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Abstract

This work investigates the spatial structure of swirling fluid flow in a cylindrical reservoir with a rotating disk
and a stationary central rod. It is shown that an annular shear layer is formed near the rod surface and loses axial
symmetry when the local Reynolds number exceeds a critical value. Spectral analysis demonstrates that the ob-
served four-sector structure arises as a result of nonlinear interaction between the dipole mode m = 2 and its
second harmonic m = 4. As the swirl intensity increases, the azimuthal modes acquire a longitudinal phase shift
and form a spatial helical shell around the stationary rod. The mechanisms governing the stability of the structure,
passive scalar transport, and the formation of secondary recirculation zones are analyzed. It is shown that the
resulting structure does not represent an independent concentrated vortex core, but rather a spatially modulated
surface of angular momentum transport and vorticity localization. A physical and mathematical model describing
the spatial organization of helical modes in swirling flows is proposed.

Keywords: swirling flow; rotating disk; annular shear layer; helical mode; quadrupole instability; non-ax-
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1. Introduction. Swirling flows in confined cylin-
drical volumes are of considerable interest in fluid dy-
namics because such structures arise in vortex devices,
rotary reactors, turbomachinery, vortex chambers, cen-
trifugal separators, and intensive mixing systems. Par-
ticular attention is devoted to flows generated by rotat-
ing disks, in which radial momentum transport, axial
circulation, and angular momentum redistribution oc-
cur simultaneously.

Classical studies of rotating flows demonstrate
that, with increasing Reynolds number, an axisymmet-
ric flow structure gradually loses stability and transi-
tions to spatially nonuniform states [1-21]. The best-
known examples include Taylor—Couette vortices, vor-
tex breakdown, precessing vortex cores, and azimuthal
modal structures.

Studies of swirling flows carried out by Ale-
kseenko, Kuibin, and Okulov [13] are mainly devoted
to concentrated vortex cores, helical vortex filaments,
coherent structures, and spatial instabilities in swirling
flows. These works provide a detailed analysis of the
mechanisms responsible for the formation of spiral vor-
tex structures, angular momentum redistribution, and
the stability of vortex systems in confined volumes.
Particular attention is paid to the spatial organization of
vorticity and to the interaction between swirl and inter-
nal shear layers.

At the same time, the configuration considered in
the present work differs substantially from classical
models of concentrated helical vortices. The presence
of a stationary central rod prevents the formation of a
continuous vortex core in the axial region of the reser-
voir. As a result, the swirling flow reorganizes into an
annular shear layer: r, <r <1, + &5 , where 7y is the
radius of the stationary rod and §; is the characteristic
thickness of the annular shear layer. Within this region,

an intense radial gradient of the azimuthal velocity,
du,,/0r # 0, is formed and becomes the source of azi-
muthal instability. When the local Reynolds number
Reg = U,8,/v , reaches critical values, where U, is the
characteristic azimuthal velocity within the annular
layer and v is the kinematic viscosity of the fluid, a non-
axisymmetric modal state develops, involving the di-
pole mode m = 2 and its nonlinear harmonic m = 4.
This mode corresponds to the loss of complete axial
symmetry and to the formation of four stable convec-
tive regions around the stationary rod. The perturbation
field may be represented as
u'(r,p,z) = A(r, z) cos(4p — kz) (1)

where A(r, z) describes the spatial distribution of
the mode amplitude and k is the longitudinal wave-
number of the helical structure. With further develop-
ment of the swirl, the quadrupole mode acquires a spa-
tial phase shift along the height of the reservoir, causing
the transverse modal structures to merge into a unified
three-dimensional helical shell surrounding the station-
ary rod. Unlike classical helical vortex filaments, the
structure considered here does not represent an isolated
concentrated vortex core but rather a spatially de-
formed annular layer of angular momentum transport.

An additional feature of the flow is the vertical
transformation of the quadrupole mode. In the lower
part of the reservoir, near the rotating disk, the shell
possesses high energy and significant inertial stresses,

o, ~p(ui/R.), (2)

where ug is the fluid velocity along the helical
streamline and R, is the local radius of curvature of the
spatial shell. In this region, the maximum concentration
of vorticity, strong nonlinear deformation of the mode,
and intense pressure redistribution are observed.

As the distance from the rotating disk increases
and the flow moves upward through the reservoir, the
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amplitude of the spatial deformation decreases because
of viscous dissipation and angular momentum redistri-
bution. As a result, the helical shell gradually relaxes,
becomes smoother, and approaches a quasi-stationary
spatial state. Thus, the considered structure may be in-
terpreted as a nonlinear coherent mode of an annular
swirling layer in a confined cylindrical volume contain-
ing an internal stationary obstacle.

2. Geometry of the Problem. In the considered
problem, a crucial role is played by the stationary cen-
tral rod, which prevents the formation of a continuous
vortex core in the axial region of the reservoir. As a
consequence, the swirling flow reorganizes into an an-
nular vortex structure surrounding the internal obstacle,
within which an intense azimuthal velocity shear is
formed.

The flow regime under consideration corresponds
to tangential fluid injection through a side inlet, while
a rotating disk transfers angular momentum to the flow.
The central rod remains stationary, and the fluid is dis-
charged through the lower part of the reservoir. Under
these conditions, a stationary quadrupole azimuthal
mode m = 4 develops within the annular shear layer,
which subsequently transforms into a spatial helical
shell as the swirl intensity increases. The investigated
system consists of a cylindrical reservoir of radius R
and height H. A rotating disk of radius b, rotating with
a constant angular velocity Q is located at the bottom of
the reservoir. Along the axis of the reservoir, a station-
ary central rod of radius r; is installed. Fluid is supplied
tangentially through a side inlet and removed through a
lower outlet channel.

The flow is described in cylindrical coordinates
(r, ¢, z) , where r is the radial coordinate, ¢ is the azi-
muthal angle, and, z is the vertical coordinate. The ve-
locity field is represented as

u=u.e, +ugye,+u,e,.

©)

Velocity Profiles: Stationary Rod

On the surface of the rotating disk, the rotational
boundary condition is imposed: u,(r,z = 0) = Qr,
where Q is the angular velocity of the disk. On the sur-
face of the stationary rod, the no-slip condition
u, (1) = 0 is satisfied, leading to the formation of an
intense radial gradient of the azimuthal velocity near
the internal obstacle. The no-slip condition is also im-
posed at the outer wall of the reservoir u,(R) = 0.

Thus, the flow develops within a confined annular
region between the stationary rod and the outer wall of
the reservoir, where the interaction between rotational
motion, viscosity, and geometric confinement gives
rise to spatially nonuniform modal structures.

3. Governing Equations. The flow is described
by the Navier—Stokes equations for an incompressible
fluid:

V-u=0,
p((@u/at) + (u-V)u) = —Vp + uVv?u, )
where u = u,e, +u,e, +u,e, is the velocity
vector, p is the pressure, p is the fluid density, u is the
dynamic viscosity.

In cylindrical coordinates, the azimuthal momen-
tum equation takes the form

du du Uy U u Upl
a_;p+”ra_f+7¢a_;+”26_f+7¢:
v (Vzu(p - 1:—‘;) ,(5)

where v is the kinematic viscosity of the fluid.

An intense annular shear layer is formed near the
stationary central rod, within which a significant radial
gradient of the azimuthal velocity du,,/dr # 0 devel-
ops. The principal dimensionless parameter of the flow
is the Reynolds number,

Reg = U,0,/v, (6)

where U, is the characteristic azimuthal velocity

in the annular layer and &, is the characteristic thick-
ness of the annular shear layer.

Vorticity Components: Stationary Rod

1.0 — wl2)

u(z)

0.8 1 — u:z)
0.6
0.4 4

0.2 q

dimensionless velocity

0.0 4

1.0 4

— w:l2)

wy(z)
— wylz)
0.54

0.01

B0 T B —

dimensionless vorticity

-

-1.0 4

T - T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
z,m

T - T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
z, m

Figure 1. Dimensionless vertical profiles of velocity components and vorticity for a swirling flow in a cylindrical
reservoir with a rotating disk and a stationary central rod. The plots demonstrate the influence of the internal
obstacle on the redistribution of azimuthal velocity, the formation of the annular shear layer, and the emergence
of localized regions of enhanced vorticity near the rod.

When the local Reynolds number reaches critical
values Reg; > Re,,., the axisymmetric flow loses stabil-
ity and a non-axisymmetric azimuthal mode m = 4 ap-
pears within the annular layer. The perturbation field is
represented as

u'(r,p,z) = A(r,z) cos(4p — kz) , (7)

where A(r, z) characterizes the spatial distribution
of the mode amplitude and k is the longitudinal wave-
number of the helical structure.

