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Abstract 

This paper proposes a mathematical model of a new type of self-consistent vortex structure - a hybrid sphe-

roidal-spiraloidal vortex with an internal spiral funnel. In contrast to classical models such as Hill’s vortex and 

toroidal vortices [1-3], the proposed configuration represents a single continuous elliptical vortex region in which 

no distinct thin toroidal vortex tube is present. Instead, the internal flow is organized as a continuous axial channel 

- a funnel smoothly connected to the upper and lower parts of the vortex. It is shown that, within this framework, 

the source of motion, pressure, and density is transferred from the external flow to the internal structure: the axial 

flow and the associated angular momentum are responsible for the translational motion of the entire system. The 

velocity field is represented via a stream function decomposed into a Hill-type component and a funnel-induced 

component, and a Clebsch representation of the rotational potential is introduced, localized within the internal flow 

and the corresponding spiral vortex lines. Expressions are derived for the hydrodynamic impulse, circulation, 

streamline equations, angular momentum, and vortex moment. It is demonstrated that the existence of a self-con-

sistent vortex is ensured by a closed cycle of fluid particles (micro-vortices), which acquire momentum in the 

funnel and subsequently move along single continuous three-dimensional spiral trajectories, encircling the internal 

region and returning to the base of the funnel without discontinuities or trajectory switching. This leads to the 

formation of a stable self-consistent structure in which flow closure, momentum transport, and pressure mainte-

nance are governed by the internal geometry of motion, without the need to prescribe an external potential flow 

with continuous pressure [5-9]. 
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1. Introduction. Let us consider an axisymmetric 

flow of an incompressible ideal fluid in cylindrical co-

ordinates (𝑟, 𝜑, 𝑧), where the axis of symmetry coin-

cides with the 𝑧-axis, and the center of the vortex struc-

ture moves along it such that 𝑍 =  𝑍̇ ∙ 𝑡. The geometry 

of the flow domain is defined as a single spheroidal vor-

tex region whose outer boundary has the form of a 

closed elliptical surface of Hill-type vortex. Within this 

region, the flow is organized not as a toroidal cavity or 

a thin vortex tube, but as a continuous internal structure 

with an axial channel - a funnel - smoothly connected 

to the upper and lower parts of the vortex. Thus, in a 

longitudinal cross-section, one observes not a thin-

walled toroidal configuration, but a single connected 

vortex region with an internal axial flow. In this formu-

lation, the external flow is not considered as the pri-

mary source of pressure, density, and driving impulse, 

since for vortex structures of this class, as noted already 

in Hill’s classical formulation, the construction of an 

external flow with continuous pressure in closed form 

is difficult. Therefore, the source of motion, pressure 

redistribution, and density variation is transferred into 

the structure itself and is determined by the internal ge-

ometry of the flow. It is associated with the axial flow 

generated by the funnel and with a system of continu-

ous spiral vortex lines filling the vortex volume. The 

forward motion of such a structure arises from the fol-

lowing mechanism. Fluid particles passing through the 

internal funnel acquire axial velocity and angular mo-

mentum, after which they transition onto smooth three-

dimensional spiral trajectories within the vortex region. 

These trajectories continuously encircle the internal 

volume, pass through the lower region without discon-

tinuities or switching between trajectory branches, then 

rise toward the upper part of the structure and return to 

the base of the funnel, forming a self-sustained cycle of 

motion. As a result, the ensemble of such trajectories 

forms a stable self-consistent flow, in which momen-

tum transport and pressure maintenance are governed 

by the internal dynamics of the flow rather than by an 

externally imposed potential flow. 

