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Abstract 

A geometric model of a twisted bipolar outer shell surrounding a vortex kern is proposed for describing a 

smooth bipolar microvortex structure with continuous helical filaments. The bipolar coordinate system is derived 

from a complex Möbius (fractional linear) transformation that maps two distinguished poles to the origin and 

infinity, followed by the application of the complex logarithm. An analytical representation of the coordinate map-

ping is obtained, and the circular nature of the coordinate curves, the orthogonality of the coordinate families, and 

the conformal form of the metric are established. To describe the internal rotation of the shell, a smooth twist 

function, 𝛺(𝜏), is introduced, transforming the angular coordinate according to 𝜎′ = 𝜎 + 𝛺(𝜏). It is shown that 

this transformation converts the untwisted bipolar coordinate network into a system of continuous helical filaments 

while preserving the bipolar topology, the number of poles, and the local smoothness of the mapping. The Jacobian 

of the transformation, the metric tensor, and the conditions for orientation preservation are investigated. A numer-

ical study employing the localized twist function 𝛺(𝜏) = 𝑘 tanh(𝜆𝜏) demonstrates that increasing the twist pa-

rameter leads to an increase in filament length and curvature and to the formation of a pronounced helical structure 

surrounding the inner vortex kern. The proposed construction provides a geometric framework for further investi-

gations of the stability, helicity, and topological invariants of closed vortex shells. 
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1. Introduction. The study of vortex structures is 

one of the fundamental research directions in modern 

hydrodynamics, mathematical physics, and geometric 

mechanics. Vortices arise in a wide range of natural and 

engineering processes, including turbulent flows, at-

mospheric and oceanic circulation, plasma physics, 

biomechanics, and aerodynamics. Despite significant 

advances in computational modeling, the geometric 

structure of individual vortices and the mechanisms 

governing the formation of their internal shells remain 

subjects of active investigation. 

The classical theory of vortex motion originates 

from the work of Hermann von Helmholtz [1], who for-

mulated the fundamental laws governing the evolution 

of vortex tubes in an ideal fluid. These ideas were sub-

sequently developed by William Thomson, 1st Baron 

Kelvin, who demonstrated that the circulation around a 

material contour is conserved over time under the as-

sumptions of ideal hydrodynamics. Kelvin's circulation 

theorem became one of the cornerstones of the geomet-

ric interpretation of vortex flows, establishing a funda-

mental relationship between fluid motion and the 

preservation of the topology of vortex lines. 

During the twentieth century, vortex theory under-

went substantial development through studies of vortex 

filaments and vortex tubes. It was established that vor-

ticity is naturally transported by the fluid flow and that 

vortex filaments possess a high degree of geometric co-

herence and structural stability. Significant contribu-

tions to the understanding of the local geometry of vor-

tices were made by Luigi da Rios, Horace Lamb, Philip 

G. Saffman, Harry Bateman, and many other research-

ers [3-8, 23, 32-35, 38-42], who investigated the evolu-

tion of thin vortex filaments and their relationship to the 

governing equations of hydrodynamics. 

Simultaneously, methods of differential geometry 

underwent rapid development [9-16, 24, 26-27, 36-37]. 

The introduction of the Frenet–Serret frame made it 

possible to describe vortex lines as space curves char-

acterized by curvature and torsion. It was subsequently 

shown that the local geometry of a vortex filament is 

directly related to its dynamical evolution [40-42]. Of 

particular importance is the Hiroshi Hasimoto transfor-

mation, which converts the localized induction equa-

tion of a vortex filament into the nonlinear Erwin 

Schrödinger equation [31]. This remarkable result es-

tablished, for the first time, a profound connection be-

tween the geometry of space curves and nonlinear wave 

phenomena. 

Considerable attention has also been devoted to 

the study of topological invariants of vortex structures. 

The work of Henry Keith Moffatt [6-7] demonstrated 

that helicity is an integral measure of the mutual linkage 

and knottedness of vortex lines and may be regarded as 

a topological invariant of the flow. The theory was later 

extended through the introduction of Heinz Hopf 

invariants, which provide a rigorous algebraic-

topological framework for describing complex spatial 

entanglements of vortex filaments [28-30]. 

In parallel, methods of conformal geometry and 

complex analysis were actively developed [17-20]. The 

stereographic projection, Möbius transformations, and 

complex coordinate systems became powerful tools for 
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the investigation of surfaces of constant curvature [38, 

40]. Conformal mappings preserve the angles between 

intersecting curves and are therefore particularly well 

suited for the analysis of vortex flows, whose local 

structure is primarily determined by the angular prop-

erties of rotational motion. 

A special role is played by the theory of bipolar 

coordinates [21-25]. This coordinate system arises nat-

urally in the presence of two fixed poles and is widely 

used in electrostatics, potential theory, and conformal 

mapping. Bipolar coordinates are defined by the 

transformation 

𝑥 =
𝑎 sin 𝜎

cosh 𝜏 − cos 𝜎
,   𝑦 =

𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
, (1) 

where the parameter 𝑎 determines the distance 

between the two foci of the coordinate system. Owing 

to the conformality of this mapping, the coordinate 

curves form two orthogonal families of circles, making 

bipolar coordinates a convenient tool for describing 

bipolar geometric objects. 

In classical applications, bipolar coordinates are 

used primarily for solving elliptic equations and prob-

lems of potential theory [24]. However, their applica-

tion to the description of the internal structure of vortex 

shells has remained virtually unexplored. Meanwhile, 

the presence of two singular points naturally corre-

sponds to the model of a vortex kern having two ends 

connected by a common internal structure. 

In the present work, a geometric model is consid-

ered in which the microvortex shell is described not as 

a collection of independent vortex surfaces but as a sin-

gle smooth two-dimensional manifold with two poles. 

The principal element of the model is an internal twist 

of the coordinate system, described by the smooth func-

tion 

𝜎′ = 𝜎 +  Ω(𝜏),                      (2) 

where the function 𝛺(𝜏) specifies the distribution 

of the internal rotation angle along the axis of the vortex 

kern. This formulation makes it possible to describe the 

continuous formation of helical filaments without vio-

lating the smoothness of the surface. 

It should be emphasized that the proposed model 

is a geometric construction. It is not derived directly 

from the Navier–Stokes equations and is not intended 

to describe the complete hydrodynamic process. Its 

purpose is to establish a mathematically consistent ge-

ometry of a vortex shell that can subsequently serve as 

a foundation for further investigations of its dynamics, 

stability, helicity, and topological invariants. 

The primary objective of the present work is to de-

velop an analytical model of a twisted bipolar shell, to 

investigate its metric properties, to derive the condi-

tions for the smoothness of the mapping, and to analyze 

the geometric characteristics of the resulting vortex fil-

aments. Particular attention is devoted to the manner in 

which the local coordinate twist transforms the orthog-

onal bipolar coordinate network into a system of con-

tinuous helical lines connecting both ends of the inner 

vortex kern and forming a single closed vortex shell. 

2. Rigorous Derivation of Bipolar Coordinates 

from a Complex Mapping. 
Consider the complex plane with coordinate 

𝑧 = 𝑥 + 𝑖𝑦              (3) 

and fix two distinguished points 

𝐹+ = 𝑖𝑎, 𝐹− = −𝑖𝑎, 𝑎 > 0.      (4) 

In Cartesian coordinates, these points are given by 

𝐹+ = (0, 𝑎), 𝐹− = (0, − 𝑎).      (5) 

To construct the bipolar coordinate system, we in-

troduce the Möbius (fractional linear) transformation 

𝜁 =  (𝑧 − 𝑖𝑎) (𝑧 + 𝑖𝑎)⁄ .         (6) 

This transformation maps the upper pole 𝑧 = 𝑖𝑎 to 

the origin of the complex plane: 

𝑧 = 𝑖𝑎 ⟹  𝜁 = 0, 
and the lower pole 𝑧 = −𝑖𝑎 to the point at infinity: 

𝑧 = − 𝑖𝑎 ⟹  𝜁 = ∞ . 
Since Möbius transformations are conformal at 

every point where their derivative is nonzero, this map-

ping preserves the angles between smooth curves eve-

rywhere except at the poles. Let the new complex vari-

able be represented in exponential form 

𝜁 =  𝑒𝜔 , 𝜔 =  𝜏 + 𝑖𝜎 ,                (7) 

where 𝜏 ∈ ℝ, and the angular coordinate 𝜎 is de-

fined modulo 2𝜋: 

𝜎 ~ 𝜎 + 2𝜋. 
Thus, 

(𝑧 − 𝑖𝑎) (𝑧 + 𝑖𝑎)⁄ =  𝑒𝜏+𝑖𝜎 .             (8) 

Taking the complex logarithm of both sides yields 

the direct definition of the bipolar coordinate: 

𝜏 + 𝑖𝜎 = log((𝑧 − 𝑖𝑎) (𝑧 + 𝑖𝑎)⁄ ), (9) 

whose real part gives 

𝜏 = ln|(𝑧 − 𝑖𝑎) (𝑧 + 𝑖𝑎)⁄ | , (10) 

and whose imaginary part is 

𝜎 = 𝑎𝑟𝑔(𝑧 − 𝑖𝑎) − 𝑎𝑟𝑔(𝑧 + 𝑖𝑎) (mod 2𝜋) . (11) 

Hence, the coordinate 𝜏 represents the logarithm 

of the ratio of the distances from the point 𝑧 to the two 

poles, whereas the coordinate 𝜎 is the oriented differ-

ence between the angles subtended by these poles as 

viewed from the point 𝑧. If the distances from the point 

𝑧 to the poles are denoted by 

𝑟+ =  |𝑧 − 𝑖𝑎| =  √𝑥2 +  (𝑦 − 𝑎)2,

𝑟− =  |𝑧 + 𝑖𝑎| =  √𝑥2 +  (𝑦 + 𝑎)2,
 (12) 

then 

𝑒𝜏 = 𝑟+ 𝑟−⁄  .        (13) 

The sign 𝜏 indicates which pole the point is closer 

to. For 𝜏 < 0, one has 𝑟+ <  𝑟− , meaning that the point 

is closer to 𝐹+ , whereas for 𝜏 > 0 , it is closer to 𝐹−. 

The line 𝜏 = 0 satisfies the condition 𝑟+ =  𝑟− and 

therefore coincides with the perpendicular bisector of 

the segment 𝐹+𝐹− , that is, with the axis 𝑦 = 0. 