Due to the spatial phase shift, the transverse quad-
rupole modes merge into a unified helical shell repre-
senting a spatially deformed annular layer of angular
momentum transport surrounding the stationary central
rod.Type equation here.
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3.1. Numerical Simulations. Numerical simula-
tions were performed for an incompressible viscous
fluid inside a cylindrical reservoir with a rotating disk
and a stationary central rod. The computational domain
was described in the cylindrical coordinate system
(r, ¢, z), and the flow field was governed by the incom-
pressible Navier—Stokes equations together with the
continuity condition (4). A no-slip boundary condition
was imposed at the surface of the rotating disk:
u,(r,z = 0) = Qr , whereas at the surface of the sta-
tionary rod and at the cylindrical sidewall of the reser-
voir the condition u, = 0 was prescribed. The calcula-
tions were carried out for water with kinematic viscos-
ity v =10"°m?/s. The geometric parameters of the
system were chosen as follows: reservoir radius R =
0.50 m, reservoir height H = 0.50 m, rotating disk ra-
dius b = 0.13 m, and central rod radius r; = 0.06 m.
The angular velocity of the disk was set to 2 =
100 rad/s. To characterize the flow regime, the rota-
tional Reynolds number was introduced: Req =
QR?/v . For the selected parameters, Req = 2.5 X
107, which corresponds to a strongly inertial flow re-
gime in which viscous effects remain important only
inside the boundary layers and within the annular shear
layer formed near the stationary rod. The thickness of
the viscous layer near the rotating disk was estimated
using the von Kérmén scaling: §~ /v/Q =~ 10~*m. A
boundary layer of the same order of magnitude is also
formed near the surface of the stationary rod, where a
strong radial gradient of azimuthal velocity develops:
du,/0r # 0. The numerical solution was constructed
on the basis of an axisymmetric base flow followed by
an analysis of spatial perturbations of the form given in
equation (7). Vertical profiles of velocity and vorticity
components were evaluated along the line r = r; + &,

which passes through the region of maximum shear in-
side the annular layer.

Figure 1 illustrates the vertical distributions of the
dimensionless velocity and vorticity components
within the swirling flow near the stationary central rod.
The left panel presents the profiles of the velocity com-
ponents u,, (2), u,(2) and u,(z). The azimuthal veloc-
ity u,, reaches its maximum near the rotating disk and
gradually decreases with increasing axial coordinate z,
reflecting the progressive dissipation and redistribution
of angular momentum along the height of the reservoir.
The radial velocity component u, changes sign along
the vertical direction, indicating the presence of toroi-
dal recirculation. In the lower part of the reservoir the
fluid is transported outward toward the periphery under
the action of centrifugal forces, whereas in the upper
region a compensating inward motion toward the axis
is formed. The axial velocity u, demonstrates the exist-
ence of a downward flow near the rod together with lo-
calized recirculation zones associated with the closure
of the meridional circulation. The right panel shows the
vorticity components w,(z), w,(2) and w,(z). The
maximum axial vorticity w, is localized near the sur-
face of the stationary rod, where the annular shear layer
with the strongest azimuthal velocity gradient is
formed. The azimuthal vorticity w,, reflects the curva-
ture of the meridional flow and is associated with the
formation of secondary recirculation structures. The ra-
dial vorticity component w, exhibits an alternating-
sign behavior caused by the spatial deformation of the
annular vortex layer and the development of azimuthal
instability modes. The oscillatory character of the vor-
ticity profiles indicates the loss of complete axial sym-
metry and the onset of a spatially nonuniform helical
structure developing around the stationary rod.

rm

Figure 2. The longitudinal structure of a localized helical mode in a cylindrical reservoir with a stationary cen-
tral rod. The left panel shows the streamline field and recirculation zones in the (r, z) plane, demonstrating the
spatial reorganization of the swirling flow and the formation of localized vortex cells. The central panel presents
the region influenced by the helical shell, determined by the distribution of the mode amplitude within the annu-
lar shear layer. The right panel shows the localized helical structure with suppression of the outer flow field,
reflecting the spatial concentration of vorticity and recirculation zones near the stationary central rod.

4. Spectral Stability and Modal Structure of the Uy = Uyo(T,2) . (8)

Annular Shear Layer.

To determine the spatial structure of the most un-
stable perturbation, we consider the stability of the an-
nular shear layer formed near the stationary central rod.
In the axisymmetric base state, the azimuthal velocity
depends only on the radial and axial coordinates r
and z:

The principal radial velocity gradient is localized
inside the annular layer of thickness &, near the surface
of the stationary rod (du,/dr # 0). To analyze the
stability of the flow, the velocity field is represented as
the sum of the base flow and a small perturbation:

u=uy,+u’, 9)
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where u, corresponds to the mean swirling flow,
while u’ describes the spatial modal structure of the
perturbation. For the analysis of the spatial instability
structure, the perturbation field is expanded into azi-
muthal Fourier modes:

u'(r,@,z,t) = Xm=oAm (1, 2, t) exp(imy) , (10)

where m denotes the azimuthal wave number,
while A, (r, z, t) characterizes the spatial amplitude of
the corresponding mode. Such a decomposition makes
it possible to represent an arbitrary non-axisymmetric
perturbation as a superposition of azimuthal harmonics
of different orders.

Each individual harmonic may be represented in
the form of a wave-like perturbation:

Ap(r,z,t) = Uy, (r, z) exp(—iwt), (11)

where w = w, + iw; is the complex frequency.

The perturbation field corresponding to an individual

mode therefore takes the form w; > 0 corresponds to

exponential growth of the modal amplitude and indi-

cates hydrodynamic instability of the annular shear
layer.

Each value of m corresponds to a specific spatial
symmetry of the flow. The mode m = 0 describes an
axisymmetric state, m = 1 corresponds to a one-sided
displacement of the vortex structure, and m = 2 forms
a dipole configuration, whereas m = 4 corresponds to
a quadrupole structure with four azimuthal regions of
enhanced vorticity (Tablel)..

Table 1.

Relationship Between Azimuthal Modes and Swirl Intensity

Regime

Weak swirl

Moderate swirl

Strong annular shear

Thin strongly sheared layer

Most Probable Mode

m =1

m=1
m =2
m=3—4

Spectral analysis of the velocity and vorticity
fields demonstrates that, upon reaching a critical value
of the local Reynolds number, the spectrum exhibits
pronounced contributions of both the dipole mode m =
2 and the quadrupole harmonic m = 4. This indicates
that the quadrupole perturbation acquires the largest
growth rate and becomes the dominant spatial structure
of the annular shear layer. As a result, the flow loses
complete axial symmetry and reorganizes into a four-
lobed helical shell surrounding the stationary central
rod.

The presence of a longitudinal phase shift pro-
duces an additional spatial modulation:

u'(r,,z) = A(r, z) cos(4@ — kz), (12)

where k denotes the axial wave number of the hel-

ical structure. This expression describes the spatial ro-

tation of the quadrupole mode along the height of the

reservoir and the formation of a helical shell inside the
annular shear layer.

Linearization of the Navier—Stokes equations
about the base state leads to a spectral stability problem
for the annular shear layer. The principal instability
mechanism is associated with a combination of centrif-
ugal instability and Kelvin—Helmbholtz-type shear insta-
bility. For Q = u,, /7 the necessary condition for insta-
bility is determined by the Rayleigh—Fjertoft criterion:

2 [1d(r2a
w5 = 0. (13)

Since the azimuthal velocity profile near the sta-

tionary rod possesses a pronounced inflection point, the

instability criterion is satisfied inside the annular shear
layer. The characteristic azimuthal wave number of the
fastest-growing mode is determined by the ratio be-
tween the radius of the annular layer and its thickness.
For an annular structure with radius r; and thickness &,
the characteristic azimuthal wavelength may be esti-
mated as A,~ 278, . The corresponding number of az-
imuthal modes distributed along the circumference is
therefore given by

m,~2nrs /Ay ~ 75/ 85 . 14)

For the flow parameters considered in the present
study, the ratio 7, /8, is of the order of several units, as
a result of which the quadrupole harmonic m = 4 be-
comes clearly observable in the developed nonlinear re-
gime. This mode corresponds to the formation of four
azimuthal regions of enhanced vorticity and localized
pressure reduction around the stationary rod. The spa-
tial structure of the perturbation is described by equa-
tion (7).