 

2. The velocity field is described by an axisym-

metric stream function 𝜓(𝑟, 𝑧, 𝑡), for which the radial 

and axial velocity components are given by 

𝑢𝑟 = −
1

𝑟

𝜕𝜓

𝜕𝑧
 𝑢𝑧 =

1

𝑟

𝜕𝜓

𝜕𝑟
 .  (1) 

The azimuthal component 𝑢𝜑 is allowed and plays 

an essential role, since it describes the rotational motion 

associated with the internal axial flow and the continu-

ous spiral vortex lines filling the vortex volume. The 

total stream function is represented as 

𝜓 = 𝜓𝐻 + 𝜓𝑓𝑢𝑛 ,   (2) 

where 𝜓𝐻 describes the main closed elliptical re-

gion of Hill-type vortex, and 𝜓𝑓𝑢𝑛 represents the inter-

nal funnel embedded within this region and responsible 

for the axial flow. In contrast to models with a distinct 

toroidal structure, here  𝜓𝐻 is defined as the stream 

function of a compact spheroidal vortex region, within 
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which two main lower recirculation zones and two up-

per return zones are formed. It is convenient to intro-

duce dimensionless variables 𝜉 = 𝑟 𝑎⁄  and 𝜂 =
(𝑧 − 𝑍) 𝑐⁄ , where 𝑎  and 𝑐  define the characteristic 

transverse and longitudinal semi-axes of the elliptical 

region, and to define the spheroidal boundary by the 

condition 

∑ : 𝜉2 + 𝜂2 = 1 
𝐻  .   (3) 

The base part of the stream function can be chosen 

in the form 
𝜓𝐻 = 𝑈0𝑟2(1 − 𝜉2 − 𝜂2)[1 + 𝛼1𝜂 + 𝛼2𝜂2 + 𝛼3𝜉2] , (4) 

where the coefficients 𝛼𝑖 are selected such that the 

centers of the main recirculation cells are shifted down-

ward relative to the geometric center, and the upper part 

of the flow provides return toward the funnel entrance. 

This formulation preserves the structure of Hill’s vor-

tex while allowing internal modification of the flow 

field to ensure matching with the axial channel. The 

funnel is defined by the internal surface 𝑟 = 𝑟𝑓(𝑧 − 𝑍), 

where 𝑟𝑓 is a smooth function that is small in the middle 

region and increases toward the upper and lower match-

ing regions with the main core (kern) region. Its contri-

bution to the stream function can be written as 

𝜓𝑓𝑢𝑛 =
𝑄𝑓(𝑡)

2 𝜋
𝐺 (

𝑟

𝑟𝑓(𝑧−𝑍)
,

𝑧−𝑍

𝑐
)   (5) 

where 𝑄𝑓(𝑡) is the flow rate through the funnel, 

and 𝐺 is a smooth dimensionless function that vanishes 

on the funnel surface (i.e., equals zero at the funnel 

wall) and ensures continuous matching with the main 

Hill-type flow. As a result, the internal axial flow does 

not form a singular conical layer but rather a finite re-

gion of accelerated axial motion, consistent with the 

overall flow structure. In combination with the azi-

muthal velocity, this leads to the formation of continu-

ous three-dimensional spiral trajectories of fluid parti-

cles, which pass through the axial region, encircle the 

internal volume, and return to the base of the funnel, 

thus forming a self-consistent flow structure within a 

single spheroidal vortex region. 

3. The vorticity of the structure consists of two 

interrelated components. The first component is the az-

imuthal vorticity of the meridional flow 

𝜔𝜑 =
𝜕𝑢𝑟

𝜕𝑧
−

𝜕𝑢𝑧

𝜕𝑟
    (6) 

which is related to the stream function by the equa-

tion 
𝜕2𝜓

𝜕𝑧2 +
𝜕2𝜓

𝜕𝑟2 −
1

𝑟

𝜕𝜓

𝜕𝑟
=  −𝑟𝜔𝜑   (7) 

This component governs the formation of the el-

liptical region of closed flow, within which the main 

recirculation zones are located. In accordance with the 

considered geometry, the vorticity 𝜔𝜑 attains its maxi-

mum values in the lower part of the spheroidal region, 

where zones of enhanced vorticity corresponding to the 

recirculation regions are formed, and decreases toward 

both the outer boundary and the surface of the internal 

funnel. It is convenient to represent it in the form 

𝜔𝜑 = 𝜔0
𝑟

𝑎2 𝑔(𝜉, 𝜂),   (8) 

