceives "now" varies according on how they move
through space-time.33* This research enhances MWI's
reputation as a solid framework for relativistic quantum
theory by elucidating the interaction between branch-
ing, entanglement, and relativity.3*® It also draws atten-
tion to unsolved ontological issues: a thorough expla-
nation of nonlocal branching requires a more thorough
comprehension of the existence of entangled states in
space and time. Future research will fill this gap.33,37

332 https://arxiv.org/htm1/2302.03259v2, accessed on 03 Feb
2026

333 R. Gambini, J. Olmedo, and J. Pullin, Quantum black
holes in loop quantum gravity, Classical and Quantum Grav-
ity 31, 095009 (2014), accessed on 02 Dec 2025

334 C. Kiefer, Conceptual problems in quantum gravity and
quantum cosmology, ISRN Mathematical Physics 2013, 1-
17 (2013), accessed on 02 Dec 2025

335 Vaidman, L. (2021). Many-Worlds Interpretation of Quan-
tum Mechanics. The Stanford Encyclopedia of Philosophy
(Fall 2021 Edition), Edward N. Zalta (ed.). https://plato.stan-
ford.edu/archives/fall2021/  entries/gqm-manyworlds/, ac-
cessed on 03 Feb 2026

336 Wallace, D. and C. G. Timpson (2010). Quantum Mechan-
ics on Spacetime I: Spacetime State Realism. The British
Journal for the Philosophy of Science 61, pp. 697-727, ac-
cessed on 02 Dec 2025

337 Wallace, D. (2012). The Emergent Multiverse: Quantum
Theory according to the Everett Interpretation. Oxford: Ox-
ford University Press, accessed on 03 Feb 2026


https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-0-19-955227-6
https://www.researchgate.net/publication/368332890_Relativity_and_decoherence_of_spacetime_superpositions
https://www.researchgate.net/publication/368332890_Relativity_and_decoherence_of_spacetime_superpositions
https://www.researchgate.net/publication/368332890_Relativity_and_decoherence_of_spacetime_superpositions
https://doi.org/10.1088/0264-9381/31/9/095009
https://doi.org/10.1088/0264-9381/31/9/095009
https://doi.org/10.1155/2013/509316
https://doi.org/10.1155/2013/509316

110 Norwegian Journal of development of the International Science No 175/2026

Figure 7: Relativity considered a theory rather than a law338

4.7 Pilot-Wave Theory and Its Challenges. An-
other interpretation of quantum physics that reinstates
determinism without mentioning parallel universes is
the de Broglie-Bohm pilot-wave theory.3® As the first
alternative formulation of quantum mechanics, de
Broglie and Bohm's pilot-wave theory has a unique po-
sition in the history of modern physics.34 It asserts that
a guiding wave function that changes in accordance
with quantum laws influences the particular paths that
particles take. This gives particle behavior a precise,
non-random explanation.3*! One of the difficulties with
pilot-wave theory is that it is incompatible with special
relativity, which necessitates a non-local, deterministic,
and non-relativistic framework.3#? Its increased mathe-
matical complexity, the ambiguous physical meaning
of the "pilot wave," and the absence of reciprocal inter-
action between the particle and wave are further diffi-
culties. Despite providing a deterministic substitute for
the Copenhagen interpretation's unpredictability, these
problems make it less well-liked than conventional in-
terpretations. Nonetheless, there are substantial chal-
lenges in harmonizing the pilot-wave theory with spe-
cial relativity.3*® The theory's non-local, instantaneous
links between particles seem to go against the idea that
nothing can move faster than the speed of light, which
presents a significant obstacle.3** A fundamental tenet
of special relativity, Lorentz invariance, is violated by
pilot-wave theory as it necessitates a preferred frame of
reference.®*® According to the hypothesis, there is a true

guiding wave, but it doesn't exist in the three-dimen-
sional world we see; instead, it resides in an abstract,
multi-dimensional realm. This makes it challenging to
comprehend its physical nature, particularly because it
cannot be identified as a separate item. It does not read-
ily fit into the relativistic framework, which holds that
no influence can move faster than light, since it con-
tains non-local effects, where changes in one location
may instantly impact distant particles. Its status as a
comprehensive, contemporary physics theory is weak-
ened by this incompatibility with relativity.3*¢ The hy-
pothesis explains a one-way interaction in which the
particle is guided by the pilot wave but has no effect on
the wave. This goes against the basic idea of action-re-
action in classical physics, which states that forces are
always reciprocal. There are no new testable predic-
tions made by pilot-wave theory that would set it apart
from conventional quantum mechanics. The effective-
ness of the theory is predicated on the idea of "quantum
equilibrium," which postulates that the probabilistic
character of quantum mechanics results from our in-
complete understanding rather than from underlying
randomness.

4.8 Consciousness and the Nature of the Pre-
sent.  The ability to analyses and compare mental
experiences in a single instant, or "present time," is
made possible by consciousness, a state of awareness
that connects our perspective of the past, present, and
future. Philosophically speaking, awareness is closely
linked to the present; according to certain traditions,
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consciousness is the capacity to see and value the
"now" as the sole reality in which existence takes place.
Others, such as philosopher Henri Bergson, see con-
sciousness as an ongoing flow of "duration," a conflict
between the present's immediacy and memory's expan-
sive reach.®* According to one idea, consciousness is
thought to be the brain's greatest ability to connect
space and time into global mental representations, pre-
sumably via quantum mechanical processes inside the
brain. Many stress the significance of "conscious liv-
ing," which is defined as being in the now and embrac-
ing the situation as it is rather than being preoccupied
with regrets from the past or worries about the future.
According to Eckhart Tolle, awareness is one with the
present, and the self is essentially a sensation of pres-
ence or being that is the same as the present.3*® Con-
sciousness is a constant "duration™ that connects the ac-
cumulated potential of the past with the immediate pre-
sent, according to Henri Bergson.3*® According to
Matthew David Segall, awareness is a process that al-
lows for freedom and choice by contrasting the present
with what may be.3® According to certain beliefs,
physical reality comes after awareness, which is essen-
tial. According to a new theoretical concept, time,
space, and matter originate from consciousness rather
than substance.®* Some theories make a distinction be-
tween the subjective, knower, or self that experiences
the ideas and sensations that the brain processes and the
processing itself.*2 Some believe that consciousness
arises from matter or the brain, while others contend
that awareness may really create matter.35®

The subject of how quantum fields and quantum
particles behave in a superposition of spacetimes seems
to be outside the scope of theoretical and experimental
studies in the absence of a comprehensive theory of
quantum gravity.®* The concept of a block universe
raises an important philosophical and experiential
query: what does it mean to perceive the present if all
events have already occurred? The "now" we perceive
is not an instantaneous moment but rather a prolonged
period, according to consciousness, which results from
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neuronal processes developing over time.3* These pro-
longed present runs counter to naive notions of a clear
temporal border between the past and the future, as well
as presentism and the idea that only the present instant
is genuine. Rather, a more nuanced, dispersed under-
standing of the present that is consistent with relativity's
relative simultaneity is supported by our conscious
awareness of time.3%® These cast doubt on oversimpli-
fied conceptions of time and pose more profound que-
ries about the subjective perception of temporal flow.3%
A non-Turing test for machine consciousness based on
a computer's capacity to generate philosophical conclu-
sions was proposed by Victor Argonov in 2014.3% In
2023, Nick Bostrom made the case that having a strong
belief that large language models (LLMs) are not sen-
tient would be unjustified. He also discussed whether
aspects of consciousness theory are true and how they
relate to machines.®® According to him, awareness is a
degree, He maintained that, in principle, computers
may be much more intelligent than people %%

Does the future already exist? That is the central
question. It is still unsolved and mostly relies on one's
preferred interpretation of quantum physics. According
to the Copenhagen perspective, the future is essentially
unpredictable and can only be influenced by observa-
tion. In a large multiverse, the future is decided for
those who favor Many-Worlds, but each observer fol-
lows a branching, unpredictable route.3% Physics is still
struggling to reconcile the direction and flow of time,
which explains why humans can recall the past but not
the future.®®® In order to comprehend time, determin-
ism, and the structure of reality, the movie concludes
by emphasizing the significance of combining physical
theory with philosophical understandings and the sub-
jective realities of consciousness. Let's talk about the
universe's transience, highlighting the fact that all mat-
ter—from stars and planets to galaxies—emerged from
primordial cosmic beginnings and will eventually re-
turn to a fundamental, formless state. In a huge and
mostly hostile universe, Earth is said to be a unique,
life-supporting oasis. Earth, a planet in the solar system
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and a member of the Milky Way galaxy, is a part of a
cosmos that is always changing due to cycles of crea-
tion and destruction. This dynamic universe spans un-
fathomably vast periods, laying the groundwork for a
future-focused story that examines how celestial plan-
ets, including Earth, will change and ultimately meet
their demise.

4.9 The String-theory. A theoretical
framework known as "string theory" substitutes one-di-
mensional objects known as "strings" for point-like par-
ticles. These strings vibrate in many ways, and each vi-
brational mode represents a distinct particle type, such
an electron or a quark. Although the theory has not yet
been scientifically confirmed, it seeks to unite the basic
forces of nature, including gravity, and all forms of
matter into a unified framework. String theory has the
ability to include all matter and the four basic forces—
gravity, electromagnetism, strong force, and weak
force—into a single, coherent guantum mechanical

> 4

Stephen Wolfram, a mathematician, computer sci-
entist, and physicist, recently shocked the scientific
world by declaring that he had essentially worked out
how the universe works. In the scientific world, Wolf-
ram is well-known. He is the creator of Wolfram Alpha,
the search engine that AskJeeves dreamed it were,
Wolfram Language, a math-based programming lan-
guage that powers the well-known Mathematica sys-
tem, and the Wolfram Physics Project.*¢® His contribu-
tions date back to his early years, when he wrote three
books on physics before the age of 14.3%° His contribu-
tions date back to his early years, when he wrote three
books on physics before the age of 14.37° In order to do
this, physicists and other scientists have developed
ideas ranging from "we're all living in a computer sim-
ulation™ (which raises the issue of what the universe the
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igure 8: The frictional concept of string theory367

framework, making it a contender for a "theory of eve-
rything." The theory's need for more dimensions than
the three spatial and one temporal dimension of our uni-
verse—specifically, 10 or 11 dimensions in most for-
mulations—is a crucial component. It is hypothesized
that the additional dimensions are “"compactified," or
rolled up, and hence invisible at our size. String theory
is still a theoretical idea despite its mathematical ele-
gance.® As of yet, it has not produced testable predic-
tions that have been confirmed by experimentation. The
fact that the complete theory lacks a proper definition
in every situation is one of the difficulties with string
theory. Another problem is that the theory is believed
to explain a vast array of potential universes, which has
made attempts to create particle physics theories based
on string theory more difficult.?%® Because of these
problems, some members of the community have ques-
tioned the worth of further string theory unification re-
search and criticized these methods of approaching
physics. %

computer is in is comprised of) to numerous worlds (as
in, more than one universe). Therefore, referring to a
physics theory as "wacky" suggests a whole different
degree of strangeness. "The fact that our universe is ex-
panding was discovered almost a century ago, but sci-
entists only realized how exactly this happens in the 90s
of last century, when powerful telescopes (including or-
bital ones) appeared and the era of exact cosmology be-
gan," said Artyom Astashenok. Three to four billion
years after the universe's creation, measurements and
data analysis revealed that the universe is not only ex-
panding, but expanding at an accelerated rate.3"* Addi-
tionally, he said, "And so the concept was created that
the Universe is filled with some "dark energy," which
has extraordinary qualities, rather than regular matter.
It is called "Dark Energy" because no one understands
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what it is or how it operates. And this energy makes up
70% of the universe.

