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Abstract

The presented work considers the process of heat transfer[10]. Thus, the coefficients of the equation have a
discontinuty at the point x = 0 and this equation is used to find a solution to a mixed problem involving the heat
transfer process[5]. The contour integral method was applied to solve theconsidering problem ([2],[3]).
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INTRODUCTION

A large number of mathematical problems of an applied nature are expressed and investigated with the help
of the apparatus of partial differential equations. When constructing a mathematical description of real processes,
models of second-order partial differential equations, characterized by discontinuous coefficients, often arise. The
development of a mathematical model for heat distribution in environments with different heat transfer
characteristics is also an extension of this approach and increases the significance of this type of problem from
both practical and theoretical perspectives. The problem we are considering reflects this.

1.THE SOLUTION OF ONE MIXED PROBLEM iIN A CYLINDRICAL MEDIiUM FOR AN
EQUATION WITH DISCONTINUOUS COEFFICIENTS.

The problem of finding a solution to the following equation is considered ([8],[10]):

ou® 2u®  19u® .
= Xi < = ) + O, 1), (i =13) (D

ot 0x? + x Ox
which satisfies the following boundary condition:
u®(0,t) = c,

ou® . )
+ hi{u®™V(a;, t) —uD(a, )} =0,i=1,2,
Ox x=a;
ou® . .
+ L {uD(a;_q, ) —ulV(a,,0)} =0,i =2,3 (2)
ax x=a;—-1
u®(c,t) =0,

also satisfy the initial condition
u®(x,0) = ¢0(x), x € (a1, br1) 3)
Here constant numbers y;,h; (i =1,3),; (i =2,3) are parameters,the intervals (a;_,,b;_;) (i =
1, 2, 3) have common boundary points and do not intersect:
O=agqy<by=a=aq;<b=b=a,<b,=a3=c.
Thus, the domain under consideration is divided into 3 parts (0, a), (a, b) and (b, c), and these intervals
converge only at the ends.
The function £ (x, t) in the equation is chosen in the following form:
0,at x € (0,a),
fO(x,t) =={Ax,at x € (a, b), 4)
0,at x € (b,¢).
and the initial functions ¢ ¥ (x) (i = 1, 3) are given as follows:
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a
(alnE+[3,i =1,atx € (0,a),
. x
pOx) = l aln5+[3,i =2,atx € (a,b), (5)

x
ylnz+5,i = 3,at x € (b,c),

where a, 8,y, § are constants.
2.CONSTRUCTING OF THE GREEN’S FUNCTION , CORRESPONDING TO SPECTRAL
PROBLEM AND DETERMINATiION OF THE EiGENVALUES

Consider the problem:
d’y®  1dy® : 0,i=1
, _ 2y ® :{ O

C
y®(0,1) = 7" < oo

dy® A
+h (Y@@, 1) —yP(a, D)) ==
dJ(CZ) e ( ) o
dy %
| +u(P@n-yV@D) =3
xX=a
dy® /A
+hy (YD, —yP (b)) ==
djzs) P ( ) ”
dy v,
+L(yPBD-y2PB,D) ==
d%) i ( ) a
dy
| —hy®Pln=0 %)

X=C

This problem is called the spectral problem corresponding to the mixed problem.

In this section, we investigate the spectral problem depending on the parameter. The goal is to establish both
a general solution and determine the corresponding spectral values. For this, it is appropriate to divide the problem
into two separate auxiliary problems. As the first problem, let us find a solution to the homogeneous differential

equation (6) that satisfies the given boundary conditions. Let us denote this solution as yl(i) (x,1) . The second
problem consists in finding a solution to equation (6) that satisfies the corresponding homogeneous boundary

conditions. Let us denote this solution by yzi) (x, ). In this case, it is obvious that the solution to the problem is
the sum of the solutions holli y” (x, 1) and y<° (x, 2):

YO0 ) = P06, 1) +y5P (@, 1) (8)
Solution of the first problem at x € (a;_1, bj—1) has the form:
®
; A (x, 1) S
@
m,,® m ) .1 @ 0] X—a:
d yll _ <£) <alkl>2 +n1m(x) +E1m(x1/’{) ek—ill
dxm — \k; 2x J) A2
@ m 1 0] @ Ax—a;p)
amyi; (4 —aiki\2 | Mm@ | Eim G|
dx™ _( ki) {( Zx) + n; T } (10)

Therefore, the analytically bounded functions funksiya k; = \/Zl =2,3, and Ej(,",z(x, MNiE=23;j=
1,2; m = 0,1, 2) are functions with respect to the parameter A in the expression, and these functions are also
continuous on the intervals x € (a;_1, b;_1) (i = 2,3).