We now derive the inverse transformation. From 

the relation 

𝑒𝜔 =  (𝑧 − 𝑖𝑎) (𝑧 + 𝑖𝑎)⁄             (14) 

it follows that 

𝑧 − 𝑒𝜔 𝑧 = 𝑖𝑎 + 𝑖𝑎𝑒𝜔 , 𝑧 =
𝑖𝑎((1 + 𝑒𝜔) (1 − 𝑒𝜔)⁄ ) (15) 

Using the indenity 

coth
𝜔

2
=

𝑒𝜔+1

𝑒𝜔−1
             (16) 

we obtain 

(1 + 𝑒𝜔) (1 − 𝑒𝜔)⁄ = − coth(𝜔 2⁄ ) . (17) 

Therefore, 

𝑧 =  −𝑖𝑎 coth(𝜔 2⁄ ) (18) 

The choice of the initial ratio involving the poles 

determines possible changes in the signs and orienta-
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tion of the coordinates. To obtain the form adopted be-

low, with the poles located on the vertical axis, it is con-

venient to write the mapping equivalently as 

𝑧 =  (𝑎 sin 𝜎 + 𝑖𝑎 sinh 𝜏) (cosh 𝜏 − cos 𝜎)⁄  (19) 

We now derive this formula directly. For the com-

plex argument 𝜔 = 𝜏 + 𝑖𝜎 we have 

coth
𝑤

2
=

sinh 𝜏 − 𝑖 sin 𝜎

cosh 𝜏 − cos 𝜎
.             (20) 

Indeed, using 

sinh
𝑤

2
= sinh

𝜏

2
cos

𝜎

2
+ 𝑖cosh

𝜏

2
sin

𝜎

2
,

cosh
𝑤

2
= cosh

𝜏

2
cos

𝜎

2
+ 𝑖sinh

𝜏

2
sin

𝜎

2
,
 (21) 

and multiplying the numerator and denominator of 

coth
𝑤

2
=

cosh(𝑤/2)

sinh(𝑤/2)
 by the complex conjugate of the de-

nominator, while employing the identities 

2 sinh(𝜏 2⁄ ) cosh(𝜏 2⁄ ) = sinh 𝜏 ,   2 sin(𝜎 2⁄ ) cos(𝜎 2⁄ ) = sin 𝜎 ,

2 sinh2(𝜏 2⁄ ) = cosh 𝜏 − 1,   2 sin2(𝜎 2⁄ ) = 1 − cos 𝜎 ,
 (22) 

one obtains the stated expression. Therefore, 

−𝑖𝑎 coth
𝑤

2
= −𝑖𝑎 

sinh 𝜏 − 𝑖 sin 𝜎

cosh 𝜏 − cos 𝜎
. (23) 

Expanding the multiplication by −𝑖, we obtain 

𝑧 =
− 𝑎 sin 𝜎 − 𝑖𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
 (24) 

Changing the orientation of the bipolar coordi-

nates (which is equivalent to replacing 𝜎 ↦
−𝜎 and 𝜏 ↦ −𝜏 or, equivalently, interchanging the 

poles) yields the standard representation 

𝑧 =
𝑎 sin 𝜎 + 𝑖𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
 (25) 

Hence, 

𝑥(𝜏, 𝜎) =
𝑎 sin 𝜎

cosh 𝜏 − cos𝜎
,   𝑦(𝜏, 𝜎)

=
𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
. (26) 

This is precisely the bipolar coordinate mapping 

with its foci located at the points (0, ±𝑎). 
Let us verify the locations of the poles. As → +∞ 

, we have cosh 𝜏 ∼ 1 2⁄ 𝑒𝜏 , sinh 𝜏 ∼ 1 2⁄ 𝑒𝜏, and 

therefore 𝑥 → 0, 𝑦 → 𝑎, that is 

lim
𝜏→+∞

(𝑥, 𝑦) = (0, 𝑎) = 𝐹+. (27) 

As → −∞ , we have sinh 𝜏 ∼ − 1 2⁄ 𝑒−𝜏, 

cosh 𝜏 ∼ 1 2⁄ 𝑒−𝜏, from which 𝑥 → 0, 𝑦 → −𝑎 , that is 

lim
𝜏→−∞

(𝑥, 𝑦) = (0, −𝑎) = 𝐹−. (28) 

Thus, the limits 𝜏 = ±∞ correspond to the two 

poles of the coordinate system rather than to points at 

infinity in the physical plane. The point at infinity cor-

responds to the simultaneous limit 𝜏 → 0, 𝜎 → 0, since 

cosh 𝜏 − cos 𝜎 =
𝜏2 + 𝜎2

2
+ 𝑂((𝜏2 + 𝜎2)2). (29) 

Foe small values of 𝜏 and 𝜎 

𝑥 ∼
2𝑎𝜎

𝜏2 + 𝜎2
,   𝑦 ∼

2𝑎𝜏

𝜏2 + 𝜎2
, (30) 

and therefore 𝑥2 + 𝑦2 ∼
4𝑎2

𝜏2+𝜎2 → ∞. 

We now establish the geometric nature of the co-

ordinate curves. Let 𝜏 = 𝜏0 ≠ 0 be fixed. The 

coordinate equations become 

𝑥 =
𝑎 sin 𝜎

𝐷
,   𝑦 =

𝑎 sinh 𝜏0

𝐷
,   𝐷

= cosh 𝜏0 − cos 𝜎. (31) 

From the second equation =
𝑎 sinh 𝜏0

𝑦
 . Substituting 

this expression and eliminating 𝜎, we obtain 

𝑥2 + (𝑦 − 𝑎 coth 𝜏0)2 =
𝑎2

sinh2𝜏0

. (32) 

Hence, each coordinate line 𝜏 = 𝜏0 is a circle with 

center 𝐶𝜏 = (0,  𝑎 coth𝜏0) and radius 𝑅𝜏 =
𝑎

|sinh𝜏0|
. For 

𝜏0 > 0 this circle encloses the upper pole 𝐹+, whereas 

for 𝜏0 < 0, it encloses the lower pole 𝐹− . As |𝜏0| → ∞ , 
the radius of the circle tends to zero, while its center 

approaches the corresponding pole.. 

Let 𝜎 = 𝜎0, where 𝜎0 ≢ 0 (mod 2𝜋). Eliminating 

the variable 𝜏 gives 

(𝑥 − 𝑎 cot 𝜎0)2 + 𝑦2 =
𝑎2

sin2𝜎0

. (33) 

Thus, the coordinate line 𝜎 = 𝜎0 is a circle with 

center 𝐶𝜎 = (𝑎 cot𝜎0,  0) and radius 𝑅𝜎 =
𝑎

|sin 𝜎0|
. 

These circles pass through both poles. Indeed, substi-

tuting 𝑥 = 0 and 𝑦 = ±𝑎 gives 𝑎2cot2𝜎0 + 𝑎2 =
𝑎2csc2𝜎0. As 𝜎0 → 0, the radius of the circle tends to 

infinity, and the coordinate line degenerates into the 

straight line 𝑥 = 0 , which connects the two poles and 

passes through the point at infinity of the extended 

complex plane. 

The conformality of the coordinate system follows 

directly from the analyticity of the complex mapping. 

However, it may also be verified by direct calculation. 

Let 𝐷 = cosh 𝜏 − cos 𝜎. The partial derivatives are 

given by 

𝑥𝜏 = −
𝑎 sin 𝜎 sinh 𝜏

𝐷2
,  𝑥𝜎 =

𝑎(cosh 𝜏 cos 𝜎 − 1)

𝐷2
,

𝑦𝜏 =
𝑎(1 − cosh 𝜏 cos 𝜎)

𝐷2
,  𝑦𝜎 = −

𝑎 sinh 𝜏 sin 𝜎

𝐷2
.

 (34) 

Hence, the Cauchy–Riemann relations hold with 

the adopted orientation: 

𝑥𝜏 = 𝑦𝜎 ,  𝑥𝜎 = −𝑦𝜏 . 
The scalar product of the coordinate tangent vec-

tors is 

𝐫𝜏 ⋅ 𝐫𝜎 = 𝑥𝜏𝑥𝜎 + 𝑦𝜏𝑦𝜎 = 0, (35) 

Therefore, the coordinate lines 𝜏 = const and 𝜎 =
const intersect orthogonally. Their Lamé coefficients 

are equal: 

ℎ𝜏
2 = 𝑥𝜏

2 + 𝑦𝜏
2,  ℎ𝜎

2 = 𝑥𝜎
2 + 𝑦𝜎

2,  ℎ𝜏 = ℎ𝜎

=
𝑎

cosh 𝜏 − cos 𝜎
. (36) 

Hence, the Euclidean metric takes the form 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2

=
𝑎2

(cosh 𝜏 − cos 𝜎)2
 (𝑑𝜏2

+ 𝑑𝜎2). (37) 

This formula confirms that the bipolar coordinates 

are isothermal and conformal: the metric tensor differs 

from the identity tensor only by the common positive 

factor 

ℎ2(𝜏, 𝜎) =
𝑎2

(cosh 𝜏 − cos 𝜎)2
. (38) 

The Jacobian of the coordinate transformation 
(𝜏, 𝜎) → (𝑥, 𝑦) is equal to 
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𝐽 = 𝑥𝜏𝑦𝜎 − 𝑥𝜎𝑦𝜏 =
𝑎2

(cosh 𝜏 − cos 𝜎)2
 (39) 

(up to a sign depending on the chosen orientation 

of the coordinate system). Its absolute value is strictly 

positive at every finite point of the parameter domain 

except at the singular point (𝜏, 𝜎) = (0,0) (mod 2𝜋), 

which corresponds to the point at infinity in the physi-

cal plane. Therefore, the mapping is locally a dif-

feomorphism throughout the entire regular domain. 

Thus, the bipolar coordinate system arises as the 

composition of three standard conformal mappings: a 

Möbius (fractional linear) transformation that maps the 

two distinguished poles to the origin and infinity, the 

complex logarithm, which transforms radial rays and 

concentric circles into a rectangular coordinate grid, 

and the inverse Möbius transformation, which maps 

this grid back onto the physical plane. This construction 

naturally explains the existence of two poles, the or-

thogonality of the coordinate families, the circular na-

ture of the coordinate curves, and the conformal form 

of the metric.. 