The experts at the Immanuel Kant Baltic Federal
University (IKBFU) offered their own notion about the
"Dark Energy," which is the subject of several hypoth-
eses. They clarified: "It has long been known that two
metal plates put in a vacuum are attracted to one an-
other. This phenomenon is known as the Casimir effect,
after the Dutch scientist Hendrik Casimir. Since there
is nothing in the hoover, it would seem that this cannot
be. However, in accordance with quantum theory, par-
ticles are always appearing and disappearing there, and
a very little attraction results from their contact with
plates, which mark certain limits of space (which is cru-
cial). Additionally, there is a theory that roughly the
same thing occurs in space. On the contrary, only this
causes more repulsion, which speeds up the universe's
expansion. In other words, there is a manifestation of
the universe's limits but ultimately no "Dark Energy."
Naturally, this does not imply that it comes to an end,
although complicated topology may occur. You may
use the Earth as an example. Ultimately, it is finite yet
also without bounds. The Earth and the Universe vary
in that we deal with two-dimensional space in the for-
mer and three-dimensional space in the latter. Accord-
ing to Artem Astashenok, the published article expands
on the concepts in Alexander Teplyakov's thesis and of-
fers a mathematically sound model of the universe
where additional repulsion takes place and the law of
universal gravitation and the acceleration of the uni-
verse's expansion do not conflict.37

Recently, two physicists from IKBFU in Russia
put forward a completely new theory of the universe. In
essence, our whole universe is a component of an im-
mensely huge gquantum system spanning a "uncounta-
ble™ multiverse, according to their study, which com-
bines the absurd notion that we live in a computer sim-
ulation with the astounding "many worlds" hypothesis.
When we think about quantum systems, such as Goog-
le's and IBM's quantum computers, we often picture a
machine that uses qubits, which are subatomic parti-
cles, to carry out quantum computations. For now,
these computers are helpful as a means of investigating
the difference between classical and quantum reality,
but they may eventually be able to do sophisticated
computations that are now beyond the capabilities of
classical computers.’”® The IKBFU academics who
conducted the aforementioned study, Artyam and Va-
lerian Yurov, argue that everything in the world—in-
cluding the universe itself—should be thought of as a
quantum object. This implies that we are already in
"quantum reality" and do not need to examine qubits or
subatomic particles. It's all quantum! In the opening of
their work, Yurov and Yurov claim to have reversed the
prevailing theories of theoretical physics. The article
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03 Feb 2026
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tum-computing, accessed on 05 Dec 2025

continues by providing a mathematical explanation of
how the whole universe is a quantum item. In other
words, it has quantum features that should include su-
perposition, much like a small subatomic particle.®’*
There must be something out there for our universe to
interact with, even if it means using incredibly counter-
intuitive quantum mechanics to interact with itself in
multiple states at once. This is because, theoretically,
our universe should be able to exist in multiple places
or states at once.

Expanding quantum mechanics to massive things,
such as a single cell, has the drawback of making other
theoretical quantum properties less logical. In this in-
stance, "decoherence," or the process by which quan-
tum objects "collapse” from many states into the phys-
ical state seen in our classical observations, doesn't
seem to hold up at the cosmic scale.®® The "many
worlds" idea is then expanded to include numerous uni-
verses, or multiverses, by the researchers' calculations
based on their assumptions. If the universe is a quantum
item, it must interact with something, and that some-
thing is most likely other universes. This is the main
notion here. The findings do not, however, explain why
our world and everything in it would exist as something
like to a single qubit in a massive quantum computer
that concurrently spans numerous realities. If humans
aren't the magical observers that measure the quantum
realm and force it to "collapse"” into classical reality,
then we could just be gears in a machine; perhaps the
cosmos is a qubit, and we are the qubits. Maybe humans
are merely background noise that the universes over-
look as they do their computations. Perhaps we are re-
ally living in a computer simulation. But rather than be-
ing the preferred NPCs of some sophisticated species,
we are only mathematical components that support the
operation of the operating system. Ultimately, one must
question the viability of a unified theory of the universe
that draws inspiration from both Nick Bostrom's simu-
lation hypothesis and the arcade gaming age in compar-
ison to M-theory, relativity, or other established solu-
tions.*® However, a rising tide lifts all ships, and Wolf-
ram's present enthusiasm will undoubtedly produce
some intriguing mathematical outcomes.

5. Ultimate Finding from Scientific Theories
and Difficulties

5.1 Limitation of Theory of Science or Physics.

To yet, no physical hypothesis is thought to be
exactly correct. Rather, physics has advanced via a se-
quence of "successive approximations" that enable
more precise forecasts over an ever-expanding array of
phenomena. Therefore, some physicists maintain that
the sequence of approximations will never end in the
"truth" and that it is incorrect to mix theoretical models
with the actual nature of reality.®”” Einstein himself
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sometimes voiced this opinion.3”® Whether a theory of
everything is worthy of being referred to as the basic
law of the universe is a topic of philosophical discus-
sion within the physics community.”® The hard reduc-
tionist viewpoint holds that the theory of everything is
the basic law and that all other theories that apply to the
cosmos follow from it. According to a different per-
spective, emergent laws—which control how complex
systems behave—should be seen as equally basic.3®
The theory of natural selection and the second law of
thermodynamics are two instances of emergent laws. 3!
Emergence proponents contend that emergent laws are
distinct from low-level, microscopic rules, particularly
those that describe complex or living systems. Accord-
ing to this perspective, emergent rules are just as essen-
tial as a universal theory.

Weinberg notes that it is difficult to determine the
exact trajectory of a real projectile in Earth's atmos-
phere.2 Therefore, how can we be certain that our the-
ory of projectile motion is sufficient? Newton's equa-
tions of motion and gravity, according to Weinberg, are
"well enough” for basic situations, such as how planets
move in empty space. We can be quite certain that these
concepts will apply to more complicated situations
since they have worked so effectively on simpler ones.
For instance, general relativity is commonly regarded
as a legitimate theory even if it contains equations with-
out precise solutions since all of its equations with ex-
act solutions have been confirmed via experimenta-
tion.%3 In a similar vein, a theory of everything must
function for a variety of straightforward cases such that
we can be very certain it will function for any scenario
in physics. Combining quantum physics with general
relativity often leads to challenges in developing a the-
ory of everything since the equations of quantum me-
chanics start to break when the force of gravity is ap-
plied to them. The fundamental premise is that a quan-
tum system loses its ability to exist as an autonomous
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entity when it interacts with a measurement device be-
cause their respective wave functions become entan-
gled.®® The uncertainty principle is one effect of the
fundamental quantum formalism. In its most well-
known version, this asserts that no quantum particle
preparation may imply simultaneous, accurate predic-
tions for a measurement of the particle's location and
momentum.3&

Once again, the zero-energy universe hypothesis
postulates that there is precisely zero energy in the cos-
mos overall, with the negative energy of gravity pre-
cisely cancelling out the positive energy of mat-
ter.%¢ Although the zero-energy universe hypothesis
necessitates the existence of both a matter field with
positive energy and a gravitational field with negative
energy, some physicists, including Lawrence Krauss,
Stephen Hawking, and Alexander Vilenkin, refer to this
condition as "a universe from nothingness."%¥" Popular
sources address the theory in general. The strong CP
problem, the absolute mass of neutrinos, matter—anti-
matter asymmetry, and the nature of dark matter and
dark energy are only a few of the significant issues that
still need to be resolved in the field of physics outside
of the Standard Model.383%° The Standard Model's
mathematical foundation, which is still incompatible
with general relativity, is another major issue. Under
extreme circumstances, such as within known
spacetime gravitational singularities like those at the
Big Bang and at the centers of black holes beyond their
event horizons, both theories collapse due to this con-
tradiction.3% On the other hand, Big Bang cosmology's
chronology explains the universe's past and future. Ac-
cording to research released in 2015, the earliest phases
of the universe's existence occurred 13.8 billion years
ago, with a 68% confidence level uncertainty of around
21 million years.3!

On a timescale of millions of trillions of years, it
is hypothesized that black holes would appear to evap-
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orate almost instantly, rare quantum tunnelling phe-
nomena would appear to occur frequently, and quantum
or other phenomena so improbable that they might oc-
cur only once in a trillion years might occur numerous
times.®2 Once again, the hypothetical collection of all
worlds is known as the multiverse.® All of space,
time, matter, energy, information, and the physical laws
and constants that characterize them are assumed to be
included in these universes. The terms “parallel uni-
verses," "flat universes," "other universes," "alternate
universes," "multiple universes," "plane universes,"
"parent and child universes,” "many universes," or
"many worlds" refer to the several realities that make
up the multiverse. The multiverse is often thought of as
a "patchwork quilt of separate universes all bound by
the same laws of physics."3%* What will happen to the
cosmos in the end is the question now. In the end, the
cosmos will descend into near-absolute stillness and
extreme darkness. Entropy will rule all processes, and
all stars, galaxies, and structures will have either van-
ished or disintegrated. The universe's dark age, which
might last forever, would be characterized by motion-
lessness, quiet, and eternity, broken only by brief, in-
consequential quantum occurrences. But the last word
is still elusive. There might be fresh beginnings at the
nexus of general relativity and quantum physics, or the
cosmos could stay inactive forever. In either scenario,
the story concludes with humility and awe in the face
of a huge, enigmatic, and incompletely understood uni-
verse,3%

5.2 Possibility of the Alcubierre Warp Drive
Ship. One potential faster-than-light propulsion
method, the Alcubierszre warp drive, has long been
limited by its need on unusual negative-energy materi-
als.®% It begs the question: would superluminal travel
be technically possible in the near future? It could be
theoretically feasible. One of the most fascinating pos-
sibilities in contemporary theoretical physics is the con-
cept of faster-than-light (FTL) travel. The Alcubierre
warp drive, which Miguel Alcubierre initially pre-
sented in 1994, is one of the suggested models®®” pro-
poses a way for a spaceship to surpass the speed of light
without going against special relativity. In order to ac-
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complish this, spacetime is expanded behind the space-
ship and contracted in front of it, enabling the ship to
"surf" on a wave of spacetime. Despite its theoretical
allure, the Alcubierre drive has a number of basic issues
that have been thoroughly studied over the previous
thirty years. These difficulties include the need for neg-
ative energy, the viability of dynamically modifying
spacetime curvature, the possible consequences for
time travel and closed time like curves (CTCs), and the
massive energy requirements of maintaining a warp
bubble. The need for a negative energy density to main-
tain the warp bubble is one of the main challenges in
implementing an Alcubierre drive.3*® But it's thought
that the quantity needed for a macroscopic warp drive
is orders of magnitude more than what can be made in
a lab right now. Lentz's recent work3® and Bobrick &
Martire*® implies that, although these models are still
theoretical, certain spacetime geometries could provide
modified warp bubble solutions that reduce or elimi-
nate the demand for exotic matter. Furthermore, new
developments in semiclassical gravity and quantum
field theory suggest that energy condition violations
could not be as severe as originally believed, providing
a potential avenue for further study.*%*

Another major challenge is the engineering of
spacetime itself to achieve the anticipated contraction
and expansion. Theoretical studies by Natariopresent
alternate warp drive metric formulations that do not
need an explicit expansion area, implying that various
geometries might result in more useful designs. Fur-
thermore, new research on metric engineering in
higher-dimensional theories and modified gravity mod-
els (such string theory and f(R) gravity) suggests poten-
tial ways to deform spacetime without the need for im-
practical energy densities.**? Additionally, while ex-
perimental proof is still difficult, White et al.'s
numerical simulations at NASA's Eagleworks labora-
tory have investigated possible methods of manipulat-
ing spacetime via local energy fluctuations.*® The pos-
sible connection between warp drive physics and time
travel is an important and often discussed topic. An op-
erational Alcubierre drive might potentially allow
backward time travel, which would result in causality
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paradoxes since any superluminal travel in general rel-
ativity entails the existence of closed time-like curves
(CTCs).4* After studying the stability of CTCs in warp
drive spacetimes, Everett and Roman came to the con-
clusion that quantum backreaction effects could be able
to avoid these paradoxes.’®> Furthermore, Barcel6 et
al.*% have investigated whether Hawking's chronology
preservation methods and quantum inequalities may
stop CTCs from forming in physically plausible situa-
tions. However, there is still disagreement regarding
whether causality violations are an inevitable aspect of
FTL travel or if there is a mechanism that may fix the
problem. The Alcubierre drive's energy requirements
continue to be a significant obstacle; preliminary calcu-
lations indicate that they would surpass the entire mass-
energy of the visible universe.*” The goal of recent
studies has been to improve these computations so they
are more physically sound. Pfenning and Ford*® estab-
lished limitations on warp bubble energy distributions,
showing that energy needs may be greatly decreased by
thinning the warp bubble wall. Furthermore, soliton-
based warp bubble designs may enable subluminal
preparation prior to superluminal speeds, thereby low-
ering energy requirements, according to recent research
by Lentz.*%® In the meanwhile, studies on manipulating
quantum vacuum energy, including those carried out by
Davis and Puthoff,*° suggests that the extraction of
useful negative energy from the vacuum itself might be
made possible by future developments in quantum field
control.