It is clear that the solution to the second problem is given by the Green's function ([2],[6]), where the solution
is written as an integral expression:

b
7@ A) = f 6D (x, & D@ (©)dE + + f GO (x, & D9 (©)dE , (i =1,3) (1)
where 6@ (x,&,2) (i = 1,3;j = 2,3) is a Green function and
G _
6D (x, € 2) = %’(‘;” (i=13;j =23).
The asymptotics for ReA > 0 are defined in a similar way. Finally, the following asymptotic formula is
obtained for the roots of the characteristic equation A(A)=0 ([1].[4]).
A, = kakgv {[1] + (1)} = 0,41, 42 12
" ks(b—a) + ky(c — b) 0 (12)
Using the obtained asymptotics, we can write the expression shown for the determinant A(A) in the remaining
part of the , A-plane, except for the § - neighborhood of the spectra given in ([7],[3]):
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1 4
|/14+5 ‘e %A(A)| > N (13)
where Ny is a constant that is positive and depends only on §.
3. EVALUATION OF THE SOLUTION OF THE SPECTRAL PROBLEM
In order to find the functions Ag‘) (x, 1) let us use the asymptotic expression of the Bessel function as well as

the asymptotic expressions derived for the elements of the characteristic determinant [9]. As a result of this
approach,we obtain in the cases where i = 1, 2, 3:

1 x-a _jX=ay _(a,b=a c-b
Agi)(x, D =132 {Agl)(x_ A)e’l [ZR Agl)(x,,l)e T }e e+ )
1 x=a _px=hb
AP (x,2) = 432 {A§2>(x, De' ' + AP (x, e kz} (14)

X—C

29 d) = 22 {A<3>(x DT + AP (x A)e‘%} e it )
1 ’ 1 ) 2 )

The first formula of these expressions is true in x € [¢,a), € > 0, the second formula is true in x € [a, b]]
and the third is true in the interval x € [b, c]. It can be concluded that for, i = 1 atx € [g,a]; fori = 2,3 atx €
(a;_q; bi_1) (i-1); b_(i-1) ) the following estimate is true for the solution of the first problem and its derivatives
with respect to x up to the m-th order, under the condition A € T,, [2]:

1d™ M,e®* + M,efi?
() 1 2
- M S ————— 15
|,1 o)t o [z (15)
The parameters for i = 1,2,3; m = 0, 1, 2 are defined as follows:,

x+a a—Xx
O == Br = kX E [e; a]

x—a b—x
a; = i, ; B = i, ,X € [a; b]

x—b c—x
as = 3 ; Bz = r ,X € [b;c]

The domain T, consists of the corresponding arcs of circles with radius 7, centered at the origin in the
complex plane.

By applying the same method, the appropriate asymptotic behavior is determined for the solution of problem
Il. When Re 1 < 0, the function yz(l) (x,A) and its derivatives have a similar type of exponential-decreasing and
power-like evaluation.

"y _
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o Am=2 (Z DI (x, e’ T+ CM (x, De "1)- f [V€]wn, 0@ (©)ds
3n=1 a
m) A aex\ (P ®