3. Derivation of the Metric and Lamé Coeffi-

cients. After obtaining the bipolar mapping 

𝑥(𝜏, 𝜎) =
𝑎 sin 𝜎

cosh 𝜏 − cos 𝜎
,   𝑦(𝜏, 𝜎)

=
𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
 (40) 

the intrinsic geometry of the surface can be deter-

mined completely. Let 𝐷 = cosh 𝜏 − cos 𝜎. Then the 

coordinate functions take the compact form 

𝑥 =
𝑎 sin 𝜎

𝐷
, 𝑦 =

𝑎 sinh 𝜏

𝐷
. (41) 

To construct the metric tensor, we compute the 

partial derivatives: 

∂𝑥

∂𝜏
= −

𝑎 sin 𝜎 sinh 𝜏

𝐷2
,  

∂𝑥

∂𝜎
=

𝑎(cosh 𝜏 cos 𝜎 − 1)

𝐷2
,

∂𝑦

∂𝜏
=

𝑎(1 − cosh 𝜏 cos 𝜎)

𝐷2
,  

∂𝑦

∂𝜎
= −

𝑎 sinh 𝜏 sin 𝜎

𝐷2
.

                                     (42) 

Introduce the coordinate tangent vectors 𝐫𝜏 =
(𝑥𝜏, 𝑦𝜏), 𝐫𝜎 = (𝑥𝜎 , 𝑦𝜎). The coefficients of the first fun-

damental form are defined by 

𝐸 = 𝐫𝜏 ⋅ 𝐫𝜏,   𝐹 = 𝐫𝜏 ⋅ 𝐫𝜎 ,   𝐺 = 𝐫𝜎 ⋅ 𝐫𝜎 . 
(43) 

Consider the mixed coefficient. Substituting the 

derivatives obtained above, we find 

𝐹

= −
𝑎2sin 𝜎 sinh 𝜏(cosh 𝜏 cos 𝜎 − 1)

𝐷4

−
𝑎2(1 − cosh 𝜏 cos 𝜎)sinh 𝜏 sin 𝜎

𝐷4
. (44) 

Since 1 − cosh 𝜏 cos 𝜎 = −(cosh 𝜏 cos 𝜎 − 1), 

the two terms cancel each other, and therefore 𝐹 = 0. 

Hence, the coordinate lines are mutually orthogonal. 

We now compute the coefficient 𝐸. Substitution 

gives 

𝐸 =
𝑎2[sin2 𝜎 sinh2  𝜏 + (1 − cosh 𝜏 cos 𝜎)2]

𝐷4
 . (45) 

Using the identities cosh2 𝜏 − sinh2  𝜏 = 1 and 

sin2  𝜎 + cos2 𝜎 = 1 , and expanding the squares, the 

numerator reduces to (cosh 𝜏 − cos 𝜎)2 . Therefore, 

𝐸 =
𝑎2

𝐷2
. (46) 

Similarly, =
𝑎2

𝐷2 . Thus, 𝐸 = 𝐺, 𝐹 = 0, which 

means that the bipolar coordinate system is isothermal, 

or equivalently, conformal. 

The first fundamental form therefore takes the fi-

nal form 

𝑑𝑠2 = 𝐸 𝑑𝜏2 + 2𝐹 𝑑𝜏 𝑑𝜎 + 𝐺 𝑑𝜎2

=
𝑎2

(cosh 𝜏 − cos 𝜎)2
 (𝑑𝜏2

+ 𝑑𝜎2). (47) 

Hence, the metric tensor has the diagonal form 

𝑔𝑖𝑗 =
𝑎2

(cosh 𝜏 − cos 𝜎)2
(

1 0
0 1

) , (48) 

and its determinant is 

𝑔 = det(𝑔𝑖𝑗) =
𝑎4

(cosh 𝜏 − cos 𝜎)4
. (49) 

It follows that the area element is given by 

𝑑𝑆 = √𝑔 𝑑𝜏 𝑑𝜎 =
𝑎2

(cosh 𝜏 − cos 𝜎)2
 𝑑𝜏 𝑑𝜎. (50) 

The Lamé coefficients are defined as the lengths 

of the coordinate tangent vectors, ℎ𝜏 = √𝐸, ℎ𝜎 = √𝐺, 

therefore 

ℎ𝜏 = ℎ𝜎 =
𝑎

cosh 𝜏 − cos 𝜎
. (51) 

The equality of the Lamé coefficients is a charac-

teristic feature of a conformal coordinate system. Con-

sequently, local angles between arbitrary curves are 

preserved under the mapping, and all geometric and 

physical quantities can be expressed in terms of the sin-

gle scale factor ℎ(𝜏, 𝜎) =
𝑎

cosh 𝜏−cos 𝜎
, in particular, 

∇𝑓 =
1

ℎ
(

∂𝑓

∂𝜏
 𝐞𝜏 +

∂𝑓

∂𝜎
 𝐞𝜎) , (52) 

and the Laplace operator takes a particularly sim-

ple form, 

𝛥𝑓 =
1

ℎ2
(

∂2𝑓

∂𝜏2
+

∂2𝑓

∂𝜎2
) . (53) 

This is one of the principal advantages of bipolar 

coordinates. Despite the complex geometry of the co-

ordinate curves in the physical plane, the metric re-

mains conformally Euclidean. For this reason, the bi-

polar coordinate system is of particular interest for 

modeling the external bipolar shell of a vortex kern. 

Upon the subsequent introduction of the twist function 

𝜎′ = 𝜎 + 𝛺(𝜏) the original conformal structure is pre-

served locally, whereas the coordinate lines are trans-

formed into smooth helical filaments forming a twisted 

external shell around the inner vortex kern. 

3.1. Mathematical Description of the Twisted 

External Bipolar Shell of the Vortex Kern. 
The bipolar coordinate system constructed in the 

previous section describes the external shell of the vor-

tex kern in the absence of intrinsic rotation. In this case, 

the coordinate lines form two mutually orthogonal fam-

ilies of circles, and the surface itself is a conformal im-

age of the Euclidean plane. However, a real micro-

vortex is characterized by an internal rotation of the 

shell about the longitudinal axis of the kern. This rota-



34 Norwegian Journal of development of the International Science No 185/2026 

 

tion gives rise to a helical structure of the vortex fila-

ments and requires the introduction of an additional ge-

ometric degree of freedom. 

Let the coordinates of the untwisted shell be de-

fined by the mapping 

𝐫(𝜏, 𝜎) = (
𝑎 sin 𝜎

cosh 𝜏 − cos 𝜎
,  

𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
) . (54) 

The parameter 𝜏 describes the position along the 

shell between the two poles, whereas the parameter σ is 

the angular coordinate of the transverse cross section. 

The twisting of the shell is defined by requiring that, as 

one moves along the coordinate 𝛺(𝜏). Accordingly, the 

new angular coordinate is introduced by the 

transformation 

𝜎∗ = 𝜎 + 𝛺(𝜏). (55) 

The function 𝛺: ℝ → ℝ is assumed to be continu-

ously differentiable, 𝛺 ∈ 𝐶1(ℝ), and, in the subsequent 

analysis of the shell curvature, 𝛺 ∈ 𝐶2(ℝ). After intro-

ducing the new angular coordinate, the parametric 

equation of the shell takes the form 

𝑥(𝜏, 𝜎) =
𝑎 sin(𝜎 + 𝛺(𝜏))

cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))
,   𝑦(𝜏, 𝜎)

=
𝑎 sinh 𝜏

cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))
. (56) 

Thus, the entire geometry of the shell is com-

pletely determined by a single twist function, 𝛺(𝜏). The 

simplest model is the linear dependence 𝛺(𝜏) = 𝑘𝜏, 

where the constant 𝑘 characterizes the rate of accumu-

lation of the rotation angle. However, the linear model 

leads to an unbounded growth of the angle as |𝜏| → ∞, 

which is not well suited for describing a localized mi-

crovortex. A more natural choice is the function 

𝛺(𝜏) = 𝑘 tanh(𝜆𝜏),   𝜆 > 0. (57) 

In this case 𝛺(+∞) = 𝑘, 𝛺(−∞) = −𝑘, so that 

the total relative rotation angle between the two poles 

is 𝛥𝛺 = 2𝑘. The derivative of the twist function is 

𝛺′(𝜏) = 𝑘𝜆 sech2(𝜆𝜏). (58) 

The maximum rate of change of the rotation angle 

occurs in the central region of the shell, 𝛺′(0) = 𝑘𝜆, 

whereas, as |𝜏| → ∞, we have 𝛺′(𝜏) → 0. Thus, the ro-

tation is localized in the vicinity of the central region 

between the two poles. Another possible model is the 

exponential function 𝛺(𝜏) = 𝑘 𝑒−𝜆|𝜏|, which describes 

a rapid decay of the rotation away from the center. 

For the subsequent analysis, it is convenient to 

compute the tangent vectors of the surface. Differenti-

ating the parametric mapping and taking into account 

that 𝜎∗ = 𝜎 + 𝛺(𝜏), so that 
∂𝜎∗

∂𝜏
= 𝛺′(𝜏), 

∂𝜎∗

∂𝜎
= 1 , the 

chain rule yields 

𝐫𝜏 = 𝐫𝜏
(0)

+ 𝛺′(𝜏) 𝐫𝜎
(0)

,  𝐫𝜎 = 𝐫𝜎
(0)

, (59) 

where the superscript (0) denotes the derivatives 

of the untwisted shell. Consequently, the twist modifies 

only the longitudinal direction of the surface, whereas 

the transverse coordinate retains its original direction. 

The first fundamental form therefore becomes 

𝑠2 = 𝐸 𝑑𝜏2 + 2𝐹 𝑑𝜏 𝑑𝜎 + 𝐺 𝑑𝜎2 , where 

𝐸 = ℎ2(1 + 𝛺′(𝜏)2),   𝐹 = ℎ2𝛺′(𝜏),   𝐺 =
ℎ2, (60) 

and the scale factor is given by ℎ =
𝑎

cosh 𝜏−cos(𝜎+𝛺(𝜏))
 . 

Thus, 

𝑑𝑠2 = ℎ2[(1 + 𝛺′(𝜏)2) 𝑑𝜏2 + 2𝛺′(𝜏) 𝑑𝜏 𝑑𝜎 +
𝑑𝜎2]. (61) 

The appearance of the mixed term 𝑑𝜏 𝑑𝜎 signifies 

the loss of orthogonality of the coordinate network. It 

is precisely this term that is responsible for the for-

mation of the helical structure of the external shell. 