In a recent study, Bi Qiao from the University of
Wuhan Technology's Physics Department presents a
unique method based on extended gauge transfor-
mations. He also creates a new formula that allows the
electromagnetic tensor to be directly converted to the
Weyl tensor. This method offers a workable alternative
for the Alcubierre warp drive, in which precise electro-
magnetic field manipulation causes spacetime expan-
sion (negative curvature) at the spacecraft's back and
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compression (positive curvature) at its front.*!! By do-
ing this, it gets around Einstein's field equations' strict
requirements for negative energy and exotic matter,
providing a strong theoretical basis for the development
of warp-drive propulsion.*'? He has shown and said that
"a more practical path to realizing warp drive physics
may be an electromagnetic field-induced Weyl curva-
ture mechanism." He demonstrates that "a dramatic re-
duction in energy demands suggests that future techno-
logical advancements may be able to achieve faster-
than-light travel." Additionally, his study offers crucial
information on the controllability and safety of upcom-
ing warp-driven spacecraft.*®* The suggested electro-
magnetic tensor to Weyl tensor modulation provides a
potential path towards the practical implementation of
warp-drive spacecraft, building upon the unification of
the four basic interactions and generalized gauge trans-
formations in primary fiber bundles. This method turns
superluminal travel from a theoretical speculation into
a possibly feasible engineering reality by removing the
need on negative energy exotic matter and drastically
lowering energy limitations. This discovery might ena-
ble mankind to transcend the boundaries of our solar
system in the not-too-distant future, bringing about the
interstellar period. 414

6. Contemporary Concept of Universe Crea-
tion and it’s Future

6.1 Preparation of Cosmic Calendar.An illus-
tration of the universe's 13.8-billion-year history con-
densed into a single calendar year is the Cosmic Calen-
dar. Carl Sagan popularized it in order to help people
comprehend the length of cosmic history.**> The Geo-
logic Calendar is a comparable metaphor used to illus-
trate the geologic time scale and the evolution of life on
Earth.**8 According to the Cosmic Calendar, human
history represents a very small portion of cosmic time.
In comparison to our species, the cosmos is unfathom-
ably ancient. The majority of significant cosmic occur-
rences took place long before humanity arrived.*” The
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Big Bang occurred at midnight on January 1st, accord-
ing to this representation, and the present instant corre-
sponds to the conclusion of December 31st, just before
midnight.*8 There are 37.8 million years per cosmic
day, 1.58 million years per cosmic hour, and 438 years
every cosmic second at this size. If today is December
31 at 23:59:59 and the Big Bang occurred on January 1
at 00:00, then the remaining events are shown on a
graph below in order.

COSMIC CALENDAR

January to March: Early Universe

Jan 1: Big Bang

Jan 10: First star form

Jan 13: First galaxies appear

April to August: Galaxy Growth

May: Milky Way begins to form

August: Our Milky Way stabilizes

September: Birth of the Solar System

Sep 1: Formation of the Sun

Sep 2: Formation of Earth

Sep 21: Earliest life (simple cells)

October — November: Evolution

Oct 9: Photosynthesis begins

Nov 12: First complex cells (eukaryotes)

Nov 15: First multicellular life

Nov 24: First animals (simple forms)

December: Life Explodes

Dec 5: Fish evolve

Dec 14: First land plants

Dec 17: Amphibians

Dec 18: Reptiles

Dec 26: Dinosaurs appear

Dec 30 (early morning): Dinosaurs go ex-

tinct

Dec 30 (afternoon): Mammals diversify

December 31 — Humans Arrive

Dec 31, 22:24: First humans (Homo sapi-

ens)

Dec 31, 23:59:35: Agriculture starts

Dec 31, 23:59:50: Ancient civilizations
(Egypt, Mesopotamia)

Dec 31, 23:59:59: All of recorded human
history. — 1 second on the cosmic calendar.

Figure 9: Cosmic Calendar in short*®

6.2 Earth and the Solar System’s that Cloose to
Near Future (2100-3000 AD). Significant astronomi-
cal and environmental changes are highlighted in pro-
jections into the 22nd and 23rd centuries. Sea level rise
and ice cap melting are accelerated by global warming,
which is brought on by increasing greenhouse gas lev-
els. This forces coastal communities to relocate, mirror-
ing the migrations of ancient humans. The Earth's mag-
netic field is progressively disrupted by solar phenom-
ena including sunspot cycles, rising solar flares, and
coronal mass ejections, which also pose a danger to

418 Blanchard, Therese Puyau (1995). "The Universe At Your
Fingertips Activity: Cosmic Calendar". Astronomical Society
of the Pacific. Archived from the original on 2007-12-16, ac-
cessed on 03 Feb 2026

419 https://visav.phys.uvic.ca/~babul/AstroCourses/P303/BB-
slide.htm, accessed on 03 Feb 2026

contemporary technological systems like power grids,
satellites, and communication infrastructure. By 2200
AD, increased volcanic activity releases aerosols that
momentarily cool the planet, yet solar wind interactions
with the Earth's magnetosphere still result in bright au-
roral displays. Around 2300 AD, polar melting inhibits
ocean currents like the Gulf Stream, causing tropical
regions to warm and portions of Europe to cool. This
amplifies climatic disruption. Long-term orbital cycles
known as Milankovitch cycles start to have a greater
impact on climate as Earth approaches 2500 AD. These
include variations in Earth's axial tilt, eccentricity (or
orbital shape), and precession (wobble), which may
cause both small ice ages and significant ecological dis-
ruptions. Human civilization faces significant problems
as a result of these changes. Concurrently, cosmic ray
levels are impacted by the solar system's motion across
the galaxy, which may have an impact on Earth's tem-
perature and atmospheric chemistry.

By 3000 AD, there may be protracted glacial peri-
ods, and gradual gravitational changes between planets
would start to slightly change their orbits over far
longer times.*? In his book "The Future of Humanity:
Terraforming Mars, Interstellar Travel, Immortality,
and Our Destiny Beyond Earth," renowned theoretical
physicist, futurist, and popular science author Michio
Kaku explores how humanity can become a multiplane-
tary species to ensure survival. It covers everything
from string theory and artificial intelligence to interstel-
lar travel and colonization, offering an optimistic vision
of space exploration.#?* Our existing civilization is clas-
sified as mid-level Type 0 by Michio Kaku. What does
it signify? In 1964, Russian astronomer Nikolai Kar-
dashev identified several civilization types and as-
signed them numbers ranging from 1 to 5. He made no
mention of a Type 0. Another renowned astronomer,
Carl Sagan, emphasized that by measuring our present
condition inside a Type 0 parameter. From Amazonian
tribal civilizations to our energy-hungry modern cities
and nations, Sagan characterized human life as existing
somewhere between Type 0.5 and 0.6. We were profi-
cientin flying at 0.5. We arrived at the Moon at 0.6. As
we are ready to establish a lasting presence on our clos-
est celestial neighbor, we are now at 0.7. We will ad-
vance to 0.8, which should occur before 2100, after fu-
sion energy is mastered and quantum computing be-
comes widely used. Kardashev's scale corresponded
with the energy consumption of civilizations.*?> We are
now at 17.5 Terawatt-hours, which is still a long way
from Kardashev's first prediction of Type 1, which
would increase our energy consumption until it is
100,000 times more than it is now. In the next 100 to
200 years, Kaku thinks that milestone will be reached
and exceeded. This implies that humans will capture all
of the solar energy that reaches Earth—roughly 100
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quadrillion Watt-hours. Our Type 1 society will be able
to regulate volcanoes, earthquakes, and the weather.

Could we do this in a century or two? | don't be-
lieve it. But it seems plausible by the year 2500 CE.
What more can we accomplish between that year and
the next 5007 Is it possible for humans to reach each
Kardashev's Type 2 and use all of the Sun's energy, not
only the sunlight that reaches our planet? Can we move
Earth and the other planets in the Solar System using
our Type 2 technologies? Can the extinction-level
event link to the extinction of the dinosaurs no longer
be considered a danger to human civilization if we
reach Type 2? By 3000 CE, all of this appears improb-
able. When you consider how far we have come from
2500 BCE, the time when the Great Pyramids were
built, to where we are today, however, then leaps of fu-
turistic insight like this seem possible.*?® The Great
Pyramid of Giza, built for Pharaoh Khufu around 2560
BCE (part of the 4th Dynasty Old Kingdom), was a
staggering engineering feat using massive stone blocks,
a feat achieved with copper tools and immense human
labor, with no wheels or advanced machines It demon-
strates extraordinary organizational and engineering
expertise for that time period, given that building took
around 20 to 30 years and involved transporting blocks
weighing tons.*?* Consider our previous advancements.
We used fire, water, and wind energy to power our pre-
industrial societies as early as 2500 BCE. Electricity
and atomic energy have been introduced in the pre-
sent.42

Human knowledge quadrupled every 1,500 years
prior to the year 0 CE. It quadrupled every century by
1900 CE. Every 25 years by 1945. It now occurs once
every twelve months, but it will soon occur once every
twelve hours. By the year 3000 CE, which is 977 years
from now, our society and the planet will hardly resem-
ble what we know now. Both our world and ourselves
will be re-engineered. We shall then go to Type 3, 4, 5,
and beyond, mastering the Solar System and beyond.
As we go through each of these phases, try to picture
how human society will look at that point. What will
limit us? Based on the speed of light, Einstein proposed
a speed limit for the universe. Scientists are investigat-
ing the idea of Star Trek's warp drive, which bends
spacetime to enable faster-than-light (FTL) travel with-
out breaking relativity locally. NASA and others are
looking into theoretical frameworks like the Alcubierre
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Drive, but there are still many obstacles to overcome,
such as the requirement for a huge amount of negative
energy, which makes it purely theoretical and far from
being implemented in practice.*?® Scientists at NASA
are working to make it happen now. Can we create the
transporter from Star Trek and transmit ourselves
around the galaxy if we can grasp quantum entangle-
ment?*?’ Furthermore, the fictitious wormholes that
show up in science fiction films like Contact may serve
as the equivalent of metropolitan subways, enabling hu-
mans to travel between star systems and come across
other species that are going through similar phases of
civilization to our own.*?®

6.3 Ecological and Solar Evolution Over Mil-
lennia (4000 AD-10,000 AD). While solar history is
predicted to stay steady and continue its normal cycles
within the existing knowledge of stellar physics, geo-
logical evolution will be dominated throughout the mil-
lennia between 4000 AD and 10,000 AD by continuous
sea-level rise caused by the gradual melting of ice
sheets.*?® Earth's topography is still being shaped by
tectonic processes as millennia go by. While growing
volcanic activity, particularly from super-volcanoes
like Yellowstone, raises the possibility of extended cli-
mate cooling or "nuclear winter" conditions, mountain
ranges like the Himalayas are rising.*®° The Earth grad-
ually warms due to the Sun's increasing brightness,
which also pushes the globe toward a wet greenhouse
state and a critical tipping point when water starts to
evaporate into the atmosphere, endangering biodiver-
sity and ocean stability.*3! Reversals of the geomag-
netic field finish their cycles, which might decrease
Earth's magnetic shield and change how charged parti-
cles are distributed in the atmosphere. These modifica-
tions might have a domino impact on technology and
the environment.*3? The subduction and spreading of
the ocean bottom, as well as the assembly and disinte-
gration of continents, are examples of plate tectonic
processes that take place over millions of years. Signif-
icant large-scale tectonic movements are not expected
between 4000 and 10,000 AD, but there will be contin-
uous, slow alterations and sporadic volcanic eruptions
(including potentially unanticipated super-volcano oc-
currences).** The Earth's climate system will continue
to adapt to human influences. Over the millennia, it is
anticipated that changes in rainfall patterns, arise in the
frequency of severe weather events, and changes in
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ecosystem boundaries (such as desertification) would
continue to alter landscapes.*** The heliosphere, the
Sun's protective bubble, contracts when the solar sys-
tem passes through thicker interstellar gas clouds, let-
ting more cosmic rays into the atmosphere.** On geo-
logical scales, this might change climate patterns and
promote cloud formation via atmospheric ionization.
These elevated radiation levels may accelerate biologi-
cal evolution by raising the rates of mutations, some of
which may be detrimental and others of which may be
beneficial 4%

6.4 Long-Term  Geological and Cosmic
Changes (10,000 AD-1 million AD). Although it is a
relatively little era in Earth's whole geological history,
the time between 10,000 and 1 million AD was suffi-
cient for significant changes to the planet's ecology and
surface. Earth's tectonic plates will continue to shift
throughout the course of the next hundreds of thou-
sands to millions of years, progressively forming a new
supercontinent.*” Ocean circulation, temperature
zones, and ecosystems will undergo significant changes
as a result of this event, which happens around every
300-500 million years. Continued tectonic plate move-
ment will result in slow continental drift. Even if it
moves slowly, this movement over a million years may
change coastlines, create new mountain ranges, and
cause changes in the sites of earthquakes and volca-
noes.*® Natural cycles of warming and cooling will oc-
cur in the Earth's climate system. It is expected that
there will be many ice ages over this time, which will
result in widespread glaciation, increasing and declin-
ing sea levels, and major changes in the patterns of ero-
sion and sedimentation. Global ice volume fluctuations
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438 Stars in the Milky Way galaxy are in constant motion.
Over a million years, the constellations visible from Earth

will significantly alter coasts around the globe. Ar-
eas that are now close to sea level may become dry
ground during glacial maximums or submerged during
warm seasons.**° Large meteor strikes, enormous vol-
canic eruptions, significant earthquakes, and large-
scale landslides are examples of uncommon occur-
rences whose likelihood grows over a million-year
timeline, but their precise timing is uncertain. The Sun's
activity and the planets' orbits will mostly not change
from what they are now. For billions of years, the Sun
will remain in its main sequence phase. The Milky Way
galaxy's stars are always moving. As stars move out of
our line of sight, the constellations that are visible from
Earth will gradually change form over a million years,
becoming somewhat different from the patterns we see
now.*¥ The solar and terrestrial magnetic fields will
continue to control variations in the flow of cosmic rays
that reach Earth, which over extended periods of time
may have slight effects on the atmosphere's chemistry
and temperature. While volcanic activity continues
across tectonic boundaries, erosion continues to sculpt
the surface. Continental drift may ultimately cause the
Atlantic Ocean to shut, resulting in significant colli-
sions between landmasses and the creation of tall
mountain ranges. At the same time, the Sun will keep
becoming brighter.#4