+ zﬂmz(x,/l)e 4 Gy (x, e’ B f [VE]wn, 0@ (©)dEL, at x € [¢,a]

n=1 a
amy? (x,2)

n21 n21

4 x—c b—x
= A" (m) Yz (m) 55\ (b
= m-1 ( n:1D m (x,De k2 ++C m (x, Ve ™ )fa [\/E]wn2<p(2)(f)d§ +

dx™m

X
3 Ax=¢ A% c
(Z 17)7([2"2)(x,1)e k2 ++C,(l’2’;)(x,/1)e kz).fb [E]wn, 0@ (©) —%j <%\/§+
n=

b a
11 (2 x4 2 m EM2 2 1.2 -kt 2
+3 [ (x, 5)])61"2 9@(©)d +(-1) k—zf (-%\E‘F +2 [, 8])6 "R o (§)dg {,at x € [a,b]

amy® (x,0)

dxm n3i n3i

_ pram Pl
= mH(Sh DG e R + 0 G e R ) [1]E e, 0@ (dg +

X
2x=b 285X
(Z%=1Dy(:;?(x,l)e B+ +C) (x, De "3>'fbc[\/g]wn3<ﬂ(3)(f) —%f (%\/§+

b

+%[n§fi(x,€)]> eax"_jw(”(f)dﬂ(—l)m%j (—%\E+ +%[nfr‘2(x, E)])e_lx"_ip(”(f)dé’ ,x € [b,c]
g m = (0,1,2) (16)

Note that the functions , Dfn"}) (x, 1) and CT(H"}) (x, 1) are bounded on the contours of 7, in the following cases:
in the case of i = 1 at x € [¢; a], and in addition, in the case of i = 2,3 at x € [a;_4; b;_1], Where ati =1,2,3

and j = 1,2 i=1,2,3 this is true.
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As was emphasized, it is not immediately obvious that the solution of the spectral problem considered in the
interval x € (0; a) is bounded on this boundary, since the coefficient of the equation is discontinuous at the point
x = 0. Therefore, the solution in this interval was found and investigated only for values x € [g; a] (¢ > 0).

In this section, we present an estimate of the function yl(l) (x, 1) for the solution of the corresponding spectral
problem in the interval x € (0, a):

1 (X 4 3
c15]1] e (k1+ﬁ)Re A;E <argl < —,

0 2
IS 17
|y1 (x )| L (F+B)Rea, T T an
Co5]A| 2Ze M1 ; —E<arg/1<§.

Then let's consider the second problem. Let's evaluate the solution yz(l)(x, A) of the given problem. In the

entire domain of the complex A--plane, we finally obtain this inequality for the solution corresponding to the case
i = 1 of the problem:

(_2|B|/21 e_("ilJrB)Re'1 X <argl< 3n
(1) A "2 2’
1 5 —_ -

e € P

4. SOLUTION OF THE MIXED PROBLEM
In this section, an analytical representation of the solution of the given mixed-type problem in the form of a
contour integral is given and it is justified that this expression satisfies both the boundary and initial conditions
(I21.[31.[7D)- Thus, for x € (a;_1,b;—1) (i = 1,3) and t > 0, let us consider the equation

ap(i) <62p(i) 1 ap(i)>
=X .

ot 9x2 | x ox (19)

In this problem, the boundary conditions for t > 0 are as follows:
pP(0,t) = ¢y < o

ap(l)

—  +h(pP@)-pP@0) =,

ap(Z)
Ox

ap(Z)
0x

ap(3)
0x

xXx=a

+4 (PP -pD(@n) =V,

x=a

+hy (PO, 1) = p@(b,0)) = Vs (20)

x=b

+1, (@0, 6) - p@,0) =V,

x=b @)
0
P —hp®(c,t) =0
dx b
On the other hand at x € (a;_4, b;—,) initial condition has the form:
pW(x,0) =0,p?(x,0) = ¢*(x), p® (x,0) = ¢ (2.48)
Let's consider the following theorems:

Theorem 1. (Equation (19) has a unique solution that satisfies the boundary conditions and zero initial
conditions, and this solution is given by the following formula:

®
1 x, A
Jyl @A) ey, Q1)
| Vi—ils A
where yl(l)(x, A) is the solution to the | spectral problemand t > 0, x € (a;_q,b;_1), i = 1,2,3.

Theorem 2. Equation (19) has a unique solution satisfying homogeneous boundary conditions and initial
conditions, and it has the following analytical expression:

. 1 ,
® _ f @) A%t
x,t) = A x, e’ tdA, 22
|2 (x,t) 7_[\/—1 A Yo (x, 1) (22)

where yz(i) (x, 1) is the solution to the Il spectral problem, corresponding to (4.1)-(4.3).
Let S denote an infinitely extendable contour lying entirely in the domain Rs = {/1: [A] > R |arg ] < % + 6}

pf) (x,t) =

and whose infinitely distant parts coincide with the rays arg1 = + (% + 6).