Modes with smaller values of m possess insuffi-
cient spatial localization and therefore do not provide
stable separation of the annular layer, whereas modes
with larger m are strongly suppressed by viscous dissi-
pation due to their small azimuthal scales. Conse-
quently, the quadrupole mode represents a compromise
between inertial amplification and viscous damping
and therefore acquires the maximum growth rate.
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Figure 3. Transverse cross-sections of the quadrupole azimuthal mode and the corresponding spatial helical

shell in a cylindrical reservoir with a rotating disk and a stationary central rod.

The left panel shows the

transverse structures of the mode m = 4, forming four stable convective regions around the rod. The rotation of

the structure along the reservoir height reflects the presence of a phase shift 8(z) = kz. The central panel pre-

sents the three-dimensional helical shell arising from the spatial connection of the transverse modal structures

within the annular shear layer. The right panel shows a mixed helical shell m = 2 + m = 4 with a semi-conical
expansion in the vicinity of the rotating disk.

As a result, the annular shear layer loses its com-
plete axial symmetry and reorganizes into a spatial
quadrupole helical shell surrounding the stationary cen-
tral rod.

The emergence of this mode leads to the loss of
complete axial symmetry of the flow and to the division
of the annular vortex layer into four spatially organized
regions. In the transverse cross-section of the reservoir,
sectors of intensified swirl, locally reduced pressure,
enhanced vorticity, and radial momentum transport are
formed.

The pressure field may be represented as

p(T' ®, Z) = Do (T, Z) + P4_(T, Z) COS(4(p) ’ (15)

where p,(r, z) corresponds to the axisymmetric
pressure component and P,(r, z) describes the ampli-
tude of the quadrupole modulation.

The azimuthal pressure nonuniformity leads to the
formation of four stable convective regions around the
stationary rod. Within these regions, local recirculation
flows and zones of enhanced vorticity develop due to
the redistribution of angular momentum inside the an-
nular shear layer. With further development of the
swirl, the transverse quadrupole structures acquire a
spatial phase shift along the height of the reservoir and
transform into a three-dimensional helical shell.

Table 2.

Comparison of Azimuthal Modes of the Annular Shear Layer

Number of Azimuthal
Mode m Spatial Structure Regions
m =10 Axisymmetric flow 0
m=1 Single-lobe asymmetry 1
m =2 Dipole structure 2
m=3 Three-lobed mode 3
m=4 Quadrupole helical 4
mode

Stability

Characteristics Physical Interpretation

Stable at low Re Uniform annular rotation without

spatial deformation

Weakly stable Displacement of the vortex core

relative to the reservoir axis

Moderately stable Formation of two opposite regions of

intensified swirl

Limited stability Spatially nonuniform vorticity

distribution with increased dissipation

Most stable Formation of four stable channels of
angular momentum transport around

the rod

As follows from Table 2, the mode m = 4 repre-
sents an optimal compromise between inertial amplifi-
cation and viscous dissipation. Modes with smaller val-
ues of m possess insufficient spatial localization and do
not provide stable separation of the annular shear layer,
whereas modes with larger values of m are suppressed
by viscous dissipation due to the decreasing azimuthal
scale of the perturbations. As a result, for the flow pa-

rameters considered in the present study, the quadru-
pole mode exhibits the largest growth rate and forms a
spatial helical shell around the stationary central rod.

4.1 Spectral Structure of Azimuthal Perturba-
tions.

For a more accurate description of the spatial flow
structure, it is necessary to take into account that the
observed four-lobed pattern may not represent an inde-
pendent primary m = 4 mode, but rather the result of a
nonlinear superposition of the fundamental dipole
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mode m = 2 and its second harmonic m = 4. In this
case, the perturbation field may be written as
u'(r,@,z,t) = A,(r,z,t) cos(Qp — k,z —

wyt) + Ay(r,z,t) cos(4p — kyz — wyt) , (16)

where the first term describes the large-scale dipo-
lar deformation of the annular shear layer, while the
second term represents the quadrupole modulation re-
sponsible for the formation of four localized regions of
enhanced vorticity around the stationary rod. Such a so-
lution corresponds to a mixed modal state in which the
global instability is primarily associated with the m =
2 mode, whereas the observed four-sector structure is
amplified by the harmonic m = 4.

The emergence of the harmonic m = 4 naturally
follows from the nonlinear terms of the Navier—Stokes
equations. If a dipole perturbation is already present in
the flow,

u, = A, cos(Qp — k,z) , @an
then the quadratic inertial term (u’ - V) u’ contains

the self-product of this mode:
cos2(2¢ — k,z) = 0.5 [1 + cos(4p — 2k,2)] . (18)

Thus, quadratic nonlinear interactions naturally
transfer energy from the dipole mode to its second azi-
muthal harmonic. It follows from this expression that
self-interaction of the m = 2 mode automatically gen-
erates the second harmonic m = 4. Therefore, the pres-
ence of a quadrupole structure does not necessarily im-
ply that m = 4 represents an independent primary in-
stability. Instead, it may arise as a nonlinear harmonic
of the dipole instability. In this case, the spectral repre-
sentation of the perturbation takes the form given by
equation (10), while in the developed regime the dom-
inant part of the perturbation energy is concentrated in
two azimuthal modes:

|A;] > 0,]44] >0, (19)

whereas the remaining harmonics possess sub-
stantially smaller amplitudes:

[Ap| K |Az] + |44l ,m # 2,4 (20)

The criterion of the mixed regime is the presence
of two pronounced peaks in the azimuthal spectrum of
vorticity or velocity:

2

En(2) = |[;" w,(r, 9, 2) exp(=img)do| ", (21)

where E,, denotes the azimuthal spectral energy
density of the mode m.

If the spectrum exhibits a maximum at m = 2 to-
gether with a pronounced second harmonic at m = 4,
then the observed structure should be interpreted as a
superposition m = 2 + m = 4. In this case, the four-
lobed pattern represents the result of nonlinear amplifi-
cation of the second harmonic rather than evidence of
the primary selection of a purely quadrupole mode.

Thus, the most physically consistent interpretation
is that the stationary central rod forms an annular shear
layer that initially loses stability through the dipole
mode m = 2. As the swirl intensity increases, nonlin-
ear self-interaction of this mode generates the harmonic
m = 4, resulting in the formation of a four-sector spa-
tial structure around the rod. In the presence of a longi-
tudinal phase shift, both modes acquire a helical char-
acter, and the perturbation field may be described as a
mixed helical shell:

u'(r,@,z) = Ay(r,z) cos(Qp — kyz) +
Au(r,z) cos(4e — k,z) (22)

During the development of the dipole mode m =
2, the annular shear layer ceases to be azimuthally uni-
form. In two opposite sectors, a local amplification of
the azimuthal velocity gradient and a concentration of
vorticity arise. As a consequence of nonlinear advec-
tion, these regions undergo additional deformation and
localized azimuthal compression. This process leads to
a local densification of streamlines and a concentration
of angular momentum within individual regions of the
annular shear layer.

Since the convective transport term in the Navier—
Stokes equations is quadratic, amplification of the di-
pole structure automatically generates a second azi-
muthal harmonic. Physically, this corresponds to the
splitting of two large-scale vortex regions into four lo-
calized sectors of enhanced vorticity. As a result, the
initial dipole mode gradually acquires a pronounced
quadrupole modulation.

Thus, the m = 4 structure does not arise as an in-
dependent primary instability, but rather as a conse-
quence of nonlinear redistribution of vorticity and spa-
tial concentration of energy within the dipolar annular
shear layer.

5. Formation of the Thin Annular Shear Layer.
The rotating disk transfers angular momentum to the
fluid, resulting in the formation of an intense swirling
motion within the reservoir: u,~ Qr . However, the
presence of the stationary central rod suppresses the ro-
tation of the fluid in the axial region. As a consequence,
a continuous axial vortex core cannot form, and the
flow reorganizes into an annular vortex layer: r, < r <
1 + &5 Within this region, an intense radial gradient of
the azimuthal velocity du,/dr # 0, is generated, be-
coming the source of azimuthal hydrodynamic instabil-
ity. The maximum values of the velocity gradient are
localized near the surface of the stationary rod, where
the azimuthal motion is strongly decelerated due to the
no-slip boundary condition u,(r;) = 0.

Physically, the stationary rod acts as an internal
obstacle suppressing the formation of a continuous ax-
ial vortex core. As a result, the swirling flow acquires
the structure of a hollow vortex shell, within which the
primary transport of angular momentum occurs in the
annular region between the rod surface and the outer
part of the reservoir.