Its enhanced radiation will gradually evaporate
ocean water, transforming most of Earth into a desert
environment over time, even while it is still in its main-
sequence phase. In the larger scheme of things, the
Milky Way galaxy is headed toward merging with the
Andromeda galaxy; this process is already in progress

will subtly change shape as stars drift from our perspective,
making them slightly different from the patterns we see today,
accessed on 03 Feb 2026

439 Adams, Fred C.; Laughlin, Gregory (1 April 1997). "A dy-
ing universe: the long-term fate and evolution of astrophysi-
cal objects" (PDF). Reviews of Modern Physics. 69 (2): 337—
372, doi:10.1103/RevModPhys.69.337. ISSN 0034-6861,
accessed on 03 Feb 2026

440 Blackman, J. W.; Beaulieu, J. P.; Bennett, D. P.; Danielski,
C.; etal. (13 October 2021). "A Jovian analogue orbiting a
white dwarf star”. Nature. 598 (7880): 272275,
doi:10.1038/s41586-021-03869-6, accessed on 03 Feb 2026
441 Ferreira, Becky (13 October 2021). "Astronomers Found
a Planet That Survived Its Star's Death — The Jupiter-size
planet orbits a type of star called a white dwarf, and hints at
what our solar system could be like when the Sun burns
out”. The New York Times. Archived from the original on 28
December 2021, accessed on 03 Feb 2026


https://en.wikipedia.org/wiki/Nicholas_Rescher
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-0-7914-3553-3
https://web.archive.org/web/20180727015521/https:/cds.cern.ch/record/318436/files/9701131.pdf
https://web.archive.org/web/20180727015521/https:/cds.cern.ch/record/318436/files/9701131.pdf
https://web.archive.org/web/20180727015521/https:/cds.cern.ch/record/318436/files/9701131.pdf
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1103%2FRevModPhys.69.337
https://en.wikipedia.org/wiki/ISSN_(identifier)
https://search.worldcat.org/issn/0034-6861
https://www.nature.com/articles/s41586-021-03869-6
https://www.nature.com/articles/s41586-021-03869-6
https://en.wikipedia.org/wiki/Nature_(journal)
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1038%2Fs41586-021-03869-6
https://ghostarchive.org/archive/20211228/https:/www.nytimes.com/2021/10/13/science/white-dwarf-planet.html
https://ghostarchive.org/archive/20211228/https:/www.nytimes.com/2021/10/13/science/white-dwarf-planet.html
https://ghostarchive.org/archive/20211228/https:/www.nytimes.com/2021/10/13/science/white-dwarf-planet.html
https://ghostarchive.org/archive/20211228/https:/www.nytimes.com/2021/10/13/science/white-dwarf-planet.html
https://ghostarchive.org/archive/20211228/https:/www.nytimes.com/2021/10/13/science/white-dwarf-planet.html
https://en.wikipedia.org/wiki/The_New_York_Times
https://www.nytimes.com/2021/10/13/science/white-dwarf-planet.html

120 Norwegian Journal of development of the International Science No 175/2026

and should be completed in billions of years.*? The
center supermassive black holes will combine into a
single, bigger entity as a result of this merger, which
will also drastically restructure star systems and start
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fresh waves of star formation. Planetary systems will
be rearranged due to gravitational perturbations
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Figure 10: The Big Bang and evaluation of universe444,445,446

6.5 The Far Future of Earth and the Solar
System (1 million-10 billion Years).

Mass extinctions might result from hits from as-
teroids the size of the Chicxulub impactor over this
enormous duration.*4” But the Sun will undergo the
biggest change. The Sun will run out of hydrogen fuel
in around 5 billion years and turn into a red giant,
swallowing all the inner planets, including Earth, in
the process.**® Earth will be burned and devoid of its
atmosphere if it is not eaten, making it uninhabitable.
A white dwarf—a dense, cooling star remnant—will
be left behind when the Sun sheds its outer layers, cre-
ating a stunning but transient planetary nebula.**® This
white dwarf will continue to fade and lose heat over
billions of years. As the solar system progressively
turns into a cold, inert region, the gas giants and Kui-
per Belt objects will freeze and their orbits may
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change.**® The solar system will essentially be dead—
silent, frozen, and drifting across the dark expanse of
the galaxy—when the white dwarf cools into a black
dwarf in around 10 billion years.*>!

6.6 The Degenerate Era and the Dark Universe
(10 trillion-107150 Years).

When all stars have run out of fuel, this period—
known as the degenerate era—will start. The absence
of hydrogen gas will prevent the formation of new
stars.*>? Red dwarf stars are now the longest-lived, and
all surviving white dwarfs will cool into black dwarfs.
Eventually, it will burn out. Galaxies will spread over
billions of years as gravitational forces propel stars and
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debris into intergalactic space.*>® As they merge and de-
vour surrounding matter, black holes emerge as the
dominating cosmic formations. Even they eventually
start to evaporate due to Hawking radiation, a gradual
process that may take up to 1010010" {100}10100
years or more. Cosmic microwave background radia-
tion will eventually become undetectable and the cos-
mos will be a sparse, dark environment full of low-en-
ergy particles. Time will become irrelevant in any
meaningful sense when particle interactions become so
uncommon.** The universe will achieve total thermo-
dynamic equilibrium, or maximum entropy.

6.7 Speculative Scenarios Beyond the Heat
Death (Post-107150 Years). According to spec-
ulative physics ideas, quantum fluctuations may some-
times result in transient occurrences at this last stage,
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such as the creation of new particles or even black
holes.*® Such events are very uncommon, however.
Whole universes could be recreated by quantum tunnel-
ing or vacuum decay, according to certain ideas like ev-
erlasting inflation and Poincare recurrence. This might
potentially begin cosmic development with a new Big
Bang.®® Boltzmann brains and self-aware creatures
that momentarily exist as a result of random fluctua-
tions are further possibilities.*” The problems of time,
entropy, and awareness in endless worlds are high-
lighted by these strange beings.*®® At the smallest
scales, quantum foam might persist as a dynamic, flick-
ering background and possibly the final trace of physi-
cal activity in an otherwise static universe.*°
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Figure 11: We know very less about dark matter and dark energy460

7. Scientific Theories about the Future of Uni-
verse and Contradiction

7.1 The Big Bang nucleosynthesis.  The idea
that explains how the elements formed in the early cos-
mos is called Big Bang nucleosynthesis. When the cos-
mos was about three minutes old and its temperature
fell below the point at which nuclear fusion could take
place, it came to an end. Only the lightest elements
were created since Big Bang nucleosynthesis could
only function for a short time. It mostly created deuter-
ium, helium-4, and lithium from hydrogen ions or pro-
tons. Only tiny amounts of other elements were gener-
ated. In 1948, Robert Herman, Ralph Asher Alpher, and
George Gamow devised the fundamental theory of nu-
cleosynthesis.*®* Because the Big Bang nucleosynthe-
sis hypothesis links the abundances of primordial light
elements with the characteristics of the early universe,
it was used for many years as a physics probe during
the Big Bang.*®? It may be used to test the equivalency
principle in particular,*® to test neutrino physics and

investigate dark matter.*6* According to certain cos-
mologists, Big Bang nucleosynthesis indicates the ex-
istence of a fourth "sterile" neutrino type.*%

One of the biggest endeavors in cosmology is to
comprehend the creation and development of the big-
gest and oldest structures, including as quasars, galax-
ies, clusters, and superclusters. Cosmologists investi-
gate a concept of hierarchical structure creation in
which the biggest items, such superclusters, are still as-
sembling while smaller objects form first.“6® Surveying
the visible galaxies is one approach to quantify the mat-
ter power spectrum and create a three-dimensional im-
age of the universe's galaxies. The Sloan Digital Sky
Survey and the 2dF Galaxy Redshift Survey take this
tack.*” Cosmologists employ simulations to examine
the gravitational aggregation of matter in the cosmos as
it clusters into filaments, superclusters, and voids. This
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is another way to comprehend structure develop-
ment.“®8 Since there is a lot more-dark matter in the uni-
verse than visible, baryonic matter, the majority of sim-
ulations only include non-baryonic cold dark matter,
which should be enough to comprehend the world on

the biggest scales. More sophisticated models are be-
ginning to investigate the origin of individual galaxies
and include baryons. Cosmologists examine these sim-
ulations to see if they match the galaxy surveys and to
interpret any differences.*®

Accelerated Bepansion of the Universe
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L

Figure 12: Lambda-CDM, accelerated expansion of the universe470

The cosmic microwave background, structure
creation, Big Bang nucleosynthesis, and galaxy rota-
tion curves all provide evidence that non-baryonic
dark matter makes up around 23% of the universe's
mass, whereas visible, baryonic matter makes up just
4%.%"1 Because dark matter acts like a cool, non-radia-
tive fluid that forms haloes surrounding galaxies, its
gravitational effects are well known. Dark matter's
particle physics nature is still entirely unknown, and it
has never been found in a lab. A stable supersymmet-
ric particle, a huge particle that interacts weakly, a big
particle that interacts gravitationally, an axion, and a
massive compact halo object are some of the possible
options in the absence of observational constraints. An
effect from brane cosmology or a change of gravity at
tiny accelerations (MOND) are alternatives to the dark
matter theory. Gravitational lensing may be explained
by TeVeS, a kind of MOND. On the other hand, a hy-
pothesis called Modified Newtonian Dynamics
(MOND) suggests altering Newton's equations to take
into consideration the observable characteristics of
galaxies.*”? Modified gravity is the outcome of chang-
ing Newton's law of gravity, while modified inertia is
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the effect of changing Newton's second law.*”® Com-
pared to the adjusted gravity version, the latter has not
gotten as much attention. One of the most well-known
ideas in this class, its main goal is to explain galaxy
rotation curves without the need for dark matter.
MOND was created by Israeli scientist Mordehai
Milgrom in 1982 and debuted in 1983.474

In addition to the 23% dark matter and 4% baryons
that make up the universe's energy density, there must
be another component that accounts for 73% of the uni-
verse's energy density if it is flat. We refer to this as
dark energy. It must not cluster in haloes like dark mat-
ter and baryons to avoid interfering with Big Bang nu-
cleosynthesis and the cosmic microwave background.
Strong observational evidence for dark energy exists
since the universe's entire energy density is known be-
cause to limitations on its flatness, yet the quantity of
clumping matter is precisely measured and far lower
than this. In 1999, observations showed that the uni-
verse's expansion had started to progressively acceler-
ate, supporting the theory for dark energy.*” Dark en-
ergy is unknown except for its density and clustering
characteristics. The cosmological constant (CC), which
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is 120 orders of magnitude greater than the measured
value, is predicted by quantum field theory to be similar
to dark energy.*’® Several string theorists, including
Steven Weinberg, have cited the "weak anthropic prin-
ciple."#” In this case, physicists see a world with a tiny
cosmological constant since a universe with a bigger
cosmological constant would not allow for the exist-
ence of physicists or any life.#”® The weak anthropic
principle is self-evident (there must be at least one uni-
verse with a cosmological constant (CC) that permits
life to exist given the existence of living observers), but
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nation unsatisfactory.*’® The question of the universe's
ultimate destiny is probably going to be resolved with
a deeper comprehension of dark energy. The fast ex-
pansion caused by dark energy is inhibiting the for-
mation of formations bigger than superclusters in the
present cosmic epoch. It is uncertain whether the accel-
eration will ultimately reverse, result in a Big Freeze,
or follow some other scenario, or if it will continue con-
tinuously, perhaps even rising till a Big Rip.*&°