𝑔 = ℎ4, (62) 

since (1 + 𝛺′2) − 𝛺′2 = 1. Therefore, √𝑔 = ℎ2, 

and the surface element retains the same form 𝑑𝑆 =
ℎ2  𝑑𝜏 𝑑𝜎. 

This result has an important geometric conse-

quence: the local area of an infinitesimal surface ele-

ment remains unchanged under the twist. In other 

words, the introduced deformation represents an inter-

nal shear of the coordinate lines without any local 

stretching of the surface. 

The Jacobian of the parameter transfor-

mation(𝜏, 𝜎) → (𝜏, 𝜎 + 𝛺(𝜏)) is 

𝐽 = ∣∣
∣ 1 0
𝛺′(𝜏) 1∣∣

∣ = 1 . (63) 

Therefore, the twist preserves the orientation of 

the surface and remains a diffeomorphism throughout 

the entire parameter domain. 

Geometrically, this means that the originally cir-

cular coordinate lines are transformed into smooth hel-

ical filaments continuously connecting the two poles of 

the external shell. At the same time, the number of 

poles remains unchanged, the surface does not develop 

self-intersections, and the entire deformation is com-

pletely determined by the distribution of the internal ro-

tation angle 𝛺(𝜏). Thus, the parameter 𝑘 characterizes 

the intensity of the intrinsic spin of the external shell, 

whereas the parameter 𝜆 determines the spatial locali-

zation of the twisted region along the vortex kern. The 

proposed mathematical model therefore describes the 

external bipolar shell of the vortex kern as a smooth 

two-dimensional Riemannian manifold endowed with 

an internal helical structure, thereby providing a foun-

dation for further investigations of its curvature, stabil-

ity, helicity, and topological invariants. 

4. Analysis of the Jacobian and Smoothness 

Conditions. 

Consider the untwisted bipolar mapping 

𝐵: (𝜏, 𝛼) ↦ (𝑥0(𝜏, 𝛼), 𝑦0(𝜏, 𝛼)), where 

𝑥0(𝜏, 𝛼) =
𝑎 sin 𝛼

cosh 𝜏 − cos 𝛼
,  𝑦0(𝜏, 𝛼)

=
𝑎 sinh 𝜏

cosh 𝜏 − cos 𝛼
,   𝑎 > 0. (64) 

The twisted coordinate system is introduced by re-

placing the angular variable according to 𝛼 = 𝜎 +
𝛺(𝜏), where 𝛺(𝜏) is a prescribed twist-angle function. 

The complete mapping is then defined as the composi-

tion 𝛷𝛺 = 𝐵 ∘ 𝑇𝛺, where 𝑇𝛺(𝜏, 𝜎) = (𝜏, 𝜎 + 𝛺(𝜏)) . In 

coordinate form, this gives 

𝑥(𝜏, 𝜎) =
𝑎 sin(𝜎 + 𝛺(𝜏))

cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))
,   𝑦(𝜏, 𝜎)

=
𝑎 sinh 𝜏

cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))
. (65) 

Introduce the notation 𝛼 = 𝜎 + 𝛺(𝜏), 𝐷(𝜏, 𝜎) =
cosh 𝜏 − cos 𝛼. Since cosh 𝜏 ≥ 1 and −1 ≤ cos 𝛼 ≤
1, the quanity 𝐷 is nonnegative. The equality 𝐷(𝜏, 𝜎) =
0 is possible only when 𝜏 = 0 and 𝛼 = 2𝜋𝑚, 𝑚 ∈ ℤ. 



Norwegian Journal of development of the International Science No 185/2026 35 

Therefore, the singular parameter values satisfy 𝜏 = 0, 

𝜎 + 𝛺(0) = 2𝜋𝑚. This singularity does not corre-

spond to a finite point of the physical plane. As this pa-

rameter value is approached, 𝑥2 + 𝑦2 → ∞ , and hence 

the corresponding parametric point represents the point 

at infinity of the extended plane. Throughout the re-

mainder of the domain, 𝐷(𝜏, 𝜎) > 0, and the coordinate 

functions are smooth, provided that 𝛺 is sufficiently 

smooth. 

We first examine the Jacobian of the untwisted bi-

polar mapping. Its partial derivatives are given by 
∂𝑥0

∂𝜏
= −

𝑎 sin 𝛼 sinh 𝜏

𝐷2
,  

∂𝑥0

∂𝛼
=

𝑎(cosh 𝜏 cos 𝛼 − 1)

𝐷2
,

∂𝑦0

∂𝜏
=

𝑎(1 − cosh 𝜏 cos 𝛼)

𝐷2
,  

∂𝑦0

∂𝛼
= −

𝑎 sinh 𝜏 sin 𝛼

𝐷2
.

 (66) 

The relations 𝑥0,𝜏 = 𝑦0,𝛼, 𝑥0,𝛼 = −𝑦0,𝜏, hold and 

express the conformality of the original mapping. The 

Jacobian of 𝐵 is 

𝐽𝐵 = det (
𝑥0,𝜏 𝑥0,𝛼

𝑦0,𝜏 𝑦0,𝛼
) = 𝑥0,𝜏𝑦0,𝛼 − 𝑥0,𝛼𝑦0,𝜏. (67) 

Using the Cauchy–Riemann relations, we obtain 

𝐽𝐵 = 𝑥0,𝜏
2 + 𝑥0,𝛼

2  , and, after simplification, 

𝐽𝐵 =
𝑎2

(cosh 𝜏 − cos 𝛼)2
=

𝑎2

𝐷2
. (68) 

Hence, 𝐽𝐵 > 0 throughout the regular domain 𝐷 >
0. Therefore, the original bipolar mapping is a local dif-

feomorphism and preserves orientation. 

We now consider the twist transformation 

𝑇𝛺(𝜏, 𝜎) = (𝜏, 𝜎 + 𝛺(𝜏)). Its Jacobian matrix is 

𝐷𝑇𝛺 = (
1 0

𝛺′(𝜏) 1
) ,  𝐽𝑇𝛺

= det𝐷𝑇𝛺 = 1. (69) 

By the chain rule for Jacobians, 𝐽𝛷𝛺
= 𝐽𝐵(𝜏, 𝜎 +

𝛺(𝜏)) 𝐽𝑇𝛺
, and therefore 

𝐽𝛷𝛺
=

𝑎2

[cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))]
2 . (70) 

Thus, the Jacobian of the twisted mapping does 

not contain a factor of the form 1 + 𝛺′(𝜏) and does not 

vanish even for large values of the derivative of the 

twist function. Therefore, the condition 1 + 𝛺′(𝜏) > 0 

is not required for the present model. The twist (𝜏, 𝜎) ↦

(𝜏, 𝜎 + 𝛺(𝜏)) is a shift of the angular coordinate and 

has unit Jacobian for every finite value of 𝛺′(𝜏). 
When the angular coordinate is considered mod-

ulo 2𝜋, 𝜎 ∈ ℝ/2𝜋ℤ, the transformation 𝑇𝛺 has the in-

verse mapping 𝑇𝛺
−1(𝜏, 𝛼) = (𝜏, 𝛼 − 𝛺(𝜏)). Hence, if 

𝛺 ∈ 𝐶1(ℝ) then 𝑇𝛺 is a 𝐶1 − diffeomorphism of the 

parameter cylinder. More generally, if 𝛺 ∈ 𝐶𝑚(ℝ), 
then both 𝑇𝛺 and the complete mapping 𝛷𝛺 belong to 

the class 𝐶𝑚 throughout the regular domain. The con-

dition 𝛺 ∈ 𝐶1, is sufficient for computing the metric 

tensor, whereas the analysis of the curvature of the co-

ordinate filaments requires 𝛺 ∈ 𝐶2. To investigate de-

rivatives of curvature and higher-order geometric char-

acteristics, one should assume that 𝛺 ∈ 𝐶3 or belongs 

to a higher smoothness class. 

The regularity of the mapping can also be verified 

through the metric tensor. The original bipolar metric 

is written as 𝑑𝑠0
2 = ℎ2(𝑑𝜏2 + 𝑑𝛼2), where ℎ(𝜏, 𝛼) =

𝑎

cosh 𝜏−cos 𝛼
 . Since 𝑑𝛼 = 𝑑𝜎 + 𝛺′(𝜏) 𝑑𝜏, after introduc-

ing the twist we obtain 

𝑑𝑠2 = ℎ2[𝑑𝜏2 + (𝑑𝜎 + 𝛺′(𝜏) 𝑑𝜏)2] = ℎ2[(1 +
𝛺′(𝜏)2) 𝑑𝜏2 + 2𝛺′(𝜏) 𝑑𝜏 𝑑𝜎 + 𝑑𝜎2]. (71) 

Hence, the metric tensor takes the form 

𝑔𝑖𝑗 = ℎ2 (
1 + 𝛺′(𝜏)2 𝛺′(𝜏)

𝛺′(𝜏) 1
) , (72) 

and its determinant is det(𝑔𝑖𝑗) = ℎ4[1 + 𝛺′2 −

𝛺′2] = ℎ4, that is, 

det(𝑔𝑖𝑗) =
𝑎4

[cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))]
4 > 0 (73) 

throughout the entire regular domain. The positiv-

ity of the determinant shows that the two coordinate 

tangent vectors are linearly independent and that the 

mapping is an immersion. For an arbitrary nonzero vec-

tor 𝛏 = (𝜉𝜏 , 𝜉𝜎) the corresponding quadratic form is 

given by 

𝑔𝑖𝑗𝜉𝑖𝜉𝑗 = ℎ2[𝜉𝜏
2 + (𝛺′(𝜏)𝜉𝜏 + 𝜉𝜎)2]. (74) 

For 𝐷 > 0, the quantity ℎ2 is positive. Therefore, 

𝑔𝑖𝑗𝜉𝑖𝜉𝑗 > 0 for every nonzero vector 𝜉 ≠ 0. Hence, the 

metric tensor is positive definite regardless of the mag-

nitude or sign of 𝛺′(𝜏). Even a strong localized twist 

does not cause the metric to degenerate, provided that 

the twist functio 𝛺 itself remains smooth and finite. The 

area element is 𝑑𝑆 = √det𝑔 𝑑𝜏 𝑑𝜎 = ℎ2  𝑑𝜏 𝑑𝜎 and 

formally coincides with the area element of the original 

bipolar coordinate system after the substitution 𝛼 =
𝜎 + 𝛺(𝜏), which is a direct consequence of the unit de-

terminant of the twist transformation. 