6. Formation of the Helical Shell

Inside the annular shear layer, intense swirl, radial
momentum transport, and local concentration of vorti-
city coexist simultaneously. The axial vorticity is de-
fined as

w, = (1/r)(0(ru,)/or).  (23)

As the swirl intensity increases, the layer loses
complete axial symmetry, leading to the emergence of
non-axisymmetric azimuthal modes. Within the consid-
ered parameter range, the observed quadrupole struc-
ture is interpreted as a mixed modal state involving the
dipole mode m = 2 and its nonlinear harmonic m = 4,
leading to the formation of four convective regions
around the stationary rod. With further development of
the swirl, these transverse structures acquire a spatial
phase shift along the height of the reservoir and merge
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into a coherent helical shell of the deformed annular
vortex layer.

The appearance of longitudinal phase modulation
means that the maxima of the quadrupole mode become
displaced in the azimuthal direction as the coordinate z
changes. As a result, the transverse convective regions
lose their independence and merge into a unified spatial
structure. Individual regions of enhanced vorticity be-
come connected along helical trajectories, forming spa-
tial channels of angular momentum transport. The tra-
jectory of the maxima of the helical shell is determined
by

9(2) = o+ kz+ on, (24)
where ¢, corresponds to the initial azimuthal po-
sition of the mode.

Thus, the transverse quadrupole structure trans-
forms into a spatial helical shell of the deformed annu-
lar vortex layer. Unlike classical concentrated helical
vortices, the considered shell represents a spatially
modulated surface of angular momentum transport lo-
calized within the annular shear layer surrounding the
stationary central rod.

Inside the helical shell, maximum values of local
vorticity, intense  radial-azimuthal = momentum

transport, and reduced pressure are observed. At the
same time, the shell preserves its coherence due to the
balance between centrifugal forces, pressure gradients,
and viscous dissipation. The spatial deformation of the
structure is accompanied by the formation of local re-
circulation regions and secondary toroidal vortex zones
interacting with the primary helical flow.

Figure 4. The spatial organization of a quadrupole helical mode in a swirling fluid flow within a cylindrical res-

ervoir with a rotating disk and a stationary central rod. The left panel shows the impurity concentration distribu-
tion in a longitudinal cross-section, demonstrating the localization of mass transport inside the helical shell and
the formation of closed recirculation zones. The central panel presents the vorticity field and streamlines, illus-
trating the spatial deformation of the annular shear layer and the emergence of the nonlinear azimuthal mode
(1). The right panel depicts the three-dimensional helical shell of the quadrupole mode formed around the sta-
tionary rod as a result of the phase shift of transverse structures along the height of the reservoir. The surface
color modulation reflects the spatial distribution of swirl intensity and local vorticity within the deformed annu-

lar layer of angular momentum transport.

Unlike classical helical vortex filaments, the con- ap/or = p(uz/r), (26)

sidered structure does not form a continuous rotating
vortex core. The primary transport of angular momen-
tum occurs within the deformed annular shear layer,
which spatially envelops the stationary rod and forms a
coherent helical shell.

As the distance from the rotating disk increases,
the deformation amplitude A(z) decreases due to vis-
cous damping and energy redistribution within the
main fluid volume. As a consequence, the helical shell
gradually becomes smoother and transitions toward a
more axisymmetric spatial state.

7. Internal Force Balance. The stability of the
helical shell is determined by the interaction of several
hydrodynamic mechanisms. The principal role is
played by the balance between centrifugal forces, pres-
sure gradients, viscous dissipation, and the spatial cur-
vature of streamlines inside the annular vortex layer.

Due to the intense azimuthal motion within the
shell, centrifugal forces arise that tend to expand the
vortex structure in the radial direction:

F. = p(uy/r). (25)

This radial expansion is counteracted by the radial
pressure gradient,

as a result of which a self-consistent pressure field
is formed inside the shell. Thus, the spatial structure is
maintained not by geometric confinement alone but by
the internal balance between centrifugal expansion and
pressure gradients. This gives the helical shell the prop-
erties of an internally organized coherent hydrody-
namic structure. An additional role is played by viscous
interaction. On the surface of the stationary rod, the no-
slip condition: u, (r;) = 0 is satisfied, whereas inside
the annular layer the azimuthal velocity remains sub-
stantial. Consequently, an intense shear stress arises:
Trp = u(auq,/ar) 27)
which tends to smooth azimuthal nonuniformities
and restore the axisymmetric flow state. Viscosity
therefore acts as a dissipation mechanism reducing the
amplitude of the spatial mode. At the same time, the
rotating disk continuously supplies angular momentum
to the system:
M ~ pQ? b® (28)
where Q is the angular velocity of the disk and b
is its radius. As a result, a dynamic balance is estab-
lished inside the reservoir between energy input and
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viscous dissipation. As long as this balance is main-
tained, the helical shell remains stable.

A significant influence is also exerted by the spa-
tial curvature of the helical structure. Since the stream-
lines are curved along helical trajectories, additional in-
ertial stresses arise inside the shell:

o, ~p(ui/R.), (29)
where uy is the velocity along the helical stream-
line and R, is the local radius of curvature of the shell.
These inertial stresses tend to straighten the helical
structure and reduce its spatial curvature. However, the
spatial azimuthal mode simultaneously generates alter-
nating regions of reduced and elevated pressure, pro-
ducing a self-consistent force distribution that main-
tains the shell geometry. An important role is also
played by the vorticity balance, w = V X u. Inside the
annular layer, a local concentration of vorticity is ob-
served, although its accumulation is limited by spatial
redistribution processes. Part of the vorticity is trans-
ported upward along the helical channels, part is dissi-
pated by viscosity, and part becomes involved in sec-
ondary toroidal recirculation structures. As a conse-
quence, the helical shell continuously exchanges
momentum and vorticity with the surrounding fluid
volume while preserving its coherent spatial organiza-
tion.

8. Secondary Toroidal Structures. The spatial
helical shell causes pressure redistribution throughout
the reservoir volume, resulting in the formation of sec-
ondary toroidal recirculation zones within the flow. In
this case, the pressure field may be represented as

p =po + Py cos(4¢ — kz) + P.(r, z) (30)

where p, corresponds to the axisymmetric pres-

sure component, P, characterizes the azimuthal modu-

lation associated with the quadrupole mode, and,

P.(r, z) describes the additional pressure induced by
the secondary toroidal flows.

Toroidal structures are formed in regions where a
longitudinal pressure gradient, dp/0dz # 0 appears. In
these zones, closed circulation contours arise: $u -
dl # 0, corresponding to localized fluid recirculation
regions.

The formation of toroidal structures is associated
with the spatial nonuniformity of the helical shell and
with the redistribution of angular momentum along the
reservoir height. In regions of reduced pressure, the
flow is drawn into the helical channels, whereas in re-
gions of elevated pressure a reverse fluid motion devel-
ops.

As a consequence, a system of closed toroidal cir-
culations interacting with the primary swirling flow is
formed inside the reservoir. The toroidal recirculation
zones modify the local distributions of velocity, pres-
sure, and vorticity, and also influence impurity
transport and the spatial stability of the helical shell.
Within these regions, additional local potential zones
arise in which the fluid may perform long-term circula-
tory motion around the helical structure.

9. Impurity Transport. The motion of a dye
droplet inside the swirling flow in a cylindrical reser-
voir with a rotating disk and a stationary central rod is
considered. After being introduced into the flow, the
droplet is initially entrained into the primary rotational

motion of the fluid and begins to move around the rod
under the action of the azimuthal velocity component.
Its trajectory is determined by the superposition of the
azimuthal, radial, and axial velocity components de-
fined in Eq. (3).

At the initial stage of motion, the droplet rapidly

acquires azimuthal velocity:
do/dt =u,/r = Q (31)
and begins to rotate around the central rod. Simul-
taneously, centrifugal forces generate radial fluid
transport:
dr/dt =u, ,F, = p(u3/r), (32)
as a result of which the droplet trajectory ceases to
be circular and acquires a spiral form. In the lower part
of the reservoir, where the influence of the rotating disk
is maximal, the droplet moves along an expanding hel-
ical trajectory:
dr/dt > 0,dg/dt = u,/r (33)

As the droplet approaches the stationary rod, the
flow decelerates due to the no-slip condition wu,(7;) =
0. Consequently, an annular shear layer is formed
around the rod:

du,/or # 0, (34)
within which the droplet undergoes intense
stretching and deformation along the streamlines. En-
tering the region of the helical shell, the droplet begins
to follow the spatial geometry of the modal structure.
Its trajectory acquires the form of a helical line:
@(2) = @o + kz, (35)
where k is the longitudinal wavenumber of the
helical mode.