010, doi:10.1088/1475-7516/2006/06/010, accessed on 06
Dec 2025

47 Siegfried, Tom (11 August 2006). "A 'Landscape' Too
Far?". Science. 313 (5788): 750—

753. doi:10.1126/science.313.5788.750, accessed on 30 Nov
2025

480 Fernandez-Jambrina, L. (September 2014). "Grand rip and
grand bang/crunch cosmological singularities”. Physical Re-
view D. 90 (6)
064014. arXiv:1408.6997. Bibcode:2014PhRvD.90f4014F.
doi:10.1103/PhysRevD.90.064014, accessed on 03 Feb 2026


https://doi.org/10.1119%2F1.17850
https://doi.org/10.1119%2F1.17850
https://en.wikipedia.org/wiki/Bibcode_(identifier)
https://ui.adsabs.harvard.edu/abs/1995AmJPh..63..620A
https://ui.adsabs.harvard.edu/abs/1995AmJPh..63..620A
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1119%2F1.17850
https://web.archive.org/web/20120428004546/http:/abyss.uoregon.edu/~js/cosmo/lectures/lec24.html
http://abyss.uoregon.edu/~js/cosmo/lectures/lec24.html
http://abyss.uoregon.edu/~js/cosmo/lectures/lec24.html
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1088%2F1475-7516%2F2006%2F06%2F010
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1126%2Fscience.313.5788.750
https://en.wikipedia.org/wiki/ArXiv_(identifier)
https://arxiv.org/abs/1408.6997
https://en.wikipedia.org/wiki/Bibcode_(identifier)
https://ui.adsabs.harvard.edu/abs/2014PhRvD..90f4014F
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1103%2FPhysRevD.90.064014

Norwegian Journal of development of the International Science No 175/2026 125

HISTORY OF THF LINIVERSE

Physics is still unsure about the existence and fate
of primordial black holes in our universe.*®? Cosmolo-
gists must find cosmic rays with energies higher than
the GZK cutoff and determine if this indicates a high-
energy breakdown of special relativity.*®® The Greisen—
Zatsepin—Kuzmin limit, also known as the GZK cutoff
or GZK limit, is a theoretical upper limit on the energy
of cosmic ray protons that travel to our galaxy from
other galaxies via the intergalactic medium. They must
ascertain the concept of equivalency,*® if Einstein's
general theory of relativity is the best way to explain
gravity,*® and if the fundamental laws of physics gov-
erning the cosmos are universal.*® Cosmologists must
explain biophysical cosmology, a branch of physical
cosmology that examines and comprehends life as both
an intrinsic and a component of physical cosmology. It
emphasizes that since life is a natural part of the cos-
mos, it occurs often.*¥7 488 Different scientific theories
have projected a number of conceivable futures, such
as the possibility that the cosmos existed for a limited
or infinite amount of time or to explain how and under

Figure 13: History of universe481

what conditions it began.*® The density of the cosmos
may influence its destiny. The "Big Freeze" scenario
below results from the majority of data to date, which
is based on measurements of the mass density and the
rate of expansion, favoring a universe that will continue
to expand endlessly.*®® Alternative hypotheses are still
conceivable, however, and findings are not definitive.
By "weighing" the universe—for instance, by calculat-
ing the respective contributions of matter, radiation,
dark matter, and dark energy to the critical density—
one might choose between these difficult possibilities
(discussed below). More specifically, opposing hypoth-
eses are assessed in light of information on distant su-
pernovas, galaxy clustering, and cosmic microwave
background anisotropies.**

7.2 The Big Freeze or Heat Death. The conflict
between the pull or push of gravity and the velocity of
expansion determines how the cosmos evolves. The
Hubble Constant measures the present rate of expan-
sion, while the density and pressure of the universe's
matter determine how strong gravity is.**> The density
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determines the destiny of the cosmos if the matter's
pressure is low, as it is for the majority of matter types
that we are aware of. The cosmos will expand indefi-
nitely if its density is lower than the critical density, as
shown by the green or blue arcs in the graph above.*®3
Gravity may eventually limit the rate of expansion, but

at densities below the critical density, the material's
gravitational force is insufficient to halt or reverse the
outward expansion. The cosmos will gradually chill as
it expands until it can no longer support any life, which
is why it is sometimes referred to as the Big Chill or
Big Freeze.

The Big Freeze (or Big Chill), also referred to as
the "heat death of the universe,"” is a scenario in which
the universe's temperature asymptotically approaches
absolute zero due to ongoing expansion.**® According
to this theory, the world ultimately achieves a state of
maximum entropy, where everything is distributed
equally and there are no energy gradients—all of which
are necessary to support information processing, in-
cluding life. This situation is now more likely to oc-
cur.*” The gas supply required for star formation will
ultimately run out, although stars are predicted to de-
velop properly for 1012-1014 (1-100 trillion) years.*%®
The cosmos will gradually and unavoidably get darker
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Figure 14: Black holes don't emit light and they might make dark matter shine494,495

when current stars run out of fuel and stop shining.
Black holes will eventually rule the cosmos, but since
they release Hawking radiation, they will eventually
vanish.*® According to the Poincaré recurrence theo-
rem, thermal fluctuations may cause a spontaneous en-
tropy drop over an unlimited amount of time,5%,5% and
the fluctuation theorem.5%2,5%% Any of the three spatial
models can accommodate the heat death scenario, but
it necessitates that the universe eventually reach a min-
imum temperature.> It could only take place in a flat
or hyperbolic geometry in the absence of dark energy.
It may also happen in a closed universe with a positive
cosmological constant.
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Singularity

Figure 15: The Big Freeze theory suggests, the universe expansion will continue and have no end>%

In "Time Without End: Physics and Biology in an
Open Universe," published in 1979, scientist Freeman
Dyson®% suggested a scenario for the far future in
which intelligent life may process an endless number of
ideas to attain a type of immortality.>" Initially, this
idea—known as "Dyson's eternal intelligence"—was
based on the open cosmos, a cosmological model that
extends indefinitely. The universe would continue to
cool as it expands, although more slowly, in the case of
a zero cosmological constant, which would result in a
flat or open universe devoid of dark energy.>*® Accord-
ing to Dyson's theory, sentient entities might store a
limited quantity of energy and use it in ever decreasing
amounts. These creatures would hibernate for extended
periods of time after each thinking process, which al-
lowed the cosmos to chill even further. It is theoreti-
cally possible to process an endless number of ideas
over an infinite subjective time even with a finite en-
ergy reserve since the lowest energy needed for a com-
putation (a thought) lowers as the universe's ambient
temperature falls. The discovery of an accelerating ex-
pansion driven by a positive cosmological constant,
however, suggests that the universe will not continue to
cool indefinitely and that distant regions will become
causally disconnected, which would prevent the indef-
inite survival Dyson envisioned.5%

7.3 The Big Rip.  The Big Rip is a hypothet-
ical cosmological model in physical cosmology that de-
scribes the ultimate fate of the universe. According to
this model, at some point in the future, dark energy's
gravitational pull will gradually tear apart the universe's
matter, including stars, galaxies, atoms, and subatomic
particles, to the point where particle distances will infi-
nitely increase.>® The Big Rip is a fictitious, cataclys-
mic conclusion to the cosmos in which space’s rapid ex-
pansion overwhelms all other forces and ultimately de-
stroys all structures.™ This scenario would tear apart
solar systems, planets, galactic clusters, galaxies, and
eventually atoms and subatomic particles. The process
results in the violent and total breakdown of all matter
if dark energy or "a form sometimes called phantom en-
ergy" becomes stronger over time.5'? The hypothesis is
predicated on the notion that dark energy, which pro-
pels the expansion of the universe, may get more potent
with time. The first consequence would be the disinte-
gration of galaxy clusters. Individual galaxies and then
solar systems would be torn apart by the expansion's
strength. Planets would be torn off their stars in the last
seconds, then the stars themselves.5** Atoms would
eventually lose their ability to stick together, and even
subatomic particles would break apart.
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Let's imagine a time in the future when the cosmos
breaks apart much too quickly. The clusters appear
first; their galaxies being drawn apart. The galaxies
then vanish. The planets and stellar systems will follow.
Atoms themselves come next. In the end, space-time is
shattered, making the cosmos uninhabitable. But the
Big Rip is a possible future. This seems frightening and
almost unthinkable, but what is most shocking is that
there is some data that appears to be directly pointing
to our demise. The present Hubble constant describes a
rate of acceleration of the cosmos that is great enough
to increase the distance between local objects like gal-
axies, which are bound together by gravity, but not
huge enough to destroy them.5!® All material things in
the universe, beginning with galaxies, would ultimately
disintegrate into unbound elementary particles, radia-
tion, and other forms in a limited amount of time if the
Hubble constant were to steadily climb to infinity.>
The cosmos ends as what is essentially a singularity
when the energy density, scale factor, and expansion
rate all reach infinite values. A more abrupt huge rip
may happen in the unique scenario of phantom dark en-
ergy, which is thought to have negative kinetic energy
and would cause a faster rate of acceleration than other
cosmological constants predict.5*” Since the Big Rip
depends on dark energy acting in a certain manner, it is

" Figure 16: Nobody can stop the Big Rip?514
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a theoretical possibility rather than the most probable
result. According to available evidence, dark energy is
approximately constant, and this model does not antic-
ipate a Big Rip.>*® According to Universe Today, some
experimental evidence has suggested options that
would increase the likelihood of this scenario, although
the precise form of dark energy is yet unknown.5°

7.4 The Big Crunch. The Big Crunchisa
speculative scenario for the universe's ultimate fate in
which the universe's expansion eventually reverses and
re-collapses, bringing the cosmic scale factor to zero.
This could lead to a reformation of the universe begin-
ning with another Big Bang.5?° However, the over-
whelming weight of available data suggests that this
theory is incorrect. Rather, astronomical data indicate
that the universe's expansion is speeding rather than be-
ing halted by gravity, indicating a significantly higher
probability of a Big Chill or Big Rip.5%*,5% However,
some physicists have suggested that a dark energy fluc-
tuation may lead to a "Big Crunch-style" catastrophe.
A symmetric perspective on the universe's ultimate des-
tiny is the Big Crunch theory. Similar to how the Big
Bang hypothesis began as a cosmic expansion, this the-
ory postulates that the universe's average density will
be sufficient to halt its expansion and cause it to start
shrinking. The outcome is unclear; a straightforward
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estimate would see the universe's matter and spacetime
collapse into a dimensionless singularity, returning to

the Big Bang, but at these scales, unidentified quantum
phenomena must be taken into account.52

Figure 17: Universe may end with Big Crunch524

Since measurements have only been available for
a brief period of time and might reverse in the future,
recent information indicates that this scenario is im-
probable but has not been ruled out.5? In this case, the
Big Bang may happen just after a previous universe's
Big Crunch. If this occurs often, a cyclic model—also
referred to as an oscillatory universe—is produced.5?®
The universe may thus be made up of an endless series
of finite universes, each of which ends with a Big
Crunch that doubles as the Big Bang of the subsequent
universe. The second law of thermodynamics is incom-
patible with the cyclic cosmos because entropy would
accumulate from oscillation to oscillation and ulti-
mately lead to the universe's heat death.>?” The cosmos
is not closed, according to current evidence. Cosmolo-
gists have given up on the oscillating universe model as
a result of this. The cyclic model adopts a somewhat
similar concept, but it avoids heat death because of an
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This description seems to contradict other more well
recognized theories, particularly the uncertainty princi-
ple of quantum physics.®*

Consequently, a different interpretation of the Big
Bang idea has emerged as a result of quantum mechan-
ics, namely that the universe tunneled into existence
and had a limited density compatible with quantum me-
chanics before growing in a way controlled by classical
physics.5% Also, if the universe is closed, this theory
would predict that once this universe collapses it will
spawn another universe in an event similar to the Big
Bang after a universal singularity is reached or a repul-
sive quantum force causes re-expansion. In simple
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Figure 18: Big Bag vs. Big Bounce?535

terms, this theory states that the universe will continu-
ously repeat the cycle of a Big Bang, followed by a Big
Crunch. Inflation was found to be inevitably eternal,
creating an infinity of different universes with typically
different properties, suggesting that the properties of
the observable universe are a matter of chance.>¥” The
horizon issue was thought to have a potential predictive
and falsifiable answer in the form of an alternate idea
that featured a Big Bounce. As of 2022, the
investigation was still ongoing.538:539.540
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."

Figure 19: Some scientists believe our Milky Way galaxy may be inside a giant ‘cosmic void' in the universe541

7.6 The Big Slurp. According to this idea, the
cosmos is now in a false vacuum and might suddenly
turn into a genuine vacuum. Understanding the Higgs
field, which pervades the cosmos, is essential to com-
prehending the false vacuum collapse hypothesis.>*
Its potential determines its strength, much as an elec-
tromagnetic field does. As long as the cosmos is at its
lowest energy state, a genuine vacuum exists; other-
wise, the false vacuum idea is meaningless. The vac-
uum may tunnel into a lower-energy level, however, if
it is not at its lowest energy state or is a fake vac-
uum.>® 544 We refer to this as vacuum decay.>*® The
cosmos might be drastically changed by this: in some
cases, even the different physical constants could have
different values, which would have a significant im-
pact on the fundamentals of matter, energy, and
spacetime. Another possibility is that all buildings will
be demolished at once, with no notice.5*¢ However,
because galaxies that are more than 4,200 megapar-
secs (13 billion light-years) apart are moving away
from one another faster than the speed of light, and the
Big Slurp itself cannot expand faster than the speed of
light, only a portion of the universe would be de-
stroyed by the Big Slurp, leaving the majority of the
universe unaffected.>*’ The visible universe is pres-
ently around 46 billion light years in all directions
from Earth, to put this into perspective.>*® It is be-
lieved that the universe is at least that big.