where 𝑔  is a smooth function vanishing on the 

outer boundary and on the funnel surface, and attaining 

its maxima in regions of increased vorticity associated 

with the recirculation zones. The second component of 

vorticity is associated with the azimuthal swirl of the 

flow, distributed throughout the vortex volume and 

coupled with the internal axial flow. In contrast to mod-

els with a distinct toroidal structure, the vorticity here 

is not concentrated on discrete nested surfaces but is 

distributed as a continuous family of spiral vortex lines 

filling the region between the outer boundary and the 

axial funnel. These lines are naturally described by 

level surfaces 𝜆(𝑟, 𝑧 − 𝑍) = 𝜆0, where the function 𝜆 

is chosen such that its level sets define nested flow lay-

ers consistent with the geometry of the spiral trajecto-

ries. 

The azimuthal velocity can then be represented as 

𝑢𝜑
𝑓𝑟𝑎𝑚𝑒

= Γ(𝜆) 2𝜋𝑟⁄  ,  (9) 

where Γ(𝜆) denotes the distribution of circulation 

across these layers. Within the internal funnel, a non-

zero azimuthal velocity component is also present, en-

suring the formation of a swirling axial flow and the 

transfer of angular momentum to the particles. At the 

same time, the axial component of vorticity remains 

nonzero, corresponding to the presence of an internal 

vortex core associated with the axial flow and the ac-

companying spiral motion. Under these conditions, the 

velocity field can naturally be represented in Clebsch 

form [1, 4]: 

𝐮 = ∇𝜙 + 𝛼∇𝛽 ,   (10) 

where 𝜙 describes the irrotational component of 

the internal mass transport, while the functions 𝛼 and 𝛽 

define a continuous family of frozen-in vortex lines and 

the associated three-dimensional spiral structure of the 

flow. Thus, the rotational component of the velocity 

field is not given by a global scalar potential, but is de-

termined by the internal geometry of the flow and the 

vorticity distribution associated with the axial funnel 

and the spiral trajectories filling the vortex volume. 

4. The velocity potential, in the strict sense, is in-

troduced only for the irrotational part of the motion. In 

the present formulation, the main flow is generated not 

by an external flow but by the internal structure of the 

flow. Therefore, the external potential 𝜙𝑒𝑥𝑡  is allowed 

only as a weak auxiliary field satisfying Laplace‘s 

equation ∆ 𝜙𝑒𝑥𝑡 = 0 outside the vortex region and the 

condition of decay at infinity, but it is not considered as 

the primary carrier of pressure and does not determine 

the mechanism of vortex self-propulsion. The dominant 

contribution to the velocity field is given by the internal 

decomposition 

𝐮 = ∇𝜙𝑖𝑛𝑡 +  𝐮𝑟𝑜𝑡 ,   (11) 

where 𝜙𝑖𝑛𝑡 =  𝜙𝐻 + 𝜙𝑓𝑢𝑛 describes the irrota-

tional component of the flow within the spheroidal re-

gion, including the axial flow in the axial funnel, while 

𝐮𝑟𝑜𝑡 corresponds to the rotational part associated with 

the internal swirl of the flow. The potential 𝜙𝑓𝑢𝑛 de-

scribes the acceleration of particles in the axial funnel, 

their longitudinal transport, and subsequent redistribu-

tion in the upper part of the region. The potential 𝜙𝐻 

represents the irrotational component of the recirculat-

ing flow within the main spheroidal region. The rota-

tional part of the velocity field is naturally expressed in 

Clebsch form 

𝐮𝑟𝑜𝑡 = 𝛼∇𝛽 ,   (12) 

or, equivalently, through the decomposition of a 

rotational potential 

𝜒𝑟𝑜𝑡 = 𝜒𝑓𝑢𝑛 + 𝜒𝑠𝑝 ,   (13) 
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where 𝜒𝑓𝑢𝑛 is localized in the funnel region and is 

responsible for imparting angular momentum to the 

fluid particles, while 𝜒𝑠𝑝 describes a spiral structure of 

vortex lines distributed throughout the volume, con-

sistent with the geometry of the trajectories. Thus, the 

rotational component is not associated with a distinct 

localized structure but is distributed throughout the vol-

ume and determined by the internal geometry of the 

flow. It is this internal swirl that leads to pressure redis-

tribution, sustaining the density distribution, and the 

formation of closed particle trajectories returning to the 

vortex core (kern). As a result, in this model the pres-

sure is governed primarily by the internal distribution 

of velocity and vorticity, rather than by an externally 

imposed potential flow. 