It is important to emphasize a fundamental geo-

metric feature of the present construction. The transfor-

mation 𝛼 = 𝜎 + 𝛺(𝜏) does not alter the set of points 

constituting the image of the complete bipolar map-

ping. It changes the coordinate net and the shape of the 

curves 𝜎 = 𝑐𝑜𝑛𝑠𝑡, but it does not generate a new sur-

face as a geometric object. In other words, within the 

framework of the present two-dimensional model, the 

twist represents a smooth reparametrization of the orig-

inal bipolar domain. The longitudinal coordinate curves 

become helical (spiral) curves, whereas the underlying 

planar domain itself remains unchanged. To describe a 

physically deformed three-dimensional external shell, 

it is necessary to introduce an explicit spatial embed-

ding 

𝐑(𝜏, 𝜎) = (𝑋(𝜏, 𝜎), 𝑌(𝜏, 𝜎), 𝑍(𝜏, 𝜎)), 

in which the function 𝛺(𝜏) determines the actual 

rotation of the transverse cross sections in three-dimen-

sional space. 

As 𝜏 → +∞ the mapping approaches the upper 

pole: 𝛷𝛺(𝜏, 𝜎) → (0, 𝑎), whereas, as 𝜏 → −∞ it ap-

proaches the lower pole, 𝛷𝛺(𝜏, 𝜎) → (0, −𝑎). In both 

limits, all values of the angular coordinat 𝜎 collapse to 

a single point. Consequently, the coordinate coeffi-

cients degenerate in the limit ∣ 𝜏 ∣→ ∞, but this degen-

eration is merely the standard coordinate singularity at 

the poles, analogous to the degeneration of longitude at 

the geographic poles of the sphere, and does not neces-

sarily imply any geometric nonsmoothness of the com-

pactified shell itself. 

For the poles to be attached smoothly, the behavior 

of the filaments must not depend in a singular manner 

on the angular coordinate as ∣ 𝜏 ∣→ ∞. A sufficient con-

dition is the existence of the finite limits 
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lim
𝜏→+∞

𝛺(𝜏) = 𝛺+,   lim
𝜏→−∞

𝛺(𝜏) = 𝛺−, (75) 

together with the decay of the first derivative, 

𝛺′(𝜏) → 0 as |𝜏| → ∞. For higher-order smoothness, it 

is desirable to require 𝛺(𝑗)(𝜏) → 0 as |𝜏| → ∞, 𝑗 =
1, … , 𝑚. These conditions are satisfied by the function 

𝛺(𝜏) = 𝑘 tanh(𝜆𝜏), 

since 𝛺(𝜏) → ±𝑘 as 𝜏 → ±∞, while 𝛺′(𝜏) =
𝑘𝜆sech2(𝜆𝜏) → 0. The function 𝛺(𝜏) = 𝑘𝜏 is smooth 

on the entire real axis and does not violate the local reg-

ularity of the mapping. However, its rotation angle 

grows without bound as∣ 𝜏 ∣→ ∞. Consequently, it may 

be used to describe an infinitely twisted coordinate net, 

but it is less suitable for modeling a smooth localized 

shell with a finite relative rotation between the poles. 

Thus, sufficient conditions for the regularity of the 

twisted bipolar model can be stated as 

𝑎 > 0,   𝛺 ∈ 𝐶𝑚(ℝ),   cosh 𝜏 − cos(𝜎 +

𝛺(𝜏)) > 0 (76) 

at every finite point of the parameter domain under 

consideration. If the two poles are required to be jined 

smoothly, one additionally assumes the existence of the 

finite limiting angles 𝛺+ = lim𝜏→+∞ 𝛺(𝜏) and 𝛺− =
lim𝜏→−∞ 𝛺(𝜏), together with the decay of the deriva-

tives of the twist function. Under these assumptions, the 

twisted mapping preserves orientation, possesses a 

nonvanishing Jacobian, induces a positive-definite met-

ric, and does not produce local folds or discontinuities 

in the coordinate network. 

5. Equations of the Vortex Filaments. 
In the present model, a vortex filament is defined 

as a coordinate curve of the twisted external bipolar 

shell corresponding to a fixed material value of the an-

gular label, = 𝜎0. The untwisted bipolar mapping is 

given by 

𝐁(𝜏, 𝛼) = (
𝑎 sin 𝛼

cosh 𝜏 − cos 𝛼
,  

𝑎 sinh 𝜏

cosh 𝜏 − cos 𝛼
) , (77) 

where 𝜏 ∈ ℝ is the longitudinal coordinate extend-

ing between the two poles, and 𝛼 ∈ ℝ/2𝜋ℤ is the an-

gular coordinate. The twist of the shell is introduced 

through the substitution 𝛼 = 𝜎 + 𝛺(𝜏), where 𝛺(𝜏) is 

a smooth function describing the accumulated rotation 

angle. Consequently, the filament carrying the material 

label 𝜎0 is represented parametrically by 𝛄𝜎0
(𝜏) =

𝐁(𝜏, 𝜎0 + 𝛺(𝜏)). Introducing the notation 𝛼(𝜏) = 𝜎0 +

𝛺(𝜏), we obtain the explicit parametric equations of the 

filament 
𝛄𝜎0

(𝜏)

= (
𝑎 sin[𝜎0 + 𝛺(𝜏)]

cosh 𝜏 − cos[𝜎0 + 𝛺(𝜏)]
,  

𝑎 sinh 𝜏

cosh 𝜏 − cos[𝜎0 + 𝛺(𝜏)]
) . (78) 

In the untwisted configuration 𝛺(𝜏) = 0 the fila-

ment satisfies the equation of the circle 

(𝑥 − 𝑎cot𝜎0)2 + 𝑦2 =
𝑎2

sin2𝜎0

, (79) 

which passes through both poles, 𝐹+ = (0, 𝑎), 

𝐹− = (0, −𝑎). For a nonzero twist function 𝛺(𝜏) the 

angular coordinate varies along the filament, and the 

circle is transformed into a smooth twisted curve. In the 

parameter plane, the filament equation takes the partic-

ularly simple form: 
𝑑𝛼

𝑑𝜏
= 𝛺′(𝜏), or equivalently, 

𝛼(𝜏) − 𝛺(𝜏) = 𝜎0. Hence, the quantity 

𝐼(𝜏, 𝛼) = 𝛼 − 𝛺(𝜏) (80) 

remains constant along each filament, 𝐼(𝜏, 𝛼) =
𝜎0. This relation may be regarded as a first integral of 

the directional field associated with the vortex fila-

ments. 

To compute the tangent vector, introduce the no-

tation 𝐷(𝜏) = cosh 𝜏 − cos 𝛼(𝜏). Then the total deriv-

ative of the coordinate 𝑥 with respect to 𝜏 is 
𝑑𝑥

𝑑𝜏
=

𝑎

𝐷2
[−sin 𝛼 sinh 𝜏

+ 𝛺′(𝜏)(cosh 𝜏 cos 𝛼 − 1)], (81) 

whereas the derivative of the coordinate 𝑦 is 
𝑑𝑦

𝑑𝜏
=

𝑎

𝐷2
[1 − cosh 𝜏 cos 𝛼 − 𝛺′(𝜏)sinh 𝜏 sin 𝛼]. (82) 

Therefore, the tangent vector of the filament is 

given by 

𝐓0 =
𝑑𝛄𝜎0

𝑑𝜏
= 𝐁𝜏 + 𝛺′(𝜏)𝐁𝛼 . (83) 

Since the untwisted bipolar coordinate system is 

orthogonal and possesses identical Lamé coefficients, 

|𝐁𝜏| = |𝐁𝛼| = ℎ, 𝐁𝜏 ⋅ 𝐁𝛼 = 0, where ℎ =
𝑎

cosh 𝜏−cos 𝛼
, 

the magnitude of the tangent vector is 

|
𝑑𝛾𝜎0

𝑑𝜏
| = ℎ√1 + 𝛺′(𝜏)2. (84) 

The arc-length element along the filament is 

therefore 

𝑑𝑠 =
𝑎√1 + 𝛺′(𝜏)2

cosh 𝜏 − cos[𝜎0 + 𝛺(𝜏)]
 𝑑𝜏, (85) 

and the total length of the external portion of the 

filament between the parameter values 𝜏1 and 𝜏2 is 

𝐿𝜎0
= ∫

𝑎√1 + 𝛺′(𝜏)2

cosh 𝜏 − cos[𝜎0 + 𝛺(𝜏)]

𝜏2

𝜏1

 𝑑𝜏. (86) 

The corresponding unit tangent vector may be ex-

pressed in terms of the orthonormal bipolar frame as 

𝐞𝜏 = 𝐁𝜏/ℎ, 𝐞𝛼 = 𝐁𝛼/ℎ : 

𝐓 =
𝐞𝜏 + 𝛺′(𝜏) 𝐞𝛼

√1 + 𝛺′(𝜏)2
 . (87) 

This expression shows that the direction of a vor-

tex filament consists of longitudinal and transverse 

components. The angle 𝜓 between the filament and the 

original longitudinal direction is determined by 

tan 𝜓(𝜏) = 𝛺′(𝜏), and therefore, 𝜓(𝜏) =
arctan 𝛺′(𝜏). When 𝛺′(𝜏) = 0 the filament is tangent 

to the original bipolar coordinate line. As |𝛺′(𝜏)| in-

creases, the transverse component becomes more pro-

nounced, resulting in a stronger local twist. 

For the localized twist function 𝛺(𝜏) =
𝑘 tanh(𝜆𝜏) we obtain 𝛺′(𝜏) = 𝑘𝜆 sech2(𝜆𝜏), so that 

the inclination angle of the filament is 𝜓(𝜏) =
arctan[𝑘𝜆 sech2(𝜆𝜏)]. The maximum twist occurs in 

the central region, 𝜓max = 𝜓(0) = arctan(𝑘𝜆), 

whereas near the poles, lim𝜏→±∞𝜓(𝜏) = 0 . Thus, the 

filaments approach the poles predominantly in the lon-

gitudinal direction, while their maximum deviation and 

helical rotation are concentrated in the region between 

the two ends of the kern. 

The curvature of the planar image of the filament 

is given by the standard expression 

𝜅(𝜏) =
|𝑥′(𝜏)𝑦″(𝜏) − 𝑦′(𝜏)𝑥″(𝜏)|

[𝑥′(𝜏)2 + 𝑦′(𝜏)2]3/2
. (88) 

Here, the prime denotes the total derivative with 

respect to 𝜏. The second derivatives involve both 𝛺′(𝜏), 
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and 𝛺″(𝜏). Accordingly, the first derivative 𝛺′(𝜏) de-

termines the local inclination angle of the filament, 

whereas the second derivative 𝛺′′(𝜏) governs the vari-

ation of this angle and the additional bending of the fil-

ament. The existence of a continuous curvature there-

fore requires the condition 𝛺 ∈ 𝐶2(ℝ). 