According to one of the most recent findings, our
universe may be in grave danger if the Higgs boson re-
ally exists at the right mass. "If you use all the physics
that we know now and you do what you think is a
straightforward calculation, it's bad news," says a theo-
retical physicist at the Fermi National Accelerator La-
boratory in Batavia, Illinois, at least. For many years, a
lot of physicists have been debating the notion that our
universe is on the verge of instability. In particular,
physicists Frank Wilczek and Michael Turner proposed
this unpleasant scenario in a 1982 paper published in
Nature: "without warning, a bubble of true vacuum
could nucleate somewhere in the universe and move
outwards at the speed of light, and before we realized
what swept by us our protons would decay away.”>*° In
many tens of billions of years, the universe would un-
dergo a catastrophic event as a "bubble” formed by
quantum fluctuations from some sort of alternate uni-
verse with a lower-energy state might appear in ours,
expanding and ultimately destroying us, according to
(Lykken) calculations (which depend on the mass of the
Higgs being correct or off by a tiny margin of one per-
cent).%° He added, "At the speed of light, to boot."
More intriguingly, his calculations raised a philosophi-
cal challenge that eventually led him to question if the
condition of our universe has a role in the creation of
stars, galaxies, planets, matter, and ultimately life.
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7.7 The Cosmic Uncertainty. Cosmic
variance and basic physical laws are the two primary
causes of the inherent limitations on our capacity to
fully understand the cosmos. The statistical uncertainty
that results from our limited ability to witness a single
universe—a single sample with random fluctuations—
is known as cosmic variance. There is a universal limit
on how accurately some pairs of physical attributes
(such energy and time) may be understood simultane-
ously due to fundamental laws like Heisenberg's uncer-
tainty principle.> In reality, cosmologists are only ever
able to investigate our single universe. As a result, we
can only see one realization of things like the cosmic
microwave background or the dispersion of galaxies on
a wide scale.’® Random quantum fluctuations in the
early cosmos developed into the large-scale features we
see today. This implies that the cosmos as a whole is
not always represented by our observable area.5s*
Measurements of cosmic attributes, such the density of
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ays tha eathand the universe could die551

matter or the features of early universe fluctuations, are
always subject to statistical error due to cosmic varia-
tion. For instance, a survey area of the sky may coinci-
dentally have a little greater or lower galaxy density.5®
Every scenario that has been discussed so far is predi-
cated on a basic version of the dark energy equation of
state. But as the name suggests, not much is currently
understood about the mechanics of dark energy.>®¢ In
the early stages of the Big Bang, the universe experi-
enced an episode dominated by a distinct kind of dark
energy if the idea of inflation is correct. However, in-
flation terminated, suggesting a more complicated
equation of state than those thought to apply to modern
dark energy. It's likely that the dark energy equation of
state may shift once again, leading to an occurrence
with unpredictable and hard-to-parameterize effects.>’
The possibilities of dark energy and dark matter's func-
tion in the cosmos are unclear as their nature is still
mysterious, if not speculative.
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We will be able to make more hypotheses and ver-
ify our final line of defense in the event that the uni-
verse ends as we delve more into cosmology, bio-infor-
mation theory, and the many theories of consciousness.
One issue is a positive cosmic constant. Galaxies and
other cosmic phenomena gradually "grow™ apart due to
an accelerating cosmos. There would be no way to ac-
cess the energy stored in these locations. Unless, of
course, the dark house—dark energy—is introduced.

Figure 21: Cosmic uncertainty, there may antimatter worlds and Higgs particle 558,559

The nature of dark energy and its effects are mostly un-
known. Thus, this is still unsettled. Going below the
physical threshold required to sustain conscious aware-
ness is the biggest barrier to attaining Dyson's perpetual
intelligence. Even while organic lifeforms are undoubt-
edly inefficient at converting energy into computations
(and awareness), it's possible that inorganic lifeforms
or even other chemical architectures may produce con-
sciousness with far less energy.
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Figure 22: False vacuum decay and Big Slurp Theory560

The concept of a rigidly preset or programmed,
clockwork cosmos was fatally undermined by the un-
certainty principle. A quantum system's future motion
can only be explained in terms of probabilities rather
than absolutes as we are unable to determine its exact
beginning state. Chaos theory shows that complex sys-
tems are very sensitive to beginning circumstances,
even in classical, macroscopic systems, making long-
term predictions—Ilike weather forecasting or earth fast
early warning—virtually unachievable. Some contem-
porary philosophers and physicists, such as Carlo Rov-
elli, investigate the nature of time itself, questioning our
intuitive beliefs that the past and future are separate en-
tities and proposing a nuanced connection between en-
tropy, cause, and effect. In the end, physics has shifted
from seeking perfect certainty to accepting reality's
probabilistic character and realizing that the future is
inevitably unpredictable and full of possibilities. In-
deed, there are many dark rules in the environment we

live in, and they undermine predicting ability by esca-
lating mistakes and making measured quantities very
susceptible to erratic outside influences.>®* Under un-
predictable circumstances, there is no one solution in a
dynamic environment. "Any approach to scientific in-
ference that seeks to legitimize an answer in response
to complex uncertainty is, for me, a totalitarian parody
of a would-be rational learning process,” as mathema-
tician A. F. M. Smith has succinctly put it.”>¢2 Physics
is an essential field that advances technology and trans-
forms society in addition to expanding our knowledge
of the cosmos. Physics has greatly influenced human
civilization, from the discovery of basic principles to
the creation of technologies that have revolutionized
contemporary living. Furthermore, it tackles some of
the most important issues about truth, existence, and the
nature of the cosmos, inspiring interest and investiga-
tion to this day.563
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New evidence suggests Earth

is trapped in a

.

WER HERE.

wi

-AND CAN'TESCAPE! .

The clockwork cosmos was blown apart by quan-
tum theory and the general theory of relativity, which
unequivocally demonstrated that human knowledge
was, at best, inadequate and would likely stay that way
indefinitely. Some locations in the cosmos, like black
holes, might never provide any information at all.
Chaos theory also illustrated how chaos is often located
at the core of natural and social systems and highlighted
our inherent limitations in understanding, predicting,
and regulating the world around us. On the other hand,
the "4D-balloon™ concept, or more precisely the 3D-
hypersurface of a 4D-hypersphere, is a cosmological
model and pedagogical analogy used to explain the ex-
pansion and topology of the universe. It posits that our
3D universe is the "skin" of a 4D object, similar to how
2D beings would inhabit the 2D surface of a 3D bal-
loon. However, a 3D torus, are also possible, making
the 4D-balloon one of several potential, non-proven
models. For decades cosmological models have loved
to use a 4D hypersphere to model the universe because
it perfectly seems to fit the observational data. Inappro-
priately, a 4D hypersphere has four spatial dimensions

Figure 23: The Earth is trapped in a big void and can’t escape564,565

and our universe is limited to three, so although mathe-
matically that model fits, intuitively for obvious rea-
sons it’s wrong since our universe has only three spatial
dimensions. This model shows how a three-dimen-
sional object can appear to be a 4-dimensional hy-
persphere, or hyper-shell to be more exact. This model
gives an actual and very simple intuitive shape to the
universe, is perfectly homogenous & isotropic, repro-
duces the Hubble parameter, and requires no weird di-
mensions.®% Our Universe may have been 3D surface
of 4D balloon. One of the goals of the science of cos-
mology is to discover whether our Universe is open,
closed or critical 5%

8. Conclusion

As per the most accepted theory of physics and
highest number of scientists believe that, approxi-
mately 13.8 billion years ago, space and time began in
a rapid, hot expansion. As the universe cooled, elemen-
tary particles formed. Around 380,000 years later, the
universe cooled enough for stable atoms, mostly Hy-
drogen and Helium to form and releasing the ‘after-

64https:/www.facebook.com/wesaveblueplanet/posts/-astronomers-propose-we-could-live-inside-a-giant-cosmic-voida-re-

cent-study-pres/837116198958138/, accessed on 11 Feb 2026

565 https://www.youtube.com/watch?v=olJomfwHm24, accessed on 11 Feb 2026
566 https://www.facebook.com/groups/AstroCosmoNews/posts/3306929142945969/, accessed on 11 Feb 2026
567 https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect30/lecture30.html, accessed on 11 Feb 2026



136 Norwegian Journal of development of the International Science No 175/2026

glow’ known as the CMB. Over billions of years, grav-
ity caused gas to aggregate, forming the first stars and
galaxies. Roughly 5 to 6 hillion years ago, the universe
began accelerating in its expansion, driven by a myste-
rious force called dark energy, which makes up about
68% of the universe. The JWST has discovered mature,
massive, and highly evolved spiral galaxies existing
only 200-300 million years after the Big Bang. Stand-
ard theories predicted that galaxies of this size and com-
plexity should not have had enough time to form that
early. JWST has revealed an overabundance of heavy
elements like oxygen, nitrogen, and carbon in the very
early universe, suggesting stellar evolution happened
much faster than previously thought. There is a major
conflict in science are measurements of the universe's
expansion rate or Hubble constant using the early uni-
verse or CMB disagree with measurements based on
modern, closer, and faster-moving objects. Some scien-
tists suggest the universe is expanding via a 3D hyper-
surface of a 4D bubble, which might explain the early
appearance of galaxies without requiring exotic, undis-
covered dark matter particles. The concept that the Big
Bang is just one of many, with different physical laws
operating in other regions, is a major, though as-yet un-
proven, and may be alternative concept.

Our comprehension of the universe's genesis is
one of physics' greatest accomplishments. Scientists
have been able to investigate the underlying nature of
space and time, the development of stars and galaxies,
and the beginnings of the universe by using physical
rules. Today, physics has made it possible for people to
go beyond Earth. The concepts of classical mechanics,
thermodynamics, and relativity are crucial to space ex-
ploration, which has resulted in trips to the moon, Mars,
and beyond. New perspectives on planetary systems
and the possibility of extraterrestrial life have been
made possible by the finding of exoplanets, or planets
outside of our solar system. As they look for answers to
puzzles like dark matter, dark energy, and the ultimate
destiny of the universe, physicists are pushing the limits
of human knowledge with instruments like the Hubble
Space Telescope and the soon-to-be James Webb Space
Telescope. The current awareness that uncertainty is a
basic, intrinsic element of nature, particularly at the
quantum level, reveals a change from the classical idea
of a completely predictable "clockwork™ cosmos. The
exact forecasting of future occurrences is inherently
limited by this underlying uncertainty. Today, scientists

have competing theories about how the universe ends.
As per the Big Freeze theory, the universe expands for-
ever, growing colder and more diffuse until no energy
can interact. On the other hand, the Big Rip theory ex-
plain that dark energy’s repulsive force increases, tear-
ing apart galaxies, stars, and eventually atoms. At the
same time the Big Crunch theory said, gravity over-
comes expansion, causing the universe to collapse back
into a single point.

Scientists, as enlightened philosophers believed
that human reason and observation could reveal the ul-
timate truths of the cosmos. This new worldview has
had a significant impact on art, literature, philosophy,
science, and social interactions, even if we may not al-
ways be aware of it. By 'weighing' the universe—for
instance, by calculating the respective contributions of
matter, radiation, dark matter, and dark energy to the
critical density—one might choose amongst the com-
peting hypotheses described in this study. More specif-
ically, data on distant supernovas, galaxy clustering,
and cosmic microwave background anisotropies are
used to assess difficult situations. These days, the 21st
century starts with a modest acceptance of ambiguity.
The book From Certainty to Uncertainty tracks the
emergence and decline of the deterministic cosmos and
demonstrates the changing effects that these seemingly
unrelated fields now have on one another. Advanced
artificial intelligence (Al), interplanetary travel, brain-
nets, or mind-internets, quantum computing, and the
unveiling of cosmic secrets are the main topics of
Michio Kaku's most recent universe predictions.
Though climate change is still a direct concern, he pre-
dicts possible world ends like the Big Crunch and em-
phasizes how future technology might alleviate major
issues, allow for human expansion like Mars coloniza-
tion, and even allow direct experience sharing via brain
interfaces. Thus, we may draw lessons from the past
and make predictions about how we will govern our
lives going forward. Physics will continue to be essen-
tial as we tackle the problems of the future, from space
exploration to energy sustainability and beyond. Today,
the narrative of universe is shifting from a smooth, uni-
form, slow-evolution model to a far more volatile,
rapid-evolution, and potentially ‘4D-balloon” model
based on new, early-galaxy data. We may expect that
in the near future, we will be able to see the future of
the cosmos and our existence on it more clearly.
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Abstract

Modern technological civilization increasingly frames its relationship with the natural world in terms of mas-
tery and control. In the contemporary era of accelerating technological advancement, humanity increasingly posi-
tions itself as master and architect of the natural world. Yet beneath this narrative of control lies a more profound
recognition: natural systems embody a form of systemic intelligence forged through 3.8 billion years of evolution-
ary experimentation. This paper develops the conceptual thesis encapsulated in the phrase “Nature Knows.” It
argues that nature’s knowledge is not mystical but systemic—embedded in processes of self-organization, circu-
larity, resilience, and adaptive optimization across scales from quantum structures to ecosystems. By examining
biological networks, thermodynamic principles, evolutionary optimization, and biomimetic innovation, the paper
proposes a reorientation of scientific paradigms—from domination toward dialogue, from linear extraction toward
circular integration, and from reductionist fragmentation toward systemic coherence. Such a transition is not anti-
technological; rather, it calls for a deeper science aligned with the structural grammar of natural intelligence. The
future of sustainable civilization depends on our capacity to recognize, interpret, and cooperate with the knowledge

already encoded within natural systems.