5. The hydrodynamic impulse of the considered 

vortex is directed along the axis of symmetry and is 

given by 

𝐏 =
𝜌

2
∫ 𝐫 × 𝛚 𝑑𝑉

 

𝐷
 .   (14) 

Due to axial symmetry, only the axial component 

is nonzero: 

𝑃𝒛 = 𝜋𝜌 ∫ 𝑟𝟐𝜔𝝋 𝑑𝑟𝑑𝑧
 

𝐷
.  (15) 

In contrast to classical models, where the impulse 

is associated with a distinct vortex structure, in the pre-

sent formulation it is determined by the distribution of 

vorticity throughout the entire flow domain and is gov-

erned by the internal flow geometry. For analysis, it is 

convenient to decompose it into contributions from dif-

ferent flow regions: 

𝑃𝑧 = 𝑃𝑧
𝐻 +  𝑃𝑧

𝑓𝑢𝑛
 ,   (16) 

where 𝑃𝑧
𝐻  corresponds to the main spheroidal re-

gion with recirculating motion, and 𝑃𝑧
𝑓𝑢𝑛

 represents the 

contribution of the axial flow in the funnel. The domi-

nant contribution to the impulse arises from the distri-

bution of azimuthal vorticity within the volume: 

𝑃𝑧
𝐻 = 𝜋𝜌 ∬ 𝑟2𝜔𝜑𝑑𝑟𝑑𝑧

 

𝐷𝐻
,  (17) 

and reflects the contribution of the closed meridi-

onal circulation. The funnel contribution can be ex-

pressed either in terms of vorticity or, more transpar-

ently, in terms of axial mass transport: 

𝑃𝑧
𝑓𝑢𝑛

= 𝜌 ∫ 𝑢𝑧𝑑𝑉
 

𝐷𝑓𝑢𝑛
.   (18) 

If the characteristic vorticity in the main region 

has the scaling 𝜔𝜑 ~ 𝑍̇𝑟/𝑎2  , then the corresponding 

contribution retains the Hill-type order of magnitude 

𝜌𝑍̇𝑎4/𝑐, whereas the axial flow contribution scales as 

𝜌𝑄𝑓𝑈𝑓, where 𝑈𝑓 is the mean velocity in the funnel. A 

key feature of the present model is that the directed hy-

drodynamic impulse is generated by internal redistribu-

tion of momentum. Fluid particles passing through the 

axial funnel acquire axial velocity and thereby contrib-

ute to a positive axial impulse. Subsequently, moving 

along continuous three-dimensional spiral trajectories, 

they encircle the internal region and return to the base 

of the funnel, thereby closing the flow without discon-

tinuities. As a result, a stable self-consistent flow is es-

tablished, in which the total impulse is maintained by 

internal dynamics rather than by external forcing. Thus, 

the translational motion of the vortex is governed not 

by external conditions, but by an internal mechanism of 

momentum transport associated with the axial flow and 

the corresponding spiral structure of particle trajecto-

ries. 

6. Circulation in the present model also has a 

composite nature and is determined by the distribution 

of velocity and vorticity in different regions of the flow. 

The meridional circulation along a contour 𝐶𝑚, enclos-

ing one of the recirculation zones is defined as 

𝚪𝑚 = ∮ 𝐮 ∙ 𝑑𝐥 =  ∬ 𝜔𝜑 𝑑𝑆
 

∑   
𝑚

 

𝐶𝑚
 .  (19) 

In the lower part of the spheroidal region, two such 

recirculation zones are formed, and in the symmetric 

case their corresponding circulations are equal in mag-

nitude. 