The vortex vector field tangent to the resulting fil-

aments may be written in parametric coordinates as 

𝛚 = 𝜔𝜏 (
∂

∂𝜏
+ 𝛺′(𝜏)

∂

∂𝛼
) , (89) 

where 𝜔𝜏 determines the intensity of the vorticity 

along the filament. In the orthonormal frame, this field 

is proportional to 

𝛚 = 𝜔
𝐞𝜏 + Ω′(𝜏)𝐞𝛼

√1 + Ω′(𝜏)
 (89 ∗) 

and the ratio between the transverse and longitu-

dinal components of the vorticity is 
𝜔𝛼

𝜔𝜏

= 𝛺′(𝜏). (90) 

Therefore, the function 𝛺′(𝜏) may be interpreted 

as a local dimensionless measure of the helicity of the 

vortex-field direction. 

To obtain a physical description of the three-di-

mensional external shell, it is necessary to pass from the 

planar bipolar map to a three-dimensional embedding. 

Let the meridional profile of the shell be described by 

the radial function 𝜌(𝜏) and the axial coordinate 𝑧(𝜏). 
The three-dimensional shell is then defined by the par-

ametrization 

𝐑(𝜏, 𝜎) = (𝜌(𝜏)cos[𝜎 + 𝛺(𝜏)],  𝜌(𝜏)sin[𝜎 +

𝛺(𝜏)],  𝑧(𝜏)). (91) 

The three-dimensional vortex filament carrying 

the material label 𝜎0 is described by 

𝚪𝜎0
(𝜏) = (𝜌(𝜏)cos[𝜎0 + 𝛺(𝜏)],  𝜌(𝜏)sin[𝜎0 +

𝛺(𝜏)],  𝑧(𝜏)) (92) 

and represents a curve winding around the longi-

tudinal axis of the kern. Its tangent vector is 

𝚪𝜎0
′ = (𝜌′cos 𝛼 − 𝜌𝛺′sin 𝛼,  𝜌′sin 𝛼

+ 𝜌𝛺′cos 𝛼,  𝑧′),   𝛼
= 𝜎0 + 𝛺(𝜏), (93) 

and its magnitude is given by |𝚪𝜎0
′| =

√𝜌′(𝜏)2 + 𝑧′(𝜏)2 + 𝜌(𝜏)2𝛺′(𝜏)2. Accordingly, the 

arc-length element of the spatial filament is 

𝑑𝑠 = √𝜌′2 + 𝑧′2 + 𝜌2𝛺′2  𝑑𝜏. (94) 

Introducing the meridional arc-length element, 

𝑑𝑠𝑚 = √𝜌′2 + 𝑧′2  𝑑𝜏, the angle 𝜒 between the spatial 

filament and the meridional direction satisfies the rela-

tion 

tan 𝜒 =
𝜌(𝜏)𝛺′(𝜏)

√𝜌′(𝜏)2 + 𝑧′(𝜏)2
. (95) 

In contrast to the planar bipolar map, in the three-

dimensional model the twist angle depends not only on 

𝛺′(𝜏), but also on the local radius of the shell, 𝜌(𝜏). 
For a spherical shell of radius  , one may set 

𝜌(𝜃) = 𝑅 sin 𝜃, 𝑧(𝜃) = 𝑅 cos 𝜃 and use the parameter 

𝜏 = ln tan 
𝜃

2
. The spatial filament is then given by 

𝚪𝜎0
(𝜃) = 𝑅(sin 𝜃 cos[𝜎0 +

𝛺(𝜃)],  sin 𝜃 sin[𝜎0 + 𝛺(𝜃)],  cos 𝜃). (96) 

For an ellipsoidal external shell with equatorial ra-

dius 𝐴 and polar semi-axis 𝐶, we obrtain 

𝚪𝜎0
(𝜃) = (𝐴 sin 𝜃 cos[𝜎0 +

𝛺(𝜃)],  𝐴 sin 𝜃 sin[𝜎0 + 𝛺(𝜃)],  𝐶 cos 𝜃). (97) 

This equation provides a direct description of a 

meridional vortex filament oriented at a variable angle 

with respect to the parallels of the ellipsoidal shell. 

It is important to distinguish between the external 

branch of a filament and a closed vortex line. The curve 

𝚪𝜎0
(𝜏), −∞ < 𝜏 < +∞, connects the lower and upper 

poles of the external shell but, by itself, does not form 

a closed curve. To obtain a closed vortex filament, it 

must be supplemented by an internal branch passing 

along or through the kern: 

ℱ𝜎0
= Γ𝜎0

ext ∪ Γ𝜎0
int. (98) 

The following matching conditions must be satis-

fied at the poles: 

Γ𝜎0
ext(𝜏−) = Γ𝜎0

int(𝑠+) = 𝐹−,  Γ𝜎0
ext(𝜏+) =

Γ𝜎0
int(𝑠−) = 𝐹+, (99) 

and smooth closure additionally requires continu-

ity of the tangent vectors, 𝐓ext(𝐹±) = 𝐓int(𝐹±). Ac-

cordingly, the equation of the external bipolar shell de-

scribes only the external branch of a vortex filament, 

whereas complete topological closure requires the in-

troduction of an internal kern branch. Such a construc-

tion corresponds to a model with a single external shell, 

whose filaments enter one pole, propagate along the 

twisted surface, reach the opposite pole, and then return 

through the interior region of the kern. 

6. Numerical Experiment. 

To validate the proposed geometric model, a nu-

merical experiment was performed to construct the 

twisted external bipolar shell of the vortex kern and to 

investigate the variation of the geometric properties of 

the vortex filaments for different values of the twist pa-

rameter. All computations were carried out in the Py-

thon environment using the NumPy and Matplotlib li-

braries. The primary objective of the experiment was to 

examine the influence of the internal rotation function 

Ω(𝜏) on the geometry of the coordinate network and on 

the spatial arrangement of the vortex filaments. 

The initial untwisted shell was defined by the bi-

polar mapping 

𝑥 =
𝑎 sin 𝜎

cosh 𝜏 − cos 𝜎
,   𝑦 =

𝑎 sinh 𝜏

cosh 𝜏 − cos 𝜎
, 

Afterwards, the transformation 𝜎∗ = 𝜎 + 𝛺(𝜏) 

was introduced. In all computations, the localized twist 

function 𝛺(𝜏) = 𝑘 tanh(𝜆𝜏), was employed with 𝑎 =
1, 𝜆 = 1. The twist parameter was varied over the range 

𝑘 = 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2. The computational pa-

rameter domain was chosen as −3 ≤ 𝜏 ≤ 3, 0 ≤ 𝜎 <
2𝜋. The longitudinal coordinate 𝜏 was discretized using 

𝑁𝜏 = 4001 grid points, while the angular coordinate 

was discretized using 𝑁𝜎 = 48 grid points. This reso-

lution provides stable numerical evaluation of the de-

rivatives and eliminates noticeable discretization ef-

fects in the computed curves. 

For each value of the parameter 𝑘, all coordinate 

curves 𝜎 = 𝜎𝑖 , were constructed and interpreted as vor-

tex filaments of the external shell. The length of each 

filament was computed using the formula 

𝐿 = ∫ √(
𝑑𝑥

𝑑𝜏
)

2

+ (
𝑑𝑦

𝑑𝜏
)

2

 𝑑𝜏 . (100) 
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The maximum curvature was computed using the 

expression 

𝜅 =
|𝑥′𝑦″ − 𝑦′𝑥″|

(𝑥′2 + 𝑦′2)3/2
, (101) 

whereas the mean curvature was evaluated as 

𝜅‾ =
1

𝐿
∫ 𝜅 𝑑𝑠. (101*) 

As an additional characteristic, the maximum lo-

cal twist angle, 𝜓(𝜏) = arctan𝛺′(𝜏), was considered, 

where 𝛺′(𝜏) = 𝑘𝜆 sech2(𝜆𝜏). Throughout all 

computations, the Jacobian 

𝐽 =
𝑎2

[cosh 𝜏 − cos(𝜎 + 𝛺(𝜏))]
2 , (102) 

was simultaneously monitored and remained pos-

itive throughout the entire regular computational do-

main. The numerical results obtained are summarized 

in Table 1. 

Table 1.  

Variation of the geometric characteristics of the shell for different values of the twist parameter. 

 
 

The results in the table show that increasing the 

twist parameter leads to a progressive increase in both 

the length and the curvature of the vortex filaments. At 

the same time, the minimum value of the Jacobian re-

mains constant, confirming the absence of any local de-

generation of the mapping. 

The increase in the mean filament length relative 

to the untwisted configuration reaches 
4.94 − 4.01

4.01
⋅ 100% ≈ 23% 

The mean curvature increases by more than a fac-

tor of two, 
1.56

0.67
≈ 2.3. The maximum inclination angle 

of the vortex filaments increases almost linearly for 

small values of the parameter 𝑘 and gradually ap-

proaches saturation because of the bounded nature of 

the arctangent function.. 

Figure 1(a) shows the untwisted bipolar coordi-

nate network, consisting of two mutually orthogonal 

families of circles, whereas Fig. 1(b) illustrates its de-

formation for 𝑘 = 1.0, where the coordinate lines are 

transformed into a system of smooth helical filaments 

connecting the two poles of the shell. 

 

 
Fig. 1. (a) Untwisted bipolar coordinate network (𝑘 = 0): two mutually orthogonal families of circles with two 

poles, 𝐹± = (0, ±𝑎). (b) Twisted bipolar shell for 𝛺(𝜏) = 𝑘 𝑡𝑎𝑛ℎ(𝜆𝜏), 𝑘 = 1.0, 𝜆 = 1: where the longitudinal 

coordinate lines form smooth helical vortex filaments without self-intersections. 
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The numerical simulations demonstrate that the 

initially circular coordinate lines are gradually trans-

formed into smooth helical filaments continuously con-

necting the two poles of the shell. Throughout the de-

formation, no self-intersections arise, the coordinate 

network remains continuous, and the topology of the 

surface is preserved. Particular attention was paid to the 

behavior of the coordinate system in the vicinity of the 

poles 𝐹+ and 𝐹−. In all numerical experiments, the co-

ordinate lines became increasingly dense near the poles 

without generating any additional singularities. Since 

the derivative of the twist function 𝛺′(𝜏) =
𝑘𝜆 sech2(𝜆𝜏) tends to zero as |𝜏| → ∞, the vortex fila-

ments approach both poles with virtually no additional 

angular bending. The maximum deformation is local-

ized in the central region of the shell, which is con-

sistent with the physical interpretation of the intrinsic 

spin as a localized rotation about the longitudinal vor-

tex kern. 