Keywords: systemic intelligence, self-organization, biomimicry, resilience, circular economy, complexity

theory, sustainability paradigm

1. Introduction: Beyond the lllusion of Con-
guest

Technological modernity often describes progress
in the vocabulary of domination—rivers are “tamed,”
genes “edited,” and planetary resources “extracted.”
Yet scientific advances in ecology and complexity re-
veal that humanity remains embedded within a net-
worked biosphere governed by thermodynamic and
evolutionary constraints (Capra 1996; Meadows 2008).

The proposition “Nature Knows” expresses the
recognition that natural systems encode adaptive solu-
tions refined by evolutionary selection. Evolution oper-
ates as a distributed optimization process without cen-
tral command (Kauffman 1993). What appears as de-
sign is emergent order arising from local interactions
governed by physical law and selective retention.

The question, therefore, is not whether humanity
can manipulate nature, but whether it understands the
systemic consequences of doing so. (Prigogine 1984;
Ramsden, Kervalishvili 2008; Odum 1994; Holling
1973; Benyus 1997).

2. Evolution as Long-Term Optimization

Life on Earth represents approximately 3.8 billion
years of iterative experimentation. Natural selection
preserves configurations that maintain dynamic stabil-
ity within changing boundary conditions (Maynard
Smith 1982).

Biological structures exhibit remarkable effi-
ciency:

e Fractal vascular systems minimize energy ex-
penditure (West et al. 1997).

e Photosynthesis approaches near-quantum effi-
ciency in energy transfer (Blankenship 2014).

e Ecosystem nutrient cycles close material
loops, reducing waste accumulation (Odum 1994).

Unlike human engineering, which frequently ex-
ternalizes entropy in the form of pollution, biological
systems internalize and redistribute material outputs.

From a thermodynamic perspective, living sys-
tems maintain order by dissipating energy gradients
(Schrodinger 1944; Prigogine and Stengers 1984, Ker-
valishvili, Michailidis 2012). Nature’s “knowledge”
thus reflects compliance with physical constraints
while maximizing persistence.

3. Ecosystems as Distributed Intelligence Net-
works

Forests exemplify emergent coordination. Mycor-
rhizal networks enable nutrient transfer and stress sig-
naling among trees, enhancing collective resilience
(Simard et al. 2014). No central controller directs this
exchange. Order arises through decentralized feedback
loops. Fig.1).

This phenomenon corresponds to principles of
self-organization in complex systems (Nicolis and Pri-
gogine 1977). Resilience theory further demonstrates
that ecosystems maintain functionality through adap-
tive cycles of growth, collapse, and renewal (Holling
1973).

Key properties of ecosystem intelligence include:

¢ Redundancy and modularity

¢ Nonlinear feedback mechanisms

e Adaptive self-repair

e Circular nutrient flows

Such characteristics contrast with linear industrial
systems, which often lack redundancy and exhibit sys-
temic fragility (Meadows 2008).
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Figure 1. Multi-scale representation of systemic intelligence in natural systems. From molecular self-organiza-
tion to ecosystem-level nutrient exchange, order emerges through decentralized interactions governed by ther-
modynamic constraints and evolutionary optimization.

4. Scale Resonance: Patterns Across Micro and
Macro Realms

Nature exhibits recurring mathematical structures
across scales:

e Fractal geometry in river basins and vascular
networks (Mandelbrot 1982).

e Spiral dynamics in galaxies and biological
growth.

o Symmetry-breaking phenomena in phase tran-
sitions (Anderson 1972).

Self-organization emerges when energy flows
through matter under constraint. Whether in galactic
clustering or protein folding, systems evolve toward lo-
cally stable configurations (Prigogine and Stengers
1984).

The recurrence of scale-invariant structures sug-
gests that nature operates through universal organizing

principles grounded in symmetry, conservation, and
minimization of free energy.

5. Linear Economies and Thermodynamic
Limits

Industrial civilization largely follows a linear
throughput model:

Extract — Produce — Consume — Dispose

This model ignores the second law of thermody-
namics, exporting entropy into ecological systems. By
contrast, ecosystems operate cyclically, reintegrating
matter into regenerative loops (Odum 1994).

The circular economy concept attempts to emulate
biological metabolism (Ellen MacArthur Foundation
2013). However, circularity is not merely ethical—it is
structurally necessary for long-term viability within fi-
nite planetary boundaries (Rockstrom et al. 2009).

Nature’s intelligence eliminates the concept of
waste. Human sustainability efforts must converge to-
ward similar closure of material cycles. (Fig.2).

Extract === Produce === Consume ====Dispose

i

I Linear Industrial Throughput

\Producers -Consumers- Decompoie_rs//

Circular

Bio;pgocal
Metabolism

Figure 2 Comparison between linear industrial throughput systems and circular biological metabolism. Biologi-
cal systems internalize material outputs into regenerative cycles, enhancing long-term stability.

6. Biomimicry as Epistemological Shift
Biomimicry formalizes the practice of consulting
nature as mentor rather than resource (Benyus 1997).

Engineering innovations inspired by biological systems
include:
e Gecko-inspired dry adhesion systems.
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e Termite mound-based passive building venti-
lation.

e Slime mold-inspired transport network opti-
mization.

Such approaches illustrate that technological ad-
vancement need not oppose ecological coherence. In-
stead, it can extend evolutionary principles into human
design domains.

Biomimicry represents a shift:

From extraction — to emulation
From control — to partnership
From fragmentation — to systems integration

7. Humility in the Anthropocene

Humanity’s  technological capacity—nuclear
physics, synthetic biology, artificial intelligence—has
reached planetary impact scale. Yet climate instability

Thermodynamics

and biodiversity loss reveal limits of reductionist inter-
vention (Rockstrom et al. 2009).

Complex systems exhibit nonlinear thresholds and
tipping points (Scheffer 2009). Interventions based
solely on short-term optimization risk destabilizing
larger systemic equilibria.

Recognizing that “Nature Knows” implies epis-
temic humility: knowledge of parts does not guarantee
mastery of wholes.

8. Toward a Dialogue-Based Scientific Para-
digm

A reoriented paradigm integrates:

1. Systems thinking (Capra 1996)

2. Thermodynamic realism (Schrodinger 1944)

3. Evolutionary optimization (Kauffman 1993)

4. Resilience frameworks (Holling 1973)

Science must evolve from mechanistic fragmenta-
tion toward relational integration. (Fig,3).

-

Evolution

Sustainable Innovation

Complexity

Figure 3. Conceptual framework for a dialogue-based scientific paradigm integrating thermodynamic realism,
evolutionary optimization, and complexity theory to guide sustainable technological development.

Human intelligence is not separate from nature—
it is an emergent property of natural evolution. There-
fore, the future of innovation lies not in transcending
nature, but in deepening alignment with its organizing
principles.

9. Conclusion

“Nature Knows” encapsulates a scientific recogni-
tion: natural systems encode structural intelligence
shaped by physical law and evolutionary refinement.
Sustainable civilization depends on interpreting and co-
operating with these principles rather than attempting
unilateral domination.

Listening to nature is not romanticism. It is ad-
vanced systems science.
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Abstract

The early diagnosis of gastrointestinal pathologies is of great importance in clinical practice. Currently, en-
doscopic diagnosis is carried out using visual and invasive biopsy techniques. These methods have limitations in
detecting early functional and metabolic changes. Particularly in Helicobacter pylori-associated gastritis, meta-
bolic abnormalities develop before morphological changes. As a result, false-negative results can occur during the
diagnosis of H. pylori infection.

This study proposes a novel endoscopic detection procedure using an ammonia (NHs) sensor into endoscopic
systems for the early and non-invasive detection of H. pylori infection. A scientific justification of the sensor
selection is presented based on the clinical literature. A design of the distal tip of the endoscope, which facilitates
real-time measurement of the concentration of ammonia, is also presented. It is ensured that the integration of the
sensor does not affect the optical and mechanical functionality of the endoscope. The measured ammonia levels
were normalized and classified into clinical risk categories, and the raw sensor data was converted into a digital
diagnostic indicator. The proposed framework of methodology increases the level of objectivity of diagnostics,
minimizes unnecessary random biopsies, and offers a scientific basis for the development of artificial intelligence-

based multimodal endoscopic diagnostic systems.

Keywords: Ammonia sensor, video endoscopy, H. pylori infection.

Introduction

The early detection of gastrointestinal pathologies
is a problem of vital importance in clinical practice, and
one of the most common methods used for their detec-
tion is endoscopy. However, the traditional methods of
endoscopy are based on the evaluation of the morpho-
logical characteristics of the mucosa using white light
endoscopy (WLE). Besides these methods, advanced
methods like Narrow Band Imaging (NBI) and Flexible
Spectral Imaging Color Enhancement (FICE) are used
for the precise evaluation of vascular structures [1, p.
S16-20].

Although research has proven that the combined
application of these imaging techniques can enhance
the diagnostic accuracy of early-stage gastric cancer,
the methods currently employed are based on subjec-
tive visual interpretation and often need verification
through random or selective biopsy samples [2].

Early-stage pathological changes are not clearly
visible and may lead to false negative results. The path-
ogenesis of gastrointestinal pathologies at an early
stage, particularly in the context of Helicobacter pylori-
associated gastritis, is closely related to complex meta-
bolic and biochemical changes occurring in the mu-
cosa. As studies have shown, H. pylori infection alters
the composition and metabolic activity of the gastric
microbiota, leading to the formation of specific meta-
bolic profiles that maintain chronic inflammation. Alt-
hough thermal and metabolic imbalances are observed
at the tissue level at this stage, structural and morpho-
logical changes generally do not reach a clinically sig-
nificant level [3].

At this stage, one of the major limitations associ-
ated with endoscopic diagnosis is related to the fact that

functional and metabolic changes develop prior to
structural changes. Current imaging technology used in
endoscopic procedures cannot directly detect increased
levels of metabolic activity, biochemical changes, and
imbalances in functions. As indicated in the literature,
despite increased levels of metabolic activity at the tis-
sue level in early stages of inflammatory and precan-
cerous conditions, these conditions are not clearly visi-
ble in images at the macroscopic level and depend on
subjective interpretation by the operator [4].

To summarize, pathological processes such as
high-grade inflammation, dysplasia, and early neo-
plastic transformation are characterized by functional
and metabolic abnormalities. However, there are cer-
tain limitations of the present endoscopic systems in the
detection of functional abnormalities in real time.
Hence, the process of diagnosis involves biopsy proce-
dures, which increase the cost of the procedure, time
taken for the procedure, and discomfort for the patients.

The purpose of the study

In modern endoscopic devices, the basis of the di-
agnostic process is the interpretation of images cap-
tured by the CCD and CMOS-based visual sensor.
While the approach is successful in the detection of
changes in the structure and morphology of the mucosa,
the approach is lacking in the assessment of functional
and metabolic disorders that occur in the early stages of
inflammatory and infectious diseases. Specifically, in
the early stages of gastritis associated with Helicobac-
ter pylori infection, an increase in metabolic activity oc-
curs before structural changes, there is an increase in
metabolic activity before the development of morpho-
logical changes, and the diagnostic process based only
on visual sensor data can lead to false negative results.
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This situation highlights the need for additional sensor
technologies that complement visual sensors in endo-
scopic platforms and can evaluate functional bi-
omarkers in real time.