The azimuthal circulation is associated with the 

rotational component of the flow and is defined along 

circular paths of radius 𝑟: 

Γ𝜑 = 2𝜋𝑟 𝑢𝜑 .   (20) 

It is not tied to a distinct geometric structure but 

characterizes the distributed swirl throughout the vol-

ume, associated with continuous spiral vortex lines. 

The circulation related to the axial funnel can be de-

fined either along a contour enclosing the axial flow re-

gion or in terms of the flow rate and swirl within the 

funnel. In general, the total circulation can be expressed 

as 

Γ = Γ𝐻 + Γ𝑓𝑢𝑛 ,   (21) 

where Γ𝐻 is associated with the meridional recir-

culation in the main spheroidal region, and Γ𝑓𝑢𝑛 char-

acterizes the contribution of the axial flow and the as-

sociated swirl. In contrast to classical models, the cir-

culation here is not confined to an isolated region but is 

coupled with the internal transport of momentum 

through the axial channel. As a result, the circulation 

structure is determined not only by closed contours but 

also by the continuous redistribution of motion along 

spiral trajectories. 

The streamlines are defined by the condition 

𝜓(𝑟, 𝑧) = 𝐶𝑜𝑛𝑠𝑡. In a longitudinal cross-section, they 

form a single spheroidal region, in the lower part of 

which recirculation zones are located, in the upper part 

there are return-flow regions, and between them lies the 

axial funnel. On the funnel surface, the streamlines are 

tangent to its boundary; inside the funnel, they are 

stretched along the axis, then in the upper region they 

transition into diverging three-dimensional trajectories, 

encircle the internal volume, and return along lateral 

and lower paths to the base of the funnel. Thus, the en-

tire flow is realized as a continuous system of closed 

spiral trajectories filling the vortex volume and ensur-

ing a consistent redistribution of mass, momentum, and 

vorticity within a single coherent vortex structure. 

7. Angular momentum. The angular momentum 

with respect to the 𝑧-axis is defined as 

𝑳𝑧 = 𝜌 ∫ 𝑟 𝑢𝜑 𝑑𝑉
 

𝐷
 .   (22) 

In the absence of azimuthal swirl 𝑢𝜑 = 0  and 

therefore 𝑳𝑧 = 0  . However, in the present structure 

this condition is generally not satisfied, since the inter-

nal flow dynamics include a swirling axial motion and 

the associated three-dimensional spiral structure. In this 

formulation, the angular momentum is determined by 

the distribution of azimuthal velocity throughout the 

entire volume and can be represented as a sum of con-

tributions associated with different flow regimes: 
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𝐿𝑧 = 𝐿𝑧
𝐻 +  𝐿𝑧

𝑓𝑢𝑛
 ,   (23) 

where 𝐿𝑧
𝐻  corresponds to the distributed swirl in 

the main spheroidal region, and  𝐿𝑧
𝑓𝑢𝑛

 represents the 

contribution of the axial flow in the funnel. In the main 

region, the angular momentum is given by 

𝐿𝑧
𝐻 = 𝜌 ∫ 𝑟 𝑢𝜑 𝑑𝑉

 

𝐷𝐻
,   (24) 

where the azimuthal velocity is related to the dis-

tribution of circulation across flow layers and reflects 

the continuous spiral structure of vortex lines. Within 

the internal funnel, for weak spiral swirl it is natural to 

assume 

𝑢𝜑
𝑓𝑢𝑛

= Ω𝑓(𝑟, 𝑧) 𝑟 ,   (25) 

where Ω𝑓 characterizes the local angular velocity 

associated with the axial flow. The corresponding con-

tribution to the angular momentum is then 

 𝐿𝑧
𝑓𝑢𝑛

= 𝜌 ∫ Ω𝑓𝑟2 𝑑𝑉
 

𝐷𝑓𝑢𝑛
 .   (26) 