The obtained results confirm the robustness of the 

proposed geometric model and demonstrate that the 

twist function provides a continuous transition from the 

classical bipolar coordinate system to a twisted external 

shell without violating the smoothness of the mapping 

or altering the topological structure of the two-pole sur-

face. It should be noted that the numerical values pre-

sented above correspond to the particular set of model 

parameters (𝑎 = 1, 𝜆 = 1) and to the computational 

grid used in the simulations, and are intended primarily 

to illustrate the behavior of the system. For other pa-

rameter values, the quantitative results will differ; how-

ever, the qualitative trends - the increase in filament 

length and curvature while preserving the regularity of 

the mapping - remain unchanged. 

7. Theorem on the Preservation of the Topology 

of the Twisted External Bipolar Shell. 
Theorem 1. Let the external bipolar shell of a vor-

tex kern be defined by the mapping 𝛷0: (𝜏, 𝜎) → (𝑥, 𝑦), 

where 

𝑥 =
𝑎 𝑠𝑖𝑛 𝜎

𝑐𝑜𝑠ℎ 𝜏 − 𝑐𝑜𝑠 𝜎
,   𝑦 =

𝑎 𝑠𝑖𝑛ℎ 𝜏

𝑐𝑜𝑠ℎ 𝜏 − 𝑐𝑜𝑠 𝜎
,   𝑎

> 0, 
and let the twist of the shell be defined by the 

smooth transformation 𝑇𝛺(𝜏, 𝜎) = (𝜏, 𝜎 + 𝛺(𝜏)), 

where 𝛺 ∈ 𝐶1(ℝ). Then the twisted shell 𝛷𝛺 = 𝛷0 ∘ 𝑇𝛺 

is diffeomorphic to the original untwisted shell. Conse-

quently, the twist preserves the topology of the surface, 

the number of poles, and the connectedness of the fam-

ily of vortex filaments. 

Proof. The transformation 𝑇𝛺(𝜏, 𝜎) = (𝜏, 𝜎 +

𝛺(𝜏)) is a smooth mapping of the parameter domain 

onto itself. Its Jacobian matrix is 

𝐷𝑇𝛺 = (
1 0

𝛺′(𝜏) 1
) ,   det𝐷𝑇𝛺 = 1. (103) 

Therefore 𝑇𝛺 is invertible, and its inverse is given 

explicitly by: 𝑇𝛺
−1(𝜏, 𝛼) = (𝜏, 𝛼 − 𝛺(𝜏)). Since the 

function 𝛺(𝜏) is continuously differentiable, the in-

verse mapping, 𝑇𝛺
−1 also belongs to the class 𝐶1. Hence, 

𝑇𝛺 is a diffeomorphism of the parameter domain. 

The original bipolar mapping 𝛷0 is also a local dif-

feomorphism throughout the entire regular domain, 

since its Jacobian is 

𝐽𝛷0
=

𝑎2

(cosh 𝜏 − cos 𝜎)2
> 0. (104) 

For the composition 𝛷𝛺 = 𝛷0 ∘ 𝑇𝛺 , the Jacobian 

satisfies 

𝐽𝛷𝛺
= 𝐽𝛷0

 𝐽𝑇𝛺
= 𝐽𝛷0

> 0. (105) 

It follows that the local orientation is preserved, no 

folds are formed, and the mapping remains regular. 

Since the transformation 𝑇𝛺 does not alter the set 

of parameter points but merely provides a smooth repa-

rameterization of them, the number of coordinate 

curves is preserved. Each coordinate curve 𝜎 = 𝜎0 is 

transformed into the curve 𝜎 + 𝛺(𝜏) = 𝜎0, which con-

tinuously connects the same two poles. Consequently, 

the number of poles remains equal to two; each coordi-

nate curve remains continuous; no self-intersections are 

created; the connectedness of the shell is preserved; and 

the genus of the surface remains unchanged. Therefore, 

𝛷𝛺 ∼ 𝛷0, hat is, the two surfaces are homeomorphic. 

This completes the proof. □ 

Corollary 1. For any smooth twist function 

𝛺(𝜏) ∈ 𝐶1(ℝ) the twist modifies only the geometry of 

the coordinate curves without changing the topological 

type of the external bipolar shell. 

Corollary 2. If 𝛺(𝜏) → 𝛺± as 𝜏 → ±∞, where 𝛺± 

are finite constants, then both poles of the shell are pre-

served under the compactification of the surface. 

Remark. The present theorem applies to the geo-

metric model developed in this paper and establishes 

the preservation of topology under a smooth reparame-

terization of the shell. If, in future work, a physical 

three-dimensional embedding of the shell into ℝ3 is in-

troduced together with additional constraints (for ex-

ample, conditions excluding self-intersections), a sepa-

rate theorem on the preservation of the embedding will 

be required. Such a theorem would rely on the proper-

ties of the specific spatial parametrization and would 

constitute a natural extension of the present result, fur-

ther strengthening the mathematical rigor of the pro-

posed model. 

8. Class of Twisting Transformations and the 

Geometries They Generate. 

All shell configurations considered in the present 

work are generated by a unified construction in which 

the physical point is defined by the composition 

𝐫(𝜏, 𝜎) = 𝐁(Φ(𝜏, 𝜎)), Φ: (𝜏, 𝜎) ↦ (𝑢, 𝜐), (106) 

where B is the fixed bipolar mapping, 

𝑥 =
𝑎 𝑠𝑖𝑛 𝜐

𝑐𝑜𝑠ℎ 𝑢 −  𝑐𝑜𝑠 𝜐
,   𝑦 =

𝑎 𝑠𝑖𝑛ℎ 𝑢

𝑐𝑜𝑠ℎ 𝑢 − 𝑐𝑜𝑠 𝜐
, 

and the diffeomorphism Φ of the parameter 

plane (𝜏, 𝜎) completely determines the twisting law. 

The topological framework of the shell—the two poles, 

𝑁, 𝑆 = (0, ±𝑎), corresponding to 𝑢 → ±∞, is pre-

served for every transformation Φ, that admits a 

smooth extension to infinity. Consequently, the choice 

of Φ determines an entire family of admissible geome-

tries of the external vortex shell surrounding the kern 

(the ellipsoidal vortex with an inner kern) while pre-

serving the common two-pole structure. For conven-

ience, these transformations are divided into two clas-

ses according to the manner in which they act on the 

coordinate families. 

  



40 Norwegian Journal of development of the International Science No 185/2026 

 

8.1. Shear Class: 𝜎∗ = 𝜎 + 𝛺(𝜏) 

Transformations of the form 

𝛷𝛺: (𝜏, 𝜎) ↦ (𝜏,  𝜎 + 𝛺(𝜏)) 

where Ω is an arbitrary smooth function, all pos-

sess the same unit Jacobian, 

𝐽𝛷 =
∂(𝑢, 𝑣)

∂(𝜏, 𝜎)
= det (

1 0
𝛺′(𝜏) 1

) = 1, 

and therefore preserve the area element in the 
(𝜏, 𝜎)-plane. The coordinate circles 𝜏 = const remain 

unchanged, while only the longitudinal coordinate 

curves 𝜎 = const. are twisted. The particular choice of 

the function 𝛺 determines the resulting filament geom-

etry: 

• Linear twist 𝛺(𝜏) = 𝑐 𝜏 produces a uniform 

accumulation of the rotation angle, and the filaments 

become close to logarithmic spirals; 

• Localized twist 𝛺(𝜏) = 𝑘 tanh(𝜆𝜏) concen-

trates the twisting near the equatorial "waist" 𝜏 = 0 and 

approaches saturation toward the poles. This is the 

model employed throughout the main body of the pre-

sent paper; 

• Wave modulation 𝛺(𝜏) = 𝑘 sin(𝑛𝜏) pro-

duces an alternating twist, so that the longitudinal co-

ordinate lines acquire n helical turns and develop a 

wavy geometry. 

The entire shear class preserves the orthogonal 

family of coordinate circles and therefore represents a 

deformation that leaves the transverse cross-sections of 

the shell unchanged. 

8.2. Rotational Class: = 𝑹(𝜽) . 

A rigid rotation of the (𝜏, 𝜎)-plane through a con-

stant angleл 𝛽, 

𝑢 = 𝜏 cos 𝛽 − 𝜎 sin 𝛽,   𝑣 = 𝜏 sin 𝛽 +
𝜎 cos 𝛽, (107) 

is an isometry (𝐽𝛷 = 1) that twists both coordinate 

families symmetrically. The poles, corresponding to 

𝑢 → ±∞ remain fixed, while the overall configuration 

preserves its central symmetry. If the rotation angle is 

allowed to vary, 𝜃 = 𝜃(𝜏) (for example 𝜃 = 𝛽 tanh 𝜆𝜏) 

the rotation becomes localized. Its Jacobian, 

𝐽𝛷 = 1 − 𝜎 𝜃′(𝜏) (108) 

is no longer equal to unity. Consequently, the 

transformation ceases to preserve area and introduces a 

slight loss of orthogonality of the coordinate network in 

the vicinity of the axis. A further generalization, in 

which the rotation angle depends on the radial varia-

ble, 𝜃 = 𝛽 tanh(𝜆𝜌), 𝜌 = √𝜏2 + 𝜎2, produces an ax-

isymmetric twisting pattern with a characteristic eye-of-

the-storm structure. Superposing such a rotation with a 

wave modulation generates composite multiscale geo-

metric patterns. 

8.3. Summary and Examples. 

The principal representatives of both transfor-

mation classes and their geometric properties are sum-

marized in Table 2, while nine representative examples 

are illustrated in Fig. 2. 

Table 2.  