If the flow remains stable, the droplet motion be-
comes localized inside one of the four azimuthal chan-
nels of the quadrupole mode described by

u'(r,,z) = A(r, z) cos(4¢ — kz). (36)

In regions of reduced pressure,

p(r,¢,z) = po(r,z) + P,(r, z) cos(4¢ — kz) (37)

the droplet accelerates and is drawn into the heli-

cal shell, whereas in regions of elevated pressure its

motion slows down. As a result, the trajectory becomes

spatially nonuniform: along the helical structure the
droplet periodically accelerates and decelerates.

As the droplet propagates upward through the res-
ervoir, it becomes involved in the spatial circulation of
the flow. Part of the impurity is transported upward
along the helical channels and may subsequently be-
come entrained into secondary toroidal recirculation
zones. Within such regions, closed circulation contours
arise:

$u-dl+0, (38)
corresponding to repeated circulatory fluid motion
around the helical shell.

If the droplet enters the interaction region between
the helical shell and a secondary toroidal vortex, the tra-
jectory acquires a complex spatial structure. The mo-
tion then consists of two superposed rotations: a rapid
azimuthal motion around the rod and a slower toroidal
transport along closed recirculation contours. As a con-
sequence, the trajectory assumes the form of a spatial
epicycloidal spiral.

Over time, the droplet is stretched due to shear
stresses:
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T= ,u(auq,/ar) , (39)
causing the initially compact impurity region to
transform into a thin helical filament re- producing the
geometry of the vortex shell. The further evolution of
the impurity is governed by the combined action of ad-
vection and diffusion and is described by the transport
equation
(dc/at) + (u-V)C = DV3C, (40)
where C(r,,z,t) is the dye concentration and
D is the coefficient of molecular diffusion.
At the initial stage, advective transport dominates:
(u-V)C >» DV3C, (41)
therefore the impurity is stretched into a long hel-
ical structure whose shape is determined by the geom-
etry of the vortex shell and the secondary recirculation
zones. At later stages, diffusive smoothing becomes in-
creasingly important, causing the concentration to
gradually equalize throughout the reservoir volume

Thus, impurity transport in the considered flow is
governed by the spatial organization of the swirling
motion. The droplet is successively entrained into the
primary rotation, drawn into the helical shell surround-
ing the stationary rod, interacts with secondary toroidal
structures, and gradually transforms into a complex
three-dimensional helical concentration structure.

10. r—z Cross-Section: Longitudinal Structure
(Fig. 2a and 4a). In the axisymmetric base state,
d/d¢ = 0and Eq. (5) reduces to the diffusion—convec-
tion transport equation for the angular velocity
Q(r,z) = uq,/r'

0 a0 920 | 3900 4%
St rug =v[E3+ 25+ 50 (42)

The operator containing the coefficient 3/r in
front of the first radial derivative reflects not the diffu-
sion of a scalar quantity but the diffusion of angular
momentum L = 720, for which the equation may be re-

written as
S ru st —+——+—](43)
at ul 2z Vo dz2

This clearly demonstrates that angular momentum
L transport is suppressed by the centrifugal term, caus-
ing angular momentum to concentrate near the outer
wall, while a sharp radial velocity gradient forms near
the rod. The meridional flow (u,,u,) is determined
from the continuity condition

(0(ru,)/or) + r(du,/0z) = 0 (44)
together with the momentum equations for the ra-
dial and axial velocity components.

Near the rotating disk, a von Karman layer devel-
ops: the fluid is spun up by the disk, centrifugal forces
eject it radially outward, and the axial pressure gradient
generates a compensating downward axial inflow.
Along the axis (or near the rod), a descending flow is
formed with a characteristic velocity of the order
u,~ —v/2Q? | which reaches its maximum inside
the von Karman layer and decreases according to a
power law with increasing distance from the disk. Out-
side the annular shear layer, a weak upward recircula-
tion develops, closing the meridional circulation cell.
Consequently, the dependence  u,(r) becomes
sign—changing: near 7; a negative minimum is ob-
served, whereas for r > 7, the velocity becomes weakly
positive.

[ 30L

Radial momentum transport also exhibits a dual
structure. Near the upper boundary, tangential injection
produces a weak inward-directed flow: the fluid ac-
quires swirl and slowly drifts toward the axis. Near the
bottom, in contrast, a weak outward radial flow devel-
ops. Therefore, impurity particles introduced from
above experience both axial descent and a slow inward
radial drift, making their trajectories fundamentally dif-
ferent from purely vertical settling.

The azimuthal velocity field inside the annular
layer is well approximated by

u,(r,z) =Upf(2)g(r),  (45)
where f(2) =(z/H) g() =
tanh((r —1ry;)/8,). The function f(z) describes the

weakening of the disk influence with height (a =
0.5 —1), a g(r) models a shear layer of thickness J;.
The radial shear reaches its maximum at r = r; :

u Uof(2)

e, = 5 40)

The key stability parameter is the Reynolds num-
ber of the layer Re, = U, &,/v . When the critical value
Re; =~ 150 — 300 is exceeded, the axisymmetric flow
becomes unstable with respect to azimuthal perturba-
tions.

The stability of the annular layer is governed by
the competition between centrifugal forces and Kelvin-
Helmholtz-type shear instability. A necessary instabil-
ity condition is given by the generalized Rayleigh—
Fjertoft criterion:

a[1a(r%q
w752 =0 (47)

This condition implies the presence of an inflec-
tion point in the circulation distribution. In the consid-
ered annular layer, such an inflection point exists by
construction and is localized near r; therefore, azi-
muthal modes m = 1,2, 3. arise at sufficiently large
Reynolds numbers. For typical parameters, the domi-
nant nonlinear modal state involves the dipole mode
m=2 together with its second harmonic m = 4.

The growth of this mode is described as a small
perturbation of the base flow:
uy(r, @,2,t) = Uy(r,2) + £, (7, 2) cos(mp — wt) ,

(48)

where the complex frequency w = w, + iw; has a
positive imaginary part w; > 0 in the unstable region.
The eigenfunction i, (7, z) is localized near r; and de-
cays exponentially on both sides of the layer. Along the
axis, it forms a standing or weakly traveling wave with
axial wavenumber k,, while the phase velocity c,, =
w,/m is close to the mean azimuthal velocity inside the
layer. It is precisely this spatially periodic structure that
forms the observed “shell.” The constant-amplitude
surface of the perturbation is described as a deformed
cylinder:

Tsneu(®,z) =13 + Acos[m(p — k,2)] , (49)

where k, = m/Hn for an integer number of half-

waves n along the reservoir height. In the r — z cross-

section, after averaging over ¢, only the envelope of

this structure is observed - two nearly vertical bands lo-

cated on both sides of r, within which vorticity is con-
centrated.

For an axisymmetric flow, the vertical vorticity
component is
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w, = (1/r)(6 (ruq,)/ar) , (50)
while the azimuthal component is
w, = (0u,/0z) — (Qu,/dr) . (51)
For the profile
g(r) = tanh((r —r)/85)  (52)

one obtains

w, (1) = (Uof (2)/85) sech?((r — 1) /6) , (53)

that is, a function possessing a sharp maximum at
7, and a characteristic width of order J; .

The total circulation flux through a horizontal
Ccross-section,

['=¢u,dl =2nru, (54)

decreases with increasing distance from the disk

due to viscous dissipation and axial transport:
ar 3 [10(rup)] r

= Vol o | (55)

This corresponds to the gradual spreading of the
annular vortex layer as the fluid is transported upward.

The velocity vectors in the r-z cross-section reflect
the meridional circulation: inside the annular layer
(r = 1), the vector (u,,u,) is directed downward and
slightly inward, forming a descending spiral. Outside
the layer (r > r;), a weak upward motion develops,
closing the toroidal circulation cell. Near the rod, the
pressure is reduced because of the centrifugal deficit;
therefore, a weak descending flow usually persists di-
rectly along the rod surface.

The combination of these processes forms the ob-
served pattern: a vertically elongated closed vortex
layer with radius r; , a descending core, and an ascend-
ing periphery. It is precisely along this descending
spiral trajectory that a passive impurity introduced from
above is transported toward the disk while simultane-
ously spreading azimuthally due to molecular and tur-
bulent diffusion.