If the flow geometry defines a characteristic swirl 

angle 𝛽, then, in order of magnitude, 𝑢𝜑
𝑓𝑢𝑛

 ~ 𝑢𝑧 tan 𝛽, 

and consequently 𝐿𝑧
𝑓𝑢𝑛

 ~ 𝜌 tan 𝛽 ∫ 𝑟 𝑢𝑧 𝑑𝑉
 

𝐷𝑓𝑢𝑛
. Thus, 

the angular momentum is not a secondary effect but a 

key characteristic of the structure: it is through this 

quantity that the internal funnel transfers angular mo-

mentum to the particles, enabling their subsequent mo-

tion along closed spiral trajectories and their return to 

the base of the funnel. By analogy with a dipole mo-

ment, one may introduce the vortex moment: 

𝐌𝜔 =
1

2
∫ 𝐫 ×  𝛚 𝑑𝑉

 

𝐷
 ,   (27) 

which, for an axisymmetric configuration, is di-

rected along the axis and is related to the hydrodynamic 

impulse by 𝐌𝜔  ~ 𝐏 𝜌⁄  up to a normalization factor. 

The axial component of the vortex moment 𝐌𝜔,𝑧 can 

also be represented as a sum of contributions: 

𝐌𝜔,𝑧 = 𝐌𝜔,𝑧
𝐻 +  𝐌𝜔,𝑧

𝑓𝑢𝑛
 ,  (28) 

where the first term characterizes the intensity of 

meridional circulation in the main region, and the sec-

ond represents the contribution of the axial flow and the 

associated swirl. The stronger the internal swirl and the 

more efficiently the axial flow transfers angular mo-

mentum to the particles, the larger the vortex moment 

and the more stable the self-consistent translational mo-

tion of the structure. In this sense, the angular momen-

tum and vortex moment serve as key integral character-

istics reflecting the internal mechanism of vortex self-

sustainment. 

8. Mechanism of motion and geometry of parti-

cle trajectories. 
The motion of particles in the considered hybrid 

spheroidal-spiraloidal vortex represents a smooth 

closed cycle consisting of three continuously connected 

stages: descent along the internal funnel, motion along 

the spheroidal surface, and return to the upper rim fol-

lowed by repetition of the cycle. A key distinction from 

standard models is that passage through the lower re-

gion involves no discontinuities or switching between 

trajectories, but is realized as a single continuous curve. 

After descending through the funnel, a particle transi-

tions onto the surface of the unit sphere 

𝑥2 + 𝑦2 + 𝑧2 = 1,   (29) 

where its motion is described as a smooth spheri-

cal spiral. This curve is parameterized by the polar an-

gle 𝜃, which varies from 𝜃𝑡𝑖𝑝 = arccos(𝑧𝑏𝑜𝑡) through 

the value 𝜋, corresponding to the south pole, to 2𝜋 −

 𝜃𝑟𝑖𝑚, where 𝜃𝑟𝑖𝑚 = arccos(𝑍𝑡𝑜𝑝). The relations 𝑟 =

|sin 𝜃| и 𝑧 = |cos 𝜃| ensure that the trajectory remains 

on the spherical surface. 

This formulation guarantees continuous passage 

through the south pole: for 𝜃 > 𝜋  the function 𝑧 =
cos 𝜃 begins to increase, and the particle naturally tran-

sitions from descending to ascending motion without 

changing trajectory branch. This eliminates any possi-

bility of trajectory switching, and the curve remains 

continuous and geometrically consistent. 

The azimuthal angle 𝜑 is defined by an integral 

accumulation law and is a continuous function of 𝜃, alt-

hough its derivative behaves differently in the descend-

ing and ascending regions. For 𝜃 < 𝜋 the angular ve-

locity decreases according to an exponential law 

𝑑𝜑 𝑑𝜃⁄ = −𝜔𝑑𝑒𝑠𝑐(𝜃),  (30) 

where 𝜔𝑑𝑒𝑠𝑐 = (2.4𝑒−2𝑢𝑑𝑒𝑠𝑐 + 0.55)(1 +
0.08𝑐), and 

𝑢𝑑𝑒𝑠𝑐 = (𝜃 − 𝜃𝑡𝑖𝑝) (𝜋 − 𝜃𝑡𝑖𝑝)⁄ .  (31) 

This law reflects the gradual decay of the swirl ac-

quired in the funnel. 