Twisting Transformations Φ and the Geometries They Generate. 
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Fig 2. Nine representative members of the family (106) shown on a common bipolar coordinate framework 

(poles 𝑁, 𝑆 = (0, ±𝑎); blue curves denote 𝜏 = 𝑐𝑜𝑛𝑠𝑡, red curves denote 𝜎 = 𝑐𝑜𝑛𝑠𝑡). The top row shows rigid 

rotations 𝑅(𝛽) for 𝛽 = 0∘,  22∘ 𝑎𝑛𝑑 45∘. The middle row presents a localized rotation 60∘𝑡𝑎𝑛ℎ 𝜏, a linear shear 

𝜎 + 0,7𝜏 , and a localized shear 𝜎 + 𝑡𝑎𝑛ℎ 𝜏. The bottom row illustrates a wave modulation 𝜎 + 0,6 𝑠𝑖𝑛 2𝜏,a 

radial twist 70∘𝑡𝑎𝑛ℎ 𝜌 , and a combination of a 30∘ rotation with the wave modulation 0,4 𝑠𝑖𝑛 3𝜏. 

 

Thus, the shear model considered in the main text, 
(𝛺(𝜏) = 𝑘 tanh 𝜆𝜏) and the rotational model based on 

the rotation matrix 𝑅(𝛽) represent two particular cases 

of the unified construction (106). The former preserves 

the transverse circular coordinate curves and the area 

element, since (𝐽 = 1), whereas the latter twists both 

coordinate families symmetrically while preserving the 

two poles. Intermediate and composite transformation 

laws, 𝛷 provide a continuous interpolation between 

these two regimes and make it possible to construct the 

geometry of the vortex kern in a controlled manner so 

as to satisfy prescribed topological and metric require-

ments. 

9. Discussion of the Relationship Between the 

Geometric Model, the Ellipsoidal Microvortex, and 

the Inner Kern. 
The proposed geometric model of the twisted ex-

ternal bipolar shell is intended to describe the spatial 

organization of a microvortex regarded as a localized 

vortex structure consisting of an inner kern surrounded 

by a continuous outer shell. Unlike the classical models 

of vortex tubes, which primarily focus on the distribu-

tion of vorticity within the fluid volume, the present 

model emphasizes the geometry of the external shell 

and the structure of the vortex filaments forming its sur-

face. 

The microvortex is assumed to originate through 

the localization of vortex motion followed by the clo-

sure of the external shell around the inner kern. The 

kern serves as the central axial structure along which 

the major portion of the circulation is concentrated, 

whereas the external shell is represented as a smooth 

two-dimensional surface carrying a continuous family 

of vortex filaments. In the proposed model, the shell is 

unique, and its geometry is determined by two poles 

corresponding to the two ends of the inner kern.. 

The bipolar coordinate system naturally reflects 

such a structure. The poles of the coordinate system are 

interpreted as the points at which the vortex filaments 

enter and leave the kern. The coordinate lines connect-

ing the two poles may be regarded as meridional vortex 

filaments, whereas the second family of coordinate 

lines describes the transverse organization of the shell. 

In the untwisted configuration, the two coordinate fam-

ilies are mutually orthogonal and form a regular bipolar 

network. 

The introduction of the twist function 𝜎∗ = 𝜎 +
𝛺(𝜏) modifies only the geometry of the coordinate lines 

without affecting the continuity of the surface. The me-

ridional lines acquire a helical shape while preserving 

their connection between the two poles. In physical 

terms, this means that the external shell begins to rotate 

about the inner kern, forming a system of helical vortex 

filaments. 

The function Ω(𝜏) characterizes the accumulated 

angle of the internal rotation of the shell relative to the 

kern. Its derivative, Ω′(𝜏) determines the local intensity 

of the twist. When 𝛺′(𝜏)  = 0, the shell undergoes no 
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internal rotation, and its geometry coincides with that 

of the classical bipolar coordinate system. As |𝛺′(𝜏) | 
increases, the angle between the vortex filaments and 

the longitudinal direction increases accordingly, giving 

rise to a pronounced helical structure. 

A distinctive feature of the proposed model is the 

localization of the twist within the central region of the 

shell. For the function Ω(𝜏) = 𝑘 tanh(𝜆𝜏) its derivative 

Ω′(𝜏) = 𝑘𝜆 sech2(𝜆𝜏)  attains its maximum at the 

middle of the shell and tends to zero as the poles are 

approached. Consequently, the vortex filaments enter 

the kern with virtually no additional bending, whereas 

the strongest helical rotation is concentrated in the re-

gion between the two ends of the kern. Such a distribu-

tion is consistent with the geometric concept of a local-

ized internal rotation of the shell. 

Within the framework of the present model, the in-

ner kern is not treated as a separate coordinate surface. 

Instead, it is represented by the axial curve connecting 

the two poles of the shell and defining the direction of 

the longitudinal circulation. This formulation makes it 

possible to distinguish two fundamentally different ge-

ometric components of the vortex motion. The first is 

associated with the longitudinal transport along the 

kern, whereas the second corresponds to the rotation of 

the external shell about it. Such a decomposition makes 

it possible to analyze independently the influence of the 

axial structure and the transverse twist on the geometry 

of the microvortex. 

The closed ellipsoidal microvortex may be re-

garded as a system consisting of two interconnected 

components: the inner kern and the external shell. The 

external vortex filaments extend along the surface of 

the shell from one pole to the other, after which they 

may close through the interior of the kern, thereby 

forming continuous closed circulation loops. In this 

representation, the external shell determines the geo-

metric distribution of the filaments, whereas the inner 

kern provides their topological closure. 

The analysis presented above shows that the intro-

duction of the twist does not alter the topological type 

of the shell. The Jacobian of the transformation remains 

positive, the metric tensor remains positive definite, 

and the surface develops neither folds nor self-intersec-

tions. Consequently, the internal twist represents a 

smooth deformation of the shell geometry that pre-

serves its connectedness and leaves the number of poles 

unchanged. 

From the viewpoint of geometric hydrodynamics, 

the proposed model may be regarded as an intermediate 

stage between an idealized vortex kern and a complete 

three-dimensional model of a vortex structure. It pro-

vides an analytical description of the external shell that 

allows the computation of metric characteristics, curva-

ture, filament lengths, and other geometric invariants. 

These quantities may serve as the basis for subsequent 

investigations of the shell dynamics and of the interac-

tion between the inner kern and the surrounding vortex 

structure. 

It should be emphasized that, in the present work, 

the relationship between the inner kern and the external 

shell is introduced as a geometric hypothesis formu-

lated within the framework of conformal and differ-

ential geometry. The obtained results demonstrate that 

this construction is mathematically self-consistent: the 

twisted bipolar shell admits a smooth analytical de-

scription, preserves its topology under deformation, 

and naturally supports a family of continuous meridio-

nal helical filaments. The question of how accurately 

this geometric model represents specific physical vor-

tex flows requires a separate investigation based on the 

governing equations of hydrodynamics, experimental 

observations, or numerical simulations. Such a compar-

ison constitutes a natural direction for future research. 

10. Conclusion. 

This paper has presented a geometric model of the 

twisted external bipolar shell of a vortex kern, based on 

bipolar coordinates and their smooth deformation by 

means of an internal twist function. Unlike the tradi-

tional models of vortex tubes, the proposed construc-

tion is aimed at providing an analytical description of 

the geometry of the external shell of a microvortex sur-

rounding the inner kern and carrying a continuous fam-

ily of meridional vortex filaments. 

A rigorous construction of the bipolar coordinate 

system has been obtained from a fractional linear com-

plex mapping and the complex logarithm. Explicit co-

ordinate transformation formulas have been derived, 

together with analytical expressions for the metric ten-

sor, the Lamé coefficients, and the Jacobian of the map-

ping. It has been shown that the original bipolar coor-

dinate system is conformal and that its coordinate 

curves form two mutually orthogonal families of cir-

cles.. 

To describe the internal rotation of the shell, a 

smooth twist function has been introduced, transform-

ing the angular coordinate according to the law 

𝜎∗ = 𝜎 + 𝛺(𝜏). 

The governing equations of the twisted shell have 

been derived, and its metric properties have been inves-

tigated. It has been shown that the mixed term of the 

metric tensor characterizes the formation of the helical 

structure of the external vortex filaments. At the same 

time, the determinant of the metric tensor remains pos-

itive, and the Jacobian of the transformation never van-

ishes throughout the entire regular domain. 

The smoothness conditions of the proposed model 

have been analyzed in detail. It has been proved that, 

under natural assumptions on the twist function, the 

mapping remains a diffeomorphism of the parameter 

domain, preserves the orientation of the surface, and 

does not generate local self-intersections. On this basis, 

a theorem on the preservation of the topology of the 

twisted external bipolar shell has been formulated and 

proved. 

Analytical equations describing the vortex fila-

ments as coordinate curves of the twisted shell have 

been obtained. Explicit expressions have been derived 

for the tangent vectors, the arc-length element, the local 

twist angle, and the curvature of the filaments. It has 

been shown that the function 𝛺′(𝜏) determines the local 

intensity of the helical deformation, whereas the second 

derivative, 𝛺′′(𝜏) governs the variation of the filament 

curvature. 
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A numerical experiment has been carried out to 

verify the analytical results. Both untwisted and twisted 

bipolar coordinate networks have been constructed, and 

the influence of the twist parameter on the filament 

length, curvature, and local rotation angle has been in-

vestigated. Throughout the entire range of parameters 

considered, the mapping remained regular, and the re-

sulting shell remained smooth and continuous. 

The proposed model admits a natural spatial inter-

pretation as the external shell of a microvortex sur-

rounding an inner vortex kern. Within this interpreta-

tion, the two poles of the bipolar coordinate system cor-

respond to the two ends of the kern, while the 

meridional coordinate curves represent a family of hel-

ical vortex filaments forming the external shell. The 

twist of the shell is interpreted as a geometric model of 

the internal rotation of the surface about the kern. 

It should be emphasized that the present work is 

devoted exclusively to the geometric aspects of the 

problem. The proposed model does not rely directly on 

the Navier–Stokes equations and does not address the 

dynamics of a viscous fluid. Instead, the obtained re-

sults establish a mathematically consistent geometric 

framework that may serve as a foundation for further 

investigations of the spatial structure of microvortices, 

topological invariants, helicity, the stability of vortex 

shells, and their relationship to geometric hydrodynam-

ics. 

Promising directions for future research include 

the construction of a complete three-dimensional model 

of the external shell of an ellipsoidal vortex, the inves-

tigation of its principal curvatures, the derivation of in-

tegral helicity characteristics, the formulation of energy 

functionals, and the analysis of the stability of twisted 

shells within the framework of geometric mechanics 

and vortex theory. 
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