The goal of the present research is to design and
scientifically verify a conceptual diagnostic method
based on an ammonia (NH;) sensor integrated into en-
doscopic devices for early detection of Helicobacter
pylori infection. The study presents the selection of an
ammonia sensor, a constructive design solution for its
integration into the distal end of the endoscope, and a
normalization model for NH, concentration based on

Ulcers, bleeding, and neoplastic lesions are very
effective in the detection of macroscopic pathology.
However, the diagnostic potential of WLE is basically
restricted to the visual assessment of surface morphol-
ogy and lacks sufficient sensitivity to identify early in-
flammatory, structural, and functional alterations. In
particular, in the early phase of Helicobacter pylori in-
fection and in the initial phase of low-grade dysplasia,
the mucosal alterations are not visually specific, which
may cause difficulties in the diagnosis and result in a
potential false-negative result [5]. This limitation di-
rectly impacts to the problem of false negative results
and leads to a greater reliance on random or protocol
biopsy sampling, which is known to be prone to sam-
pling error. Because biopsies are usually taken from
visually suspicious regions, functionally active but vis-
ually normal regions may be overlooked. Clinical data
suggest that a substantial number of precancerous gas-
tric lesions and early inflammatory changes are over-
looked during routine WLE evaluations, especially in
patients with mild or patchy mucosal disease [6, p. 141-

Figure 1. Matrix sensors of video endoscope.

normative ranges of clinical values. The suggested
method is intended to create a methodological and tech-
nological basis for the use of functional biomarkers in
endoscopic devices.

Modern Endoscopic Diagnostic Systems

Standard white light video endoscopy (WLE) is
the most commonly used method in clinical practice.
This method enables real-time imaging of the gastroin-
testinal mucosa using matrix sensors. Figure 1 shows
the CCD (Charge-Coupled Device) elements of a typi-
cal video endoscope used in clinical practice.

150]. Thus, WLE alone is not adequate for the early de-
tection and risk stratification of gastric pathologies.

Narrow Band Imaging (NBI), Flexible Spectral
Imaging Color Enhancement (FICE), and i-Scan spec-
tral endoscopy use specific wavelengths of light to en-
hance the visualization of tissue and vascular struc-
tures. These techniques enable more accurate visualiza-
tion of mucosal microarchitecture by taking into
account the optical absorption of hemoglobin. Alt-
hough spectral endoscopy is effective for the detection
of dysplasia and neoplastic lesions, it does not offer any
direct functional and biochemical information and is
also operator-dependent [7].

Matrix Sensors (CCD/CMOS)

The technological basis of modern endoscopic im-
aging systems is semiconductor image sensors of the
CCD (Charge-Coupled Device) and CMOS (Comple-
mentary Metal-Oxide-Semiconductor) type [8]. Figure
2 illustrates a macroscopic view of the active working
surface and internal structural layer of a CCD image

Sensor.

Figure 2. Appearance of the active semiconductor layer of the CCD image sensor
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CCD (Charge-Coupled Device) and CMOS
(Complementary Metal Oxide Semiconductor) sensors
are used in endoscopic systems for the optical imaging
of the structural and morphological characteristics of
the mucosa in endoscopic systems. Although CCD sen-
sors are characterized by a high signal-to-noise ratio
high homogeneity of the images, their high power con-
sumption is a disadvantage, and the sequential nature of
the readout process can be a limitation for real-time
processing. On the other hand, the advantages of the use
of CMOS technology, including faster data transfer,
low power consumption and compact system design
because they have integrated readout electronics at
each pixel level. For this reason, the vast majority of
modern video endoscopes use CMOS-based image sen-
sors [8].

However, the fundamental limitation of both sen-
sor technologies is that they operate on the basis of op-
tical information only. Both sensors are incapable of
detecting biochemical and metabolic changes within
the tissue, and the early stages of inflammatory pro-
cesses and disorders of function, related to Helicobacter
pylori, often lack visual specificity.

Therefore, though CCD and CMOS-based imag-
ing systems have proven to be effective for detecting
structural changes, there is a limitation with regard to
obtaining functional and metabolic information. This
creates a scientific and technological rationale for the
integration of other functional sensors, particularly
those with the capability of detecting real-time meta-
bolic biomarkers like ammonia.

Thus, the use of ammonia sensors in endoscopic
devices appears to hold promise for the early non-inva-
sive detection of Helicobacter pylori infection. The in-
crease in the local concentration of ammonia in the gas-
tric lumen, which is caused by the high urease activity
of the bacteria, can act as an indicator of the presence
of Helicobacter pylori [9]. Detecting metabolic changes
in the early stages may enable earlier diagnosis of in-
fection, allowing diagnostic decisions to be made at an
earlier stage.

In addition, determination of the levels of ammo-
nia not only indicates the presence or absence of path-
ogens, but it also offers supplementary information re-
garding the functional condition of the tissue and met-
abolic responses to pathological processes. Obtaining
this functional information in real time can enhance the
informative value of endoscopic examination and par-
tially eliminate the subjectivity of visual assessment.
Early detection of functional conditions reduces the
need for random tissue sampling, minimizes the overall
procedure time, and reduces patient stress from an in-
vasive procedure. All the above-mentioned advantages
allow us to evaluate the use of ammonia sensors in en-
doscopic diagnostic systems as a viable and scientifi-
cally justified approach. Therefore, inclusion of ammo-
nia sensors into endoscopic systems is a promising ap-
proach for early, accurate, and functional diagnosis and
solves one of the main problem areas of the research.

Methods

Various clinical studies have shown that ammonia
concentrations in gastric juice are high and that this is

harmful in cases of H. pylori infection. It has been
found that the concentration of ammonia in patients in-
fected with H. pylori is significantly higher than that in
patients who are not infected (5.58 + 2.69 vs. 2.00 +
1.49 umol/L). These indicators have been statistically
correlated with H. pylori density, gastritis activity, and
gastric pH, demonstrating the effectiveness of the am-
monia measurement device [10, p. 205].

Similarly, other studies have also shown that am-
monia concentration in gastric juice is significantly in-
creased in H. pylori-positive patients and that this indi-
cator can be used as a diagnostic biomarker for infec-
tion. This confirms the pathophysiological importance
of ammonia production.

The selection of the ammonia sensor in endo-
scopic studies was based on scientific criteria grounded
in clinical pathophysiology and technical measurement
requirements. As shown in the literature, during Heli-
cobacter pylori infection, local ammonia production
occurs in the gastric mucosa as a result of the bacte-
rium's high urease activity, and this condition is ob-
served with significantly higher NHs concentrations
compared to uninfected cases. Clinical and experi-
mental studies have shown that ammonia levels in the
gastric environment increase during infection and can
vary between approximately 10-100 ppm; this makes
ammonia concentration an important functional and bi-
ochemical diagnostic marker [10, p. 205].

For this reason, an electrochemical ammonia sen-
sor that is able to measure ammonia concentration at
low levels was chosen for the study. The capability of
the ammonia sensor to detect ammonia increases at the
1 ppm level enables the early detection of the increase
in ammonia levels due to bacterial metabolism.

Sensor design

This section will present the proposed design of
the distal tip for the sensor application in the integration
of the sensor with the endoscopic system, together with
the scientific basis of the sensor application. The major
objective of the proposed sensor integration with the
endoscope system is to develop an endoscope system
that can perform real-time, minimally invasive, and
non-invasive measurements of the local concentration
of the ammonia present in the gastric mucosa, while the
imaging capabilities of the endoscope system will not
be compromised. Figure 3 shows the proposed design
of the distal tip for the integration of the sensor with the
endoscope system.

The main aim of the suggested integration of sen-
sors is based on the development of an endoscopic di-
agnostic system that facilitates the real-time, minimally
invasive, and non-invasive measurement of the local
concentration of ammonia (N Hs) in the gastric mucosa.
The acceptance of NHs as a metabolic biomarker of H.
pylori infection is the scientific basis for the suggested
sensor-based system [11, p. 51-57].

Hence, the increase in the level of ammonia in the
gastric environment is detected due to the high urease
activity of H. pylori, thereby providing important diag-
nostic information for the early detection of H. pylori
infection.
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Figure 3. Conceptual diagram of a modified video endoscope distal tip for multi-mode sensor integration.

In the proposed design, the integration of the NH,
sensor into the distal end of the endoscope, with mini-
mal structural changes made to the structure of the bi-
opsy channel light fibers and air/water channel, does
not have any adverse effect on the optical, mechanical,
and clinical functionality of the device. This ensures
that the sensor can be used in real-time in a clinical en-
vironment and provides a methodological framework
that can be used to evaluate quantitatively the results
obtained from the sensor. Therefore, for the NH; con-
centration to be clinically meaningful, it is considered
necessary to normalize the sensor outputs according to
physiological ranges. According to clinical and experi-
mental studies, ammonia concentrations in a healthy
stomach environment are generally <10 ppm and range
from 20-100 ppm during Helicobacter pylori infection
[9]. Therefore, signals obtained from the NHs sensor
were converted to ppm units and processed according
to the normalization model presented below.

Where,

NH; - measured ammonia concentration,

Crnax @nd Cpip, - are the minimum and maximum
physiological values based on medical literature.

Two different physiological concentration ranges
were taken into account for normalising NHs concen-
tration measurements. In the first scenario, a range of
10 to 100 ppm was chosen to represent a wide range of
clinical concentration levels. In the second scenario, a
range of 5 to 90 ppm was chosen to demonstrate the
impact of low concentration changes.

In this study, it was accepted that the minimum
and maximum physiological limits to be used in nor-
malising the results of measurement from ammonia
(NHs) sensor would be 10 ppm and 100 ppm, respec-
tively. These values were based on the results of clini-
cal and experimental studies concerning basal levels of
ammonia in a healthy stomach environment and high
metabolic activity due to Helicobacter pylori infection

(NH3)norm = NH3=Cmin. (1) [10,p.205].
max—Cmin
Table 1
Normalized NHs concentration and corresponding risk category based on reference range of 10 to 100
ppm.
NH; ppm NH; norm Risk Category
15 0.05 Low
20 0.11 Low
30 0.22 Suspicious
40 0.33 Suspicious
45 0.38 Suspicious
50 0.44 Suspicious
65 0.61 High
70 0.66 High
90 0.88 High

In an alternate normalisation scenario, this study
set the minimum and maximum limits for ammonia
concentration at 5 ppm and 90 ppm, respectively. This
is with the aim of increasing sensitivity to small

changes in ammonia levels and improving the assess-
ment of early functional and metabolic changes in the
gastric environment.
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Table 2

Normalized NHs concentration and corresponding risk category based on reference range of 5 to 90 ppm.

NH3 ppm NH3 norm Risk Category
15 0.12 Low
20 0.18 Low
30 0.3 Suspicious
40 0.4 Suspicious
45 0.47 Suspicious
50 0.53 High
65 0.7 High
70 0.76 High
90 1 High

Figure 4 shows a comparison chart for the normal-
ised indices calculated using two different physiologi-
cal normalisation ranges (Cpin = 10 Cpax = 100

1,2

1
0,8
0,6
0,4
0,2

0
1 2 3 4

Cmin 10, Cmax 10

Crmin = 5 Cax = 90 ) for the measurement of the am-
monia (NHs).

5 6 7 8 9

Cmin5, Cmax 90

Figure 4. Comparative analysis of NHs measurements normalised at different minimum and maximum limits.

The ammonia concentration measured was nor-
malized by a standard min-max scaling method to fall
within the physiological range of [0,1] units, which is a
common practice in biomedical signal processing and
machine learning-based analysis.

Normalized NH5 indicators are divided into clini-
cal categories as follows:

e When the normalized ammonia level
(NH;)norm < 0.2, the probability of Helicobacter py-
lori infection is considered low.

e For, 0.2 < (NH3)norm < 0.5, the result is
classified as suspicious, and additional confirmatory di-
agnostic procedures are recommended.

e When (NH;)norm = 0.5, a high probability
of H. pylori infection is assumed.

The above method of normalization makes it easy
for the interpretation of raw values obtained from the
NH; sensor and allows for the development of a single
index that can be used for comparison in various pa-
tients and measurement conditions. In addition, the di-
vision of the normalized NH; index into clinical cate-
gories allows for additional information that can be
used in the physician's process of making decisions in
real time while carrying out an examination. The ad-
vantage of using this method is that it eliminates the
possibility of missing out on H. pylori infection, espe-
cially in cases that are difficult to detect and where bi-
opsy is not feasible.

Conclusion

The proposed methodological framework enables
N H; measurements to be used not only as a quantitative
indicator but also as a digital diagnostic indicator. The
normalized sensor data is combined with multimodal
endoscopic data such as standard white light images,
NBI images, thermal images, or pH sensor data in the
next step of the process, which can be used as suitable
input data for complex analysis. This approach pro-
vides functional information input to the system to
overcome the limitations of decision-making based
solely on visual information in endoscopic diagnosis.

In the next phase of research, it is planned that
these normalized N H indicators will be integrated into
artificial intelligence-based analysis. Specifically, ma-
chine learning and deep learning models that consider
the temporal and spatial variation of sensor data will be
applied to automatically detect H. pylori infection, as-
sess the risk level, and recommend the most suitable ar-
eas for biopsy. This provides a scientific basis for de-
veloping smart diagnostic systems that can enhance the
objectivity of endoscopic diagnosis and reduce random
biopsies while allowing physician control.
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