For 𝜃 > 𝝅, an inverse winding law applies 

𝑑𝜑 𝑑𝜃⁄ = −𝜔𝑎𝑠𝑐(𝜃) , 𝜔𝑎𝑠𝑐 = 𝑛0𝑅𝑏𝑜𝑡
𝛼 |sin 𝜃|𝛼 , (32) 

which represents a geometric reflection of the fun-

nel structure. If, within the funnel, the density of turns 

increases as the radius decreases, then on the sphere, for 

small values of |sin 𝜃| (near the pole), the turns are 

sparse, while they become denser as 𝜃 approaches 𝜃𝑟𝑖𝑚

. This ensures a smooth transition of the trajectory to-

ward the upper rim and consistency with the next cycle. 

At 𝜃 = 𝜋 , the curve remains continuous and 

passes through the pole without a kink, since the varia-

tion of 𝜑 does not introduce coordinate discontinuities, 

and the parametrization preserves uniqueness of the tra-

jectory. Thus, the entire second phase is a single smooth 

spherical spiral. 

The total angular shift along the spherical segment 

is given by 

∆𝜑𝑔𝑒𝑜 = − ∫ 𝜔𝑑𝑒𝑠𝑐
𝜋

𝜃𝑡𝑖𝑝
𝑑𝜃 − ∫ 𝜔𝑎𝑠𝑐

2𝜋−𝜃𝑟𝑖𝑚

𝜋
𝑑𝜃, (33) 

and, together with the contribution from the funnel 

descent, forms the total phase shift per cycle ∆𝜑𝑐𝑦𝑐𝑙𝑒 . 

If ∆𝜑𝑐𝑦𝑐𝑙𝑒 ≠ 2𝜋𝑘 , the trajectory does not close after a 

single revolution, and successive cycles form a qua-

siperiodic structure that gradually fills the vortex vol-

ume. 

The mechanism of motion of such a structure is as 

follows. The internal funnel forms an axial acceleration 

channel in which particles acquire longitudinal velocity 

and angular momentum. After passing through the fun-

nel, they transition onto continuous three-dimensional 

spiral trajectories that encircle the internal volume. 

These trajectories pass through the lower region with-

out discontinuities, then rise to the upper part and return 

to the base of the funnel, closing the motion cycle. 

Thus, each particle executes a continuous closed 

cycle, and the ensemble of such trajectories forms a sta-

ble internal flow. The translational motion of the entire 
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structure arises from the net axial transport of momen-

tum generated by the axial flow and redistributed 

throughout the volume via the spiral geometry of tra-

jectories. In this formulation, the vortex constitutes a 

single self-consistent system in which the dynamics, 

pressure, and momentum transport are governed by the 

internal structure of the flow rather than by external po-

tential forcing. 

9. Conclusion 

The developed model of a hybrid spheroidal-spi-

raloidal vortex demonstrates a fundamentally different 

mechanism of self-propulsion compared to classical 

vortex structures. In contrast to Hill’s vortex, where 

motion is associated with an external potential flow, the 

present formulation shows that the dominant role is 

played by internal redistribution of momentum gener-

ated by the axial flow in the funnel and the associated 

three-dimensional swirl. Such a structure exists as a 

single self-consistent flow, in which the axial flow pro-

duces a directed impulse, while a continuous system of 

spiral vortex lines ensures the redistribution of momen-

tum and closure of particle trajectories. The entire dy-

namics is governed by the internal geometry of the flow 

rather than by the presence of distinct structures or ex-

ternal flow conditions. 

The obtained expressions for the hydrodynamic 

impulse, circulation, angular momentum, and vortex 

moment confirm that the translational motion of the 

vortex arises as a result of internal momentum transport 

along the axis followed by its redistribution throughout 

the volume. 

Thus, the considered structure can be interpreted 

as a self-sustained vortex with an internal source of mo-

mentum, realized through the axial flow and continuous 

spiral particle trajectories. The proposed model may 

serve as a basis for further studies of the stability of 

such structures, their nonlinear dynamics under pertur-

bations, and possible physical analogies in fluid dy-

namics, plasma, and other continuous media. 
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