11. Diffusion and circulation (numerical calcu-
lation).

The constructed model considers an axisymmetric
viscous flow of an incompressible fluid in a cylindrical
reservoir with a stationary sidewall and central rod, a
rotating disk at the bottom end, and tangential fluid in-
jection at the upper boundary. The main tool for de-
scribing the meridional flow is the stream function
Y(r, z), introduced from the incompressibility condi-
tion V-u = 0. In cylindrical coordinates, the continu-
ity equation is written as follows:

(1/r)(@(ru,.)/or) + (0u,/0z) =0 (56)

This equation is automatically satisfied if the ve-
locity components are defined through the stream func-
tion as:

u, = (1/r)(0y/0z),u, = —(1/7)(0y/0r) (57)

With this definition, each line ¥ = const repre-
sents a streamline of the meridional flow in the (r, 2)
plane. The specific form of the stream function is cho-
sen as follows:

Y(r,z) = Ar?(1 — r)[sin(mz/H)(1 +
0.6 sin(2mz/H))](1 + 0.4 exp(— z/0.08)) (58)

The first factor, 72(1 — r) ensures that 1y becomes
zero both on the rod surface at r = r,,,4, and on the
outer wall at r = R, which corresponds to the no-slip
condition on solid boundaries. The maximum of this
polynomial is reached at » = 2R /3 , that is, approxi-
mately in the middle part of the gap between the rod

and the wall. This position determines the radial coor-
dinate of the center of the main toroidal recirculation
cell. The second factor, containing the first and second
harmonics in z, sin(wz/H)(1 + 0.6sin(2nz/H)),
shifts the maximum of the stream function to the lower
third of the reservoir. Numerically, the maximum is
reached near z ~ 0.28H , which reflects the physical
influence of the rotating disk. Through the Karman
layer, the disk creates an intense radial outflow of fluid
and forms a downward axial flow along the rod.

The third factor, exp(—2z/0.08) enhances the
stream function near the lower endwall, simulating the
intensified meridional motion in the Karman layer of
thickness 8, ~(v/Q)/2 , where v is the kinematic vis-
cosity and Q is the angular velocity of the rotating disk.

The meridional velocity components are calcu-

lated numerically using the central difference scheme:
ll[}(r,Z+E)—1/}(T,Z—E)
T 2&

1Y(r+ez)-Y(r—gz)
U (r,z) = ==

where ¢ = 10™* in normalized units. Such a ve-
locity field satisfies the continuity equation with ma-
chine precision, since it is constructed as an exact dif-
ferential of the stream function.

Inside the recirculation cell, the fluid moves along
closed toroidal orbits. Near the rotating disk, the fluid
is spun up and, under the action of centrifugal force, is
thrown toward the wall; it then rises upward along the
outer boundary, turns in the upper part of the reservoir,
and descends back along the rod. The trajectories are
determined by the condition y = const, while the local
velocity along the orbit is proportional to [Vi|/r. The
azimuthal velocity component is specified separately in
the form

u,(r,z) = QRB[1 — 0.6B] exp(—2/Zgecay) , (60)
where B = (r — 194) /(R — 19q) 1S the dimen-
sionless normalized radial coordinate inside the annular
gap between the central rod and the outer wall of the
reservoir, r is the current radial position of the flow
point, 7;.,4 is the radius of the central rod, and R is the
inner radius of the outer wall of the reservoir; z;ecq, =
H(0.3 —0.025Q) is the characteristic decay scale of
the rotational influence along the vertical direction

At 1 = 1754 , the no-slip condition u, = 0 is sat-
isfied, while at » = R the velocity approaches a con-
stant value specified by the tangential fluid injection.
The quadratic radial profile corresponds to Couette
flow with a correction for the centrifugal redistribution
of angular momentum. At Reynolds numbers Re =
U8, /v of the order of several hundred, the profile ac-
quires a characteristic inflection in the region of maxi-
mum shear du,, /dr , located near the radius ; .

The streamlines are constructed by numerical in-
tegration of the system

dr/ds = u,(r,z),dz/ds = u,(r,z) (61)

using the fourth-order Runge—Kutta method with

a step size ds =0.003. From each starting point

(10, 2o) a trajectory of up to 2000 steps is integrated.

The integration is terminated when the boundary of the

domain is reached or when the streamline closes upon
itself:

uy(r,z) = (59)

6712 + |62]? < 10~ (62)
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The set of obtained curves forms a structure visu-
ally analogous to experimental patterns of meridional
flow: a single large toroidal cell with its center located
near v, = 0.3R,z. =~ 0.28H , densely filled with closed
orbits inside and radial trajectories near the periphery.

The vortex (velocity) map in the background dis-
plays the normalized field u,, /uy, mq Where the dark
blue color corresponds to an almost zero velocity near
the rod and the upper boundary, while the turquoise-
green color represents the maximum azimuthal velocity
near the outer wall. This map reflects the distribution of
the rotational kinetic energy dissipated in the annular
shear layer. The viscous dissipation power is given by

_ 3 ()12
Eaiss = VT ar (7)] (63)
integrated over the volume. The motion of a pas-
sive admixture is described by the advection—diffusion
equation:
ac ac ac 190 ac a%c
St g =D [ (r5) + 2] 69
where D is the molecular diffusion coefficient and
C is the admixture concentration. In the Lagrangian for-
mulation, the trajectory of each particle satisfies the
equations
dr/dt = u,(r,z) +&,,dz/dt = u,(r,z) + &, (65)
where &, and &, are Gaussian random increments
with variance o2 = 2D dt , modeling molecular diffu-
sion. The integration is performed using the fourth-or-
der Runge—Kutta method with the subsequent addition
of the stochastic contribution. Particles are introduced
at the upper boundary of the reservoir at z = H,r, =
Troq + 0.45R, with a small random spread &r ~
0.02R. After injection, they are captured by the merid-
ional circulation and move inside the recirculation cell,
gradually dispersing due to diffusion. The characteris-
tic residence time of a particle inside the cell is esti-
mated as ¢y ~ H/|uyl,,,,, » Which, for typical param-
eters, amounts to several seconds. During this time, the
diffusive spreading has a scale €4;rr ~ (D Teen)¥/? .
For D =8x10"*and 1,y ~5sec,we  obtain
€airr~0.06R, which is of the same order as the thick-
ness of the annular shear layer &;.

12. Boundary of Influence of the Helical Shell.
The boundary of influence of the helical shell is defined
as the region within which the amplitude of the azi-
muthal mode remains comparable to the intensity of the
main swirling flow. Within this zone, the helical struc-
ture significantly modifies the distributions of velocity,
pressure, and vorticity, whereas outside it the flow
gradually returns to a quasi-axisymmetric rotational
state.

The velocity field is represented as a superposition
of the mean swirling flow and a spatial modal disturb-
ance:

u=u,+u'. (66)

Here, u, corresponds to the main axisymmetric
rotational motion, while u’ describes the helical azi-
muthal mode, u’'(r, ¢,z) = A(r,z) cos(4@ — kz). The
amplitude of the modal disturbance is maximal inside
the annular shear layer and decreases with distance
from it. The radial distribution of the amplitude is ap-
proximated by

A(r,z) = Ay(2) exp [— (r— ro(z))z/Zasz] , (67)

where 1,(z) is the mean radius of the helical shell,
and o, is the characteristic thickness of the region in-
fluenced by the mode. The strongest effect of the heli-
cal structure is observed at r =~ 1,(z) , where the main
velocity gradients and maximum vorticity values are
localized. With increasing distance from this region,
the modal amplitude rapidly decreases: A(r,z) — 0.
The boundary of influence is defined by the condition
under which the energy of the modal disturbance be-
comes small compared with the energy of the main
flow: |u'|/|ugl <e , where &<« 1. Typically,
&~ 0.05 — 0.1. Then the radius of the influence region
is determined by the condition

A1y, z) = eApax(2) (68)
from which, for a Gaussian amplitude distribution,

one obtains:
1,(2) = 19(2) + 054/21In(1/€) (69)

The obtained surface forms a spatial boundary
within which the flow retains the influence of the heli-
cal mode. Inside this region, the flow is characterized
by pronounced azimuthal nonuniformity:

du,/dr #0,0p/d¢ # 0,w, # const. (70)

Within the region of influence, the azimuthal mod-
ulation of pressure, the spatial deformation of stream-
lines, local pressure minima, and increased vorticity
concentration are preserved.

Beyond this boundary, the influence of the helical
shell rapidly weakens. In this case, the flow gradually
returns to the mean swirling motion: u(r,¢,z) =
u,(r, z), the azimuthal pressure gradients decrease,
dp/d¢ — 0, and the streamlines become close to con-
centric circles. Physically, this boundary corresponds to
the region where the vortex energy of the helical mode
decays. Inside it, the flow remains coupled to the annu-
lar shear layer near the stationary rod, whereas outside
it the global circulation of the reservoir dominates.
Since the helical shell possesses a spatial spiral geome-
try,

¢(2) = @y + kz, (71)

the boundary of its influence also takes the form

of a spatial helical surface. This surface is not a cylinder

of constant radius and deforms along the reservoir

height due to variations in the thickness of the shear

layer, the influence of inlet and outlet flows, pressure
redistribution, and the gradual decay of vorticity.

