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It should be mentioned, that Newton's law of cool-
ing is offered as a useful tool for similating ecological
and biological issues. The problem under consideration
is applied to a specific situation: the object's tempera-
ture change over time is modeled in order to ascertain
when a gazelle carcass discovered in the forest was
slain [1],[2].

Consider the following situation:

While walking through a nature reserve, a ranger
sees the body of a dead gazelle. Upon examination, it
becomes clear that the gazelle was shot by a poacher
with a well-aimed shot. Two people are detained
nearby, but to determine who committed the crime, it is
necessary to determine when the animal was killed.

This problem can be solved using Newton's law of
cooling. According to this law, the rate of cooling of an
object in air is proportional to the difference in temper-
ature between the object and the air, i.e.

2= —k(y - a),y(0) =yo. (1)
Here y is the temperature of the body attime ¢t , a
is the air temperature, and k is the proportionality coef-
ficient, y, is the temperature of the body at time ¢t =
0. The solution to the problem depends on the study of
the solution to the equation. It should be taken into ac-
count that the air temperature may not change after the
gazelle is killed, but it may change over time. In the
first case, the solution to the equation is as follows:
lnyy;_“ = —kt,y # a, 2)
If we fix the moment ¢ = 0, when the unknown
persons were detained, the gazelle's body temperature
was y = 31°C , and an hour later, y = 29°C , we can
determine the time of firing if we know that the ga-
zelle's body temperature at the moment of firing was
y = 37°C and the air temperature was a = 21°C. Tak-
ing into account the given, we get from the last expres-
sion:
k=lIn 2;:21 = In1,25 ~ 0,223 (3)
If we substitute (3) for k into (2) and take into ac-
count, that y = 37°C, we get

1 37-31 1
t=———=In—-=—-——-In1,6  —2,106,
0223 31-21 0,223

That is, 2 hours and 6 minutes had passed from the
moment the shooting began until the moment the un-
known persons were detained. Note that in the consid-
ered situation, the air temperature does not change

Consider anothe situation:

When the air temperature changes over time, the
cooling law of the body is expressed by a linear non-
homogeneous differential equation:

2+ ky = kb(b), 4
where b(t) is the air temperature at time ¢.

Let us assume that the temperature of the gazelle's
body at the time the suspects was detained was 30°C.
It is also known that on the day of the incident, the air
temperature dropped by 1°C every hour in the after-
noon and was 0°C when the body was found. Let us
assume that one hour after the body was found, its tem-
perature was 25°C and the air temperature was —1°C.
Suppose that the moment of the shooting was t = 0 and
that the gazelle's body temperature at that moment was
Vo = 37°C. If the time of the discovery of the killed
gazelleist =t, ,then b(t) =t; — t.

It is known that (4) is a linear non-homogeneous
equation. If we apply the method of variation of a con-
stant, the solution of equation (1) will be as follows:

y = (yo—t—%)e'kt+t1—t+%.(5)
Taking into account, that at t = t, initial temper-
ature is y, =30°C and at t = 14+ t; y, = 25°C (5)

borabarliyinden agagidaki miinasibatlari aliriq:

1 1
37—t ——) —kt L = 30,
(37-5 2 Tk )
(37 -t — E) e~k(t1+1) + E = 26.

From the last two equations we obtain a transcen-
dental equation with respect to k :
(30-2)e*-26+==0(6)
This type of equation cannot be solved by alge-
braic methods, so we apply one of the numerical meth-
ods, Newton's successive approximation method, to
solve equation (6). For this, we reduce equation (6) to
the following form:
30k — 1+ (1 — 26k)e* =0, (7
The last equation has the form:
(ak +b)e* +ck+d=0. 8)
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Inourcase:a=-26,b=1,¢=30,a=1,d=-1.

Based on the results obtained, it was determined
that the gazelle was killed approximately 1 hour and 12
minutes before its body was found. [1].

Using Python Programming Tools in the Ana-

lytical Solution of the Model

The Python programming language was used to
more efficiently and accurately analyze the mathemati-
cal expression of the model [3]. The model, constructed
based on the specified parameters, took into account the
dynamics of temperature changes, and appropriate so-
lution methods were applied for both constant and var-
iable environmental conditions. The Python libraries
numpy, math, and matplotlib were used to perform cal-
culations, graphically represent functions, and find
roots. In addition to the analytical solution of the model,
numerical approaches were also implemented using the
software codes presented in the study. In particular, the
roots of the functions were determined using classical
numerical methods, such as the bisection method, en-
suring the reliability of the results.