Consequently, the sum of these two solutions constitutes the general solution of the mixed problem. That is,
the function

pP(x,t) = pi(x,t) + pa(x, 1) (23)
is the required solution of the given mixed problem.

In this case, it is true that the function p© (x, t) also satisfies the first of the boundary conditions.
In other words, for i = 1 the equality

pP(0,t) = ¢y < o
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must bu proven to be true. To do this, it is necessary to prove that the integrals mentioned below converge
regularly for all A € R in case of x € [0,a] and t € [0, T].

f Bz vy (x, Der*td vo f 2y (x, De?’tda (24)
S

Let us denote the intersection points of the contour S of the circles with radii n,, and r,,,, and centered at the
origin in the A -complex plane as a,,, a,,; a, and a, ., respectively.
In this case, to show that the given integrals

1 1
f 21 G e tda; f 21 et tda

anAn+v a;aa+v
f 2yS (x, De?’tda f Ay (x, Der’tda (25)
anan+v ahaa+v
regularly converge it is sufficient to show that the integrals are sufficiently small when |4| takes sufficiently

large values.
According to (16), we can write the following inequality:

1 1 1 X

=y, (x, e < — |y “(x, e << —= ek e

= (x, et VG Dllerlaa el )2 grerejq
anln+v anan+v anan+v|21_

X 2
— ¢, J’ e(k1+ﬁ)ReA+Re/1 ‘L] 26)

Anln+v
If A € a,a,,,, then
Azt| — eRe/lzt — elllztcosz argl — e|A|2+(Zcosz argA-1) _ e—|/1|2t(1—262) )

e
Therefore, itistrue that argA = %+ & and 2 cos? arg A — 1 = —¢ are true on this contour. We can then write:
y® (ki+ﬁ) [A] cosarg A — |A|%t
f 1—d/1 < f 1 . |da| =
Tntinty Tntinty |12
+B8)IA16—(1-262) 1212t da . T((l 262)2t- (- +3)5)
= 1 e IO L < g dr <
2

o Gy
It is clear from this that if we take the expression [A] =1 Iarg?a2 enough for all x € [0,a] , the following
equality is satisfied:
(1—26%)rt — (kil +8)6>0.
From this we can say that the value of the integral

®
¥ ()
—dA
J A
anAn+v
becomes sufficiently small for sufficiently large |\|
The same analytical approach can be applied to other integrals. As a result, we can easily obtain the limit at

x — 0 in the first expression, and thus:

u®(0,6) = limu® 1 n' e A)e“d e @ (e ) d2
0,¢t) lim u, (x, t)—xl_r}(l)ﬂ\/_f m/_ A xl_rpyl (x, 1)
0 " Sy - im § & tdl
= ——dr== im | —dA= im¢$ —di=
n\/—_l A m/—1n-oJg A 21'[\/_71—>oo
2'2
27'[\/ =cp.
27rv i=0 0

Asaresult, itis proven that the functlon u; 1) (x, b)), ie u; @ (0,t) = ¢, completely satisfies the first boundary
condition. By a similar argument, it can be shown that

lim f Ay (x, )dA = lim f Ay (2, )dA=0.

anlntv

anan+v

Therefore,

ugl) (0, t) = }cll}(l) ugl) (.X', t) = }511;%

1 2 C() 2
= Ae““)x,Ad/1=—f,1e“dA=o.
n\/—lL Y2 (x:4) nv—1Js

1
f Ay (x, Der’tda =
—1J
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The function involved in the integral is analytic
and therefore its derivative is zero.

As a result, the function given in (23) satisfies all
the boundary conditions in (20), including the initial
conditionat x = 0.

CONCLUSION

This paper examines a mixed problem for a
parabolic  differential equation with  variable
coefficients. The fundamental properties of the
characteristic determinant of the corresponding spectral
problem are analyzed, and the necessary estimates for
the Green's function are substantiated. As a result, a
solution to the mixed problem under consideration is
found in the form of a contour integral in the class of
piecewise continuous functions.
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