Thus, the region influenced by the helical shell
represents a spatial annular volume surrounding the sta-
tionary rod, within which a coherent helical organiza-
tion of the flow is maintained. Outside this volume, the
helical mode gradually decays, and the flow transitions
to a more homogeneous swirling state.

13. Vertical Transformation of the Quadrupole
Helical Mode. In the lower part of the reservoir near
the rotating disk, the most energetically saturated re-
gion of the swirling flow is formed. It is precisely here
that the flow receives the maximum angular momen-
tum, as a result of which the circumferential velocity
reaches its highest values: u,~ Qr. In this region, an
intense annular shear layer develops near the stationary
central rod, where the condition du,/dr # 0 is satis-
fied.

High velocity gradients lead to an increase in iner-
tial stresses, a; ~ p(u2/R,.), as a result of which the
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helical structure in the lower part of the reservoir un-
dergoes pronounced nonlinear deformation. The lobes
of the quadrupole mode become elongated, the spatial
curvature of the streamlines increases, and the outer
surface of the shell begins to experience radial oscilla-
tions. In this zone, the flow is characterized by maxi-
mum vorticity and the most intense pressure redistribu-
tion. Pressure minima are concentrated inside the heli-
cal channels, leading to local acceleration of the fluid
motion and enhanced spatial swirling.

In the lower part of the reservoir, the spatial struc-
ture is characterized by a high amplitude of azimuthal
modulation described by expression (1), while the func-
tion A(r, z) reaches its maximum at small values of the
coordinate z. The intense energy input from the rotating
disk leads to the formation of pronounced radial-azi-
muthal flows that enhance the nonlinear deformation of
the helical shell. In this region, the quadrupole mode
possesses the maximum spatial curvature and the

strongest deviation from the axisymmetric state. As the
distance from the rotating disk increases and the flow
moves upward through the reservoir, the intensity of
the swirl gradually decreases. Viscous dissipation and
redistribution of angular momentum lead to a reduction
in the amplitude of the azimuthal mode: A(r,z) | . At
the same time, the local vorticity decreases:
w, = (l/r)(a (ru(p)/ar). (72)
The upper region of the reservoir is characterized
by a smoother and more stable geometry of the helical
shell. The spatial structure retains the quadrupole sym-
metry m = 4; however, the deformation of the lobes
decreases, and the phase lines become smoother. In this
zone, the local curvature of the shell decreases, inertial
stresses are reduced, and the radial-azimuthal exchange
of momentum weakens. The flow gradually transitions
to a more relaxed state, close to a stationary coherent
helical mode.

Figure 5. Nonlinear deformation of the quadrupole helical mode in the cross section of the annular swirling
layer. Spatial configurations of the azimuthal mode m = 4, corresponding to different levels of nonlinear defor-
mation of the helical shell, are shown. The color structure reflects the distribution of swirl intensity and local
vorticity, while the spiral lines demonstrate the spatial redistribution of angular momentum inside the deformed
annular layer surrounding the stationary central rod.

Since the spatial phase shift 8(z) = kz (73) is
preserved throughout the entire height of the reservoir,
the transverse quadrupole structures remain intercon-
nected by a unified helical geometry. However, the in-
tensity of this coupling decreases with increasing dis-
tance from the region of maximum energy input. As a
result, the lower part of the reservoir corresponds to a
regime of strong nonlinear deformation of the shell,
whereas the upper region is characterized by a more sta-
ble and more symmetric spatial organization of the
flow.

Thus, the helical shell is formed in the lower part
of the reservoir as an energetically saturated nonlinear
structure with a high concentration of angular momen-
tum and intense spatial swirl. Then, as it propagates up-
ward, it gradually loses part of its energy, becomes
smoother, and transitions to a more stable spatial state
(Fig. 5).

14. Criteria for the Onset and Breakdown of
the Mode. The onset of the quadrupole azimuthal mode
occurs when the local Reynolds number reaches the
critical value Reg; = Re; ... In this region, the flow
loses complete axial symmetry, and a stable quadrupole
structure with m = 4 develops inside the annular vor-
tex layer. The formation of the mode is associated with

the development of an azimuthal instability in the re-
gion of maximum radial gradients of the circumferen-
tial velocity, du,/dr # 0. With a further increase in
the swirl intensity, the quadrupole mode acquires a spa-
tial phase shift along the reservoir height, as a result of
which the transverse structures merge into a single hel-
ical shell.

Within the range of moderate Reynolds numbers,
the helical structure retains its coherence due to the bal-
ance between angular momentum input, pressure gra-
dients, and viscous dissipation. In this regime, the flow
is characterized by a stable spatial organization and the
existence of stationary helical channels for momentum
transport. With a further increase in the local Reynolds
number, Re; = 10* the helical shell begins to lose sta-
bility. Longitudinal oscillations, local phase shifts, and
unsteady deformations of the shell arise within the
structure. The spatial coherence is gradually disrupted,
after which the shell breaks up into separate unsteady
vortex tubes and localized vortex structures.

The breakdown of the shell is accompanied by an
intensification of three-dimensional velocity fluctua-
tions, enhanced turbulent mixing, and the appearance
of spatially disordered vortex regions. In this regime,
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the flow undergoes a transition from an organized heli-
cal mode to a complex unsteady swirling flow.

The evolution of the structure with increasing
swirl intensity may be represented by the following se-
guence: axisymmetric cross section - m = 4 — helical
shell — precession — vortex chaos. Thus, the quad-
rupole helical mode exists within a limited range of pa-
rameters, inside which a balance is maintained between
the mechanisms of swirl generation, spatial modulation
of the vortex layer, and viscous energy dissipation.

15. Additional Analysis of the Spatial Struc-
ture.. In the considered regime, the swirling flow pos-
sesses a pronounced spatial organization. The forming
helical shell is not an isolated concentrated vortex, but
rather a spatially deformed annular layer of angular mo-
mentum transport localized around the stationary cen-
tral rod. As the swirl intensity increases inside the res-
ervoir, stable regions of local accumulation of Kinetic
energy, enhanced vorticity, and reduced pressure arise.
These regions merge into helical channels associated
with the quadrupole azimuthal mode.

The spatial geometry of the shell is determined by
the phase shift of the transverse modes along the reser-
voir height. As a consequence, neighboring horizontal
cross sections become rotated relative to one another,
while the maxima of swirl connect into continuous hel-
ical lines. Such an organization of the flow corresponds
to a standing helical mode within a confined cylindrical
volume, inside which a coherent spatial coupling be-
tween the transverse quadrupole structures is main-
tained.

Inside the helical shell, intense transport of energy
and momentum takes place. Centrifugal forces tend to
expand the annular vortex layer, whereas pressure gra-
dients and viscous stresses confine the structure to a
limited region near the stationary rod. As a result, a dy-
namic balance is formed between the angular momen-
tum input from the rotating disk and viscous energy dis-
sipation inside the shear layer.

A special role is played by the interaction of the
helical shell with secondary toroidal recirculation
zones. These structures arise due to pressure redistribu-
tion along the reservoir height and lead to the formation
of local closed circulation contours. Consequently, a
complex system of interconnected vortex structures of
different spatial scales is formed inside the reservoir.

The distribution of a passive admixture in the con-
sidered flow also acquires a spatially organized charac-
ter. The injected dye is stretched along the helical chan-
nels and forms thin spiral concentration filaments. The
transport rate of the admixture is determined not only
by the global rotation of the fluid, but also by the local
geometry of the azimuthal modes and the secondary re-
circulation zones.

Of additional interest is the relationship between
the observed structure and wave regimes in swirling
flows. The spatial organization of the shell resembles a
standing-wave configuration in cylindrical resonant
systems. The pressure field contains stable azimuthal
maxima and minima, while the structure itself pos-
sesses a pronounced modal organization and retains co-
herence within a limited range of flow parameters.

The obtained results make it possible to regard the
helical shell as a coherent hydrodynamic structure aris-
ing from the loss of complete axial symmetry of the an-
nular shear layer near the stationary central rod. The
spatial organization of the flow is determined by the
combined action of swirl, viscosity, pressure gradients,
and the geometric confinement created by the internal
stationary obstacle.

16. Discussion. The obtained results demonstrate
that the presence of a stationary central rod radically
alters the structure of the swirling flow in a cylindrical
reservoir. Instead of forming a continuous axial vortex
core, an annular shear layer arises which, at sufficiently
large values of the local Reynolds number, becomes a
source of azimuthal instability.