Thus, the mathematical expression of the model
was practically implemented using the specified soft-
ware, and the obtained results were analyzed from both
theoretical and applied perspectives.

import math
import numpy as np
import matplotlib.pyplot as plt

#
#The main parameters in the article
#

# Under constant air temperature conditions
T_body _initial = 37.0

T _air_const=21.0

T _found_const = 31.0

T_found_1h_const = 29.0

# In conditions of varying air temperature
T_found_var = 30.0
T_found_1h_var = 25.0

#
# Auxiliary functions
#

def  bisection(func, a, b, tol=1le-10,
max_iter=300):
fa = func(a)

fb = func(b)

iffa==0:

return a

if fo ==0:

return b

if fa*fb>0:

raise ValueError("No root has been isolated in the
interval.")

for _in range(max_iter):
m=05*(a+h)
fm = func(m)

if abs(fm) < tol or 0.5 * (b - a) < tol:

return m

if fa * fm<=0:
b=m

fb=fm

else:

a=m

fa=fm

return 0.5 * (a + b)

def find_bracket(func, x_min=0.01, x_max=3.0,
n=20000):

xs = np.linspace(X_min, x_max, n)

vals = [func(x) for x in xs]

for i in range(len(xs) - 1):
if vals[i] == 0:

return xs[i], xs[i]

if vals[i] * vals[i + 1] < 0:
return xs[i], xs[i + 1]

raise ValueError("No interval was found ford the
root.")

#
# Under constant temperature conditions
#

k_const = math.log((T_found_const -
T_air_const) / (T_found_1h_const - T_air_const))

t_death_relative_to_found =
math.log(

(T_body _initial - T_air_const) / (T_found_const
- T_air_const)

)

def T_const_relative_to_found(t):

return T _air_const + (T _found const -
T_air_const) * np.exp(-k_const * t)

-(1 / k_const) *

elapsed_const = abs(t_death_relative_to_found)

#
# Under varying temperature conditions
#

def f_k_var(k, T_found=T_found_var,
T_found_1h=T_found_1h_var):

return (T_found - 1.0 / k) * math.exp(-k) -
(T_found_1h+1.0)+1.0/k

a_k, b_k = find_bracket(lambda x: f_k_var(x),
Xx_min=0.01, x_max=2.0)
k_var = bisection(lambda x: f_k_var(x), a_k, b_k)

def g_t1 var(tl, k, T_found=T_found_var):
return (37.0 - t1 - 1.0 / k) * math.exp(-k * t1) +
1.0/k-T_found

a t1, b_tl = find_bracket(lambda x: g_t1 var(X,
k var), x_min=0.01, x_max=10.0)
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t1_var = bisection(lambda x: g_t1 var(x, k_var),
a tl, b t1)

def T_air_var(t, t1=tl_var):
returntl -t

def T_body var(t, t1=t1 var, k=k var):
returntl -t+10/k+ (370-t1-10/k) *
np.exp(-k * t)

print("The time of death under constant condi-
tions:", round(elapsed_const, 3), "hours")
print("The time of death under varying condi-
tions:", round(t1_var, 3), "hours")
Figure 1. Timeline of the

Time of death

T=37°C
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fig, ax = plt.subplots(figsize=(12, 2.8))

x1 =t _death_relative_to_found
x2=0
x3=1

ax.axhline(0, color="black’, linewidth=1)
ax.scatter([x1, x2, x3], [0, 0, 0], s=80)

ax.text(x1, 0.12, "Time of death", ha="center",
fontsize=11)

ax.text(x2, 0.12, "Time of discovery", ha="cen-
ter", fontsize=11)

ax.text(x3, 0.12, " 1 hour later", ha="center", font-
size=11)

ax.text(x1, -0.12, "T = 37°C", ha="center", font-
size=10)

ax.text(x2, -0.12, "T = 31°C", ha="center", font-
size=10)

ax.text(x3, -0.12, "T = 29°C", ha="center", font-
size=10)

ax.set_title("Figurel. Timeline of the Event and
Temperature Measurements ")

ax.set_xlim(x1-0.4,1.4)

ax.set_ylim(-0.25, 0.25)

ax.set_yticks([])

ax.set_xlabel("Time (hours), relative to the time of
discovery™)

for spine in ["left”, "right", "top"]:
ax.spines[spine].set_visible(False)

plt.tight_layout()

plt.savefig("figl_timeline.png",
bbox_inches="tight")

plt.show()

plt.close()

dpi=300,

Time of death Figure 2. Cooling Curve of the Body Under Constant Air Temperature
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t_const = np.linspace(t_death_relative_to_found -
0.2, 2.0, 500)

T _const_vals =
tive_to_found(t_const)

T _const_rela-

fig, ax = plt.subplots(figsize=(9, 6))

ax.plot(t_const, T_const_vals, linewidth=2, la-
bel="Body temperature ")

ax.axhline(T_air_const, linestyle="--",
ewidth=1.5, label=" Air temperature ")

lin-

ax.scatter(
[t _death relative_to found, 0, 1],
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[T_body initial,
T _found_1h_const],

s=70

)

ax.text(t_death_relative_to_found - 0.35,
T_body _initial + 1.2, " Time of death \n37°C", font-
size=10)

ax.text(0.12, T_found_const + 1.2, " Time of dis-
covery \n31°C", fontsize=10)

ax.text(1.08, T_found_1h const + 1.2, "1 hour
later \n29°C", fontsize=10)

T _found_const,

ax.set_title("Figure 2. Cooling Curve of the Body
Under Constant Air Temperature™)

ax.set_xlabel("Time (hours), relative to the time of
discovery ")

ax.set_ylabel("Temperature (°C)")

ax.grid(True, alpha=0.3)

ax.legend()

plt.tight_layout()

plt.savefig("fig2_constant_cooling.png",
dpi=300, bbox_inches="tight")

plt.show()

plt.close()

Figure 3. Temperature Dynamics Under Variable Air Temperature
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t_var = np.linspace(0, t1_var + 2.0, 600)
T_air_vals = T_air_var(t_var)
T_body_vals = T_body_var(t_var)

fig, ax = plt.subplots(figsize=(9, 6))

ax.plot(t_var, T_body vals, linewidth=2, label="
Body temperature ")

ax.plot(t_var, T_air vals, linestyle="--", lin-
ewidth=2, label=" Air temperature ")
ax.scatter([0, t1_var, tl var + 1], [37.0,

T found_var, T_found_1h_ var], s=70)

ax.text(0.15, 38.2, " Time of death \n37°C", font-
size=10)

ax.text(tl_var + 0.15, T found_var + 2.0, f* Time
of discovery \n30°Cln(t={tl var:.2f} saat)", font-
size=10)

ax.text(tl_var + 1.15, T_found_1h_var + 2.0, "1
hour later \n25°C", fontsize=10)

ax.set_title("Figure 3. Temperature Dynamics Un-
der Variable Air Temperature™)

ax.set_xlabel("Time (hours), relative to the time of
discovery ")

ax.set_ylabel("Temperature (°C)")

ax.grid(True, alpha=0.3)

ax.legend()

plt.tight_layout()

plt.savefig("fig3_variable_air_temp.png",
dpi=300, bbox_inches="tight")

plt.show()

plt.close()
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Figure 4. Graph of the Transcendental Equation and Root Point

k=0.1790

é
0.0 0.2 0.4 0.6 0.8 1.0 12
k
k_grid = np.linspace(0.03, 1.2, 800) ax.set_title("Figure 4. Graph of the Transcenden-
f_vals = [f_k_var(k) for k in k_grid] tal Equation and Root Point")
ax.set_xlabel("k™)
fig, ax = plt.subplots(figsize=(8, 5.5)) ax.set_ylabel("f(k)")
ax.grid(True, alpha=0.3)
ax.plot(k_grid, f_vals, linewidth=2)
ax.axhline(0, linestyle="--", linewidth=1.2) plt.tight_layout()
ax.scatter([k_var], [0], s=80) plt.savefig("fig4_transcendental_root.png",
dpi=300, bbox_inches="tight")
ax.text(k_var + 0.05, 1.0, 'k = {k_var:.4f}", font- plt.show()
size=10) plt.close()

Figure 5. Sensitivity Analysis of Estimated Time of Death Based on the Second Temperature Measurement
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def solve_k_and_t1(T_found, T_found_1h): def f(k):



82 Norwegian Journal of development of the International Science No 180/2026

return (T_found - 1.0 / k) * math.exp(-k) -
(T_found_1h+1.0) +1.0/k

ak, bk = find_bracket(f, x_min=0.01, x_max=2.0)
k_sol = bisection(f, ak, bk)

def g(t1):
return (37.0 - t1 - 1.0/ k_sol) * math.exp(-k_sol *
t1) + 1.0/ k_sol - T_found

at, bt =

X_max=10.0)
t1_sol = bisection(g, at, bt)
return k_sol, t1_sol

find_bracket(g, x_min=0.01,

T2_values = np.linspace(24.0, 27.0, 13)
estimated_times =[]

for T2 in T2_values:
_,t1 est=solve_k _and_t1(T_found_var, T2)
estimated_times.append(tl_est)

fig, ax = plt.subplots(figsize=(8, 5.5))

ax.plot(T2_values, estimated_times, marker="0",
linewidth=2)

ax.set_title("Figure 5. Sensitivity Analysis of Es-
timated Time of Death Based on the Second Tempera-
ture Measurement™)

ax.set_xlabel("Temperature 1 Hour After Discov-
ery (°C)")

ax.set_ylabel("Estimated Time of Death (hours)")

ax.grid(True, alpha=0.3)

plt.tight_layout()

plt.savefig("figs_sensitivity analysis.png",
dpi=300, bbox_inches="tight")

plt.show()

plt.close()
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