A distinctive feature of the considered regime is
the formation of a stationary quadrupole mode with
m = 4. Unlike classical Taylor-Couette vortices, the
observed structure is not associated with the formation
of periodic annular vortices between rotating cylinders.
In the present configuration, a spatial deformation of a
hollow vortex shell around a stationary internal obsta-
cle develops. The main transport of angular momentum
occurs within a confined annular layer, which loses
complete axial symmetry and transitions to a spatially
nonuniform state.

The obtained structure possesses several proper-
ties of a coherent hydrodynamic mode. It is character-
ized by spatial phase synchronization of transverse
cross sections, a stable pressure distribution, a station-
ary geometry of the helical shell, an internal force bal-
ance, and the existence of stable recirculation zones.
The spatial organization of the flow is maintained
through the interaction of centrifugal forces, pressure
gradients, viscous dissipation, and the continuous input
of angular momentum from the rotating disk.

The helical shell may be interpreted as a spatially
deformed surface of angular momentum transport lo-
calized inside the annular shear layer. At the same time,
the structure itself is not an individual concentrated vor-
tex, but rather a modal deformation of the swirling flow
within a confined cylindrical volume.

Of particular interest is the relationship between
the transverse quadrupole structures and the spatial hel-
ical shell. The transverse modes represent horizontal
cross sections of a single three-dimensional helical sur-
face, whereas the longitudinal recirculation regions
correspond to projections of this spatial structure onto
the (7, z) plane. The obtained results show that the hel-
ical shell substantially affects the entire hydrodynamic
organization of the flow inside the reservoir. The spa-
tial mode induces secondary toroidal recirculation
structures, modifies the pressure distribution, and de-
termines the character of admixture transport through-
out the fluid volume.

Thus, the considered system demonstrates a tran-
sition from an axisymmetric swirling flow to a complex
spatially organized modal structure arising from the in-
teraction between rotational motion and an internal sta-
tionary obstacle. Moreover, it was observed that the en-
hancement of admixture concentration near the mean
radius of the annular shear layer with increasing azi-
muthal mode number m is caused by the simultaneous
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action of three interconnected mechanisms. First, as
m increases (m = 1,2,3,4), the number of intersec-
tions between the deformed vortex shell and the region
T = 15 increases, thereby raising the probability of par-
ticle residence near the mean radius of the layer. Sec-
ond, a mechanism of parametric dynamical trapping
arises, associated with the fact that azimuthal oscilla-
tions of the shell create a periodic forcing on the radial
motion of particles. When the resonance condition
MQepenn = Winertia 1S Satisfied, radial deviations are
amplified in such a way that particles remain near r; for
a longer time. Finally, at sufficiently large values of m,
when the condition m > m,.;; is satisfied, the mecha-
nism of diffusive trapping begins to dominate. In this
regime, transverse diffusion is no longer able to
transport particles beyond the boundaries of the indi-
vidual azimuthal cells of the shell, and the admixture
becomes localized inside the annular layer. All three
mechanisms act coherently and lead to an increasingly
strong concentration of the admixture within the main
annular shear layer as the azimuthal mode number in-
creases.

17. Conclusion.

This work investigates the spatial organization of
swirling fluid flow in a cylindrical reservoir with a ro-
tating disk and a stationary central rod. It is shown that
the presence of an internal stationary obstacle leads to
the formation of an annular shear layer near the rod sur-
face, where strong radial gradients of azimuthal veloc-
ity and localized vorticity concentration arise.

Based on spectral decomposition of the perturba-
tion field into azimuthal modes, it is established that the
loss of stability of the annular layer is accompanied by
the development of non-axisymmetric spatial modes.
The results indicate that the most physically consistent
mechanism responsible for the observed four-sector
structure is the development of the primary dipole
mode m=2 followed by nonlinear generation of the sec-
ond harmonic m = 4. As a result, the flow evolves into
a mixed modal state m = 2 + m = 4, forming a spatial
helical shell around the stationary central rod.

It is shown that the quadrupole structure arises as
a consequence of nonlinear self-interaction of the di-
pole mode and redistribution of vorticity within the an-
nular shear layer. The presence of a longitudinal phase
shift transforms the transverse azimuthal modes into a
unified three-dimensional helical structure extending
along the height of the reservoir.

The obtained results demonstrate that the helical
shell does not represent an independent concentrated
vortex core, but rather a spatially modulated surface of
angular momentum transport and vorticity localization
surrounding the stationary rod. The stability of this
structure is governed by the balance between centrifu-
gal forces, radial pressure gradients, viscous dissipa-
tion, and continuous angular momentum input from the
rotating disk.

The study further shows that the helical modal
structure induces a complex spatial redistribution of ve-
locity, pressure, and vorticity inside the reservoir and
leads to the formation of secondary toroidal recircula-
tion zones. The influence region of the helical mode is
limited to the domain where the amplitude of azimuthal

perturbations remains comparable to the intensity of the
primary swirling flow. Outside this region, the flow
gradually returns to a quasi-axisymmetric rotational
state.

Analysis of passive scalar transport demonstrates
that the motion of the tracer is governed by the geome-
try of the helical channels and secondary recirculation
structures, causing the scalar field to stretch into thin
spiral concentration filaments that follow the shape of
the helical shell.

Thus, the investigated structure may be regarded
as a coherent spatial modal organization of the annular
swirling layer inside a confined cylindrical volume
with an internal stationary obstacle. The proposed
physical and mathematical interpretation may be useful
for the analysis of swirling flows in vortex devices, ro-
tor reactors, hydrodynamic mixers, intensive liquid
mixing systems, and in studies of spatial modes and in-
stabilities in rotating flows.

18. Limitations of the Model.

The physical and mathematical model presented in
this work describes the spatial organization of swirling
flow in a cylindrical reservoir with a rotating disk and
a stationary central rod based on a modal interpretation
of the annular shear layer. The proposed approach com-
bines qualitative spectral analysis, modal decomposi-
tion, and phenomenological reconstruction of the heli-
cal vortex structure. Nevertheless, the model possesses
several important limitations associated both with the
adopted approximations and with the absence of a com-
plete three-dimensional stability analysis.

Although the present study includes spectral de-
composition of the perturbation field into azimuthal
Fourier modes and identifies the dominant contribu-
tions of the m = 2 and m = 4 harmonics, a rigorous
eigenvalue analysis of the linearized Navier—Stokes op-
erator was not performed. In particular, the complete
spectrum of unstable modes, their exact growth rates,
and critical transition thresholds were not explicitly cal-
culated. Therefore, the proposed modal selection mech-
anism should be regarded as a physically motivated
spectral model rather than a strict solution of the hydro-
dynamic stability problem.

In the present work, the quadrupole spatial struc-
ture is interpreted primarily as a nonlinear consequence
of dipole instability and its second harmonic. However,
the relative contributions of centrifugal instability, Kel-
vin—Helmholtz-type instability, and nonlinear mode in-
teraction were not quantitatively separated. A complete
stability analysis would require direct computation of
the global eigenmodes of the swirling flow.

Another limitation is associated with the absence
of direct numerical simulation of the fully unsteady
three-dimensional flow using DNS or LES approaches.
The presented helical shells correspond to modal recon-
structions and conceptual representations of the annular
vortex layer rather than fully resolved turbulent flow
fields. Consequently, small-scale turbulent fluctuations
and unsteady vortex interactions are not captured
within the framework of the present model.

The study also lacks direct experimental valida-
tion using PIV measurements, tomographic visualiza-
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tion, laser diagnostics, or other flow measurement tech-
niques. Therefore, the proposed spatial structures
should presently be regarded as physically consistent
theoretical interpretations of the modal organization of
swirling flow.

An additional simplification is associated with the
phenomenological representation of the modal ampli-
tude in the form of a Gaussian distribution:

A(r,z) = Ay(2) exp [— (r- ro(z))Z/ZUSZ] ,

which is introduced to describe the localization re-
gion of the helical structure. In reality, the amplitude
distribution may depend on boundary conditions, reser-
voir geometry, angular momentum injection intensity,
turbulence level, and nonlinear vortex interactions.

The model also neglects possible effects associ-
ated with the free surface, cavitation, unsteady inflow
conditions, density stratification, thermal inhomogene-
ity, and fluid compressibility. The analysis is restricted
to the case of an incompressible homogeneous fluid
with a statistically stationary mean swirl regime.

Despite these limitations, the proposed interpreta-
tion provides a physically consistent description of the
mechanism responsible for the loss of axial symmetry
in the annular shear layer, the nonlinear interaction of
azimuthal modes, and the formation of coherent helical
vortex structures around the stationary central rod. The
obtained results may serve as a basis for future global
stability analysis, fully three-dimensional numerical
simulations, and experimental investigations of spatial
modes in swirling